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Preface

The goal of this book is to provide the reader with the basic engineering no-
tions of controlling a satellite. In the author’s experience, one of the most important
facts to be taught from the beginning is practical engineering reality. Theoretical,
“nice” control solutions are seriously hampered when practical problems (e.g., sen-
sor noise amplification, unexpected time delays, control saturation effects, structural
modes, etc.) emerge at a later stage of the design process. The control algorithms
must then be redesigned, with the inevitable loss of time and delay of the entire pro-
gram. Early anticipation of these effects shortens the design process considerably.
Hence it is of utmost importance to analyze different concepts for engineering solu-
tions of spacecraft control tasks in the preliminary design stages, so that the correct
one will be selected at the outset. This is why several approaches may be suggested for
a given control task.

Part of the material in this textbook has been used as background for a single-
semester course on “Spacecraft Dynamics and Control” - offered since 1986 at the Tel
Aviv University and also more recently at the Israel Institute of Technology, the Tech-
nion, Haifa. All the material in this book is appropriate for a course of up to two
semesters in length. The book is intended for introductory graduate-level or advanced
undergraduate courses, and also for the practicing engineer. A prerequisite is a first
course in automatic control, continuous and sampled, and a first course in mechanics.
This, in turn, assumes knowledge of linear algebra, linear systems, Laplace trans-
forms, and dynamics.

A sequential reading of the book is advised, although the chapters are for the most
part self-contained. A preliminary overview is recommended in order to acquire a
feeling for the book’s contents; this will help enormously in the second, and deeper,
reading.

Modern spacecraft control concepts are based on a vast choice of physical phenom-
ena: single- and dual-spin stabilization; gravity gradient attitude control; three-axis
stabilization; momentum-bias stabilization; and solar, magnetic, or reaction torque
stabilization. It is important to master the essential qualities of each before choosing
one as an engineering solution. Therefore, the various concepts are treated, analyzed,
and compared in sufficient depth to enable the reader to make the correct choices.

Appendix B and Appendix C detail the space onboard hardware that is essential to
any practical engineering solution. Technical specifications of various control items
are listed for easy reference.

XV
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CHAPTER 1

Introduction

1.1 Overview

Space technology is relatively young compared to other modern technolo-
gies, such as aircraft technology. However, in only forty years this novel domain has
achieved a tremendous level of complexity and sophistication. The reason for this is
simply explained: most satellites, once in space, must rely heavily on the quality of .
their onboard instrumentation and on the design ingenuity of the scientists and engi-
neers who produced them. Recent achievements of repairing satellites while in orbit
testify to the complexity involved in space technology. The desire of humans to con-
quer space within the solar system will surely encourage new technological achieve-
ments that are not yet imagined.

The technical fields in which satellites are used are numerous - telecommunica-
tions, scientific research, meteorology, and others. According to the specific task for
which they are designed, satellites are very different from one another. They may be
in orbits as low as 200 km or as high as 40,000 km above the earth; other spacecraft
leave the earth toward planets in the solar system. Satellites may be very heavy: an
inhabited space station, for example, could weigh several tons or more. There also
exist very light satellites, weighing 20 kg or less. Small satellites may be relatively
cheap, of the order df a million dollars apiece. Despite their differences, satellites
possess fundamental features that are common to all. The physical laws that govern
their motion in space and their dynamics are the same for all spacecraft. Hence, the
fundamental technologies that evolved from these laws are common to all.

A satellite’s life begins with the specific booster transferring it to some initial
orbit, called a transfer orbit, in which the satellite is already circling the earth. For a
satellite that will stay near earth, the next stage will be to “ameliorate” the orbit; this
means that the satellite must be maneuvered to reach the precise orbit for which the
satellite was designed to fulfill its mission. Next, the satellite’s software must check
for the proper functioning of its instrumentation and its performance in space, as
well as calibrate some of the instruments before they can be used to control the satel-
lite. The final stage is the one for which the satellite was designed and manufactured.

These stages will be discussed in the next section. Understanding the meaning of
each stage will help one to understand the infrastructure of the control system of any
satellite. Throughout the text, the terms “satellite” and “spacecraft” (s/c for short)
will be used interchangeably. The terms “geosynchronous” and “geostationary” will
be used interchangeably to describe the orbit of a satellite whose period can be made
exactly equal to the time it takes the earth to rotate once about its axis.

1.2 IMlustrative Example

In this section, a geosynchronous communications satellite will be described
in its different life stages. The U.S. Intelsat V and the European DFS Kupernikus

1
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(Bittner et al. 1987) are good examples of a common, medium-sized satellite. Satel-
lites of this type consist of the following main structural parts.

(1) A central body consisting of a cubelike structure with dimensions of about
1.5x2 m.

(2) Solar arrays extended in the N-S direction (Yg axis), with panel dimensions
of about 1.5 7 m.

(3) Anantenna tower directed toward the earth (Zg direction) carrying different
communication payloads such as global and beacon horns, feed systems for
communication, hemi/zone and spot reflectors, TM/TC (telemetry/tele-
command) antenna, and others.

(4) Controllers (such as reaction thrusters) and attitude sensors (such as sun
sensors) located over the central body and the solar panels.

1.2.1 Attitude and Orbit Control System Hardware

: :-,4: It is important to list the typical attitude and orbit control system (AQCS)
f hardware of a geostationary satellite in order to understand and perceive from the
] beginning the complexity of the problems encountered. This hardware may include:

| (1) areaction bipropellant thrust system, consisting of one 420-N thruster used
' for orbit transfer and two independent (one redundant) low-thrust systems
consisting of eight 10-N thrusters each;

(2) two momentum wheels (one redundant) of 35 N-m-sec each;

(3) two infrared horizon sensors (one operating and one redundant);

(4) four fine sun sensors (two redundant);

(5) twelve coarse sun sensors for safety reasons (six redundant);

(6) two three-axis coarse rate gyros; and

(7) two three-axis integrating gyros.

An illustration of the partial control hardware of a typical geostationary communi-
cations satellite is given in Figure 1.1. Much of the control hardware is redundant in
order to guarantee a reliable control system despite potential hardware failures.

B , Sun sensors
: Sun sensor
' GEO-IRS
TO - IRS
'XB
ZB . Momentum
To nadir wheels
(Reaction thrusters  Gyros l i
not shown) Yy -Solar array axis

Figure 1.1 Principal arrangement of AOCS equipment; adapted
from Bittner et al. (1987) by permission of IFAC.
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Table 1.1 Typical sequence stages up to the normal mode
acquisition stage
(adapted from Bittner et al. 1987 by permission of IFAC)

Event Stage Time Event
0.

1 |LaunchStage T, ARIANE lift-cff, ignition of first stage

2 To+ 1009 s IReorilau'on for payload separation

3 Te=Te+ 11225 |S/C separation; stant of S/C sequence

4 |GTO Stage T+ 9 min ]stant of AOCS Sequences

5 | Preparation [T 10m+20s  JAutomatic beginning of Sun-acquisition,
6 |I0ABMStage I o 1lm to Ty 34 [Sun pointing, x-axis pointing o the Sun,

m Boost  |min roll rate=0.5° /s
Toept 1B+5m Solar panels deployment

8 T =T, +37h+1 1m+34s [Apogee No.4 passage

9 T,- 250m Start gyro calibration
10 T,- 160m |Gyrocatibration finished

1 T, 160m ~ |stant GTO Earth acquisition

12 T,- 60m |ss-bias functions loaded from ground
13 1st ABM T,-24m Apogee Boost Motor (ABM). ignition

14 T,+ 25m Apogee boost termination

15 T,+ 28m Ground comand of Sun acquisition mode

ABM apogee boost maneuver until S/C in quasi-synchroncus
orbit.

31 |Preparationto  |T,=Tg,+129h+48m+ |Stant of Geosynchronous Orbit Earth acquisition
Normal Mode 18h

16 -30 2nd and 3rd Tyt 129h+48m Jkepelil.ion of GTO Earth capture for sccond and fourth

3z |Mission Stage) |r GEO Earth Acquisition command, finally Earth

pointing takes place; y-axis perpendicular to orbital
* plane.

33 T+ 30m Command for wheel run-up

34 T,+45m Whee! at nominal speed.

35 T,+50m WSlaﬁon keeping to reduce initial errors of acquisition
loops

36 T,+55m  Transition to normal mode as soon as angular and rate
values within prescribed limits,

1.2.2 Mission Sequence

The mission events — from launch to in-orbit operation - may be summar-
ized as follows. First is the launch into a geosynchronous transfer orbit (GTO), with
perigee and apogee (low and high altitude) of 200 km and 35,786 km, respectively.
This is followed by the transfer from GTO to geostationary orbit (GEO), where peri-
gee and apogee both are 35,786 km and the orbit inclination and eccentricity are
close to null. Next is the preparation and calibration of the AOCS before the useful
GEO mission can start, followed by the actual GEO mission stage. Table 1.1 contains
an outline of the typical major events and times related to the pre-mission stages.
The significance of each event will become clear in the chapters to follow.

Figure 1.2 illustrates some of the principal stages in the geostationary transfer
orbit. After separation from the launcher, the satellite is commanded into a sun
acquisition mode with the —-Xp axis pointing toward the sun. After completion of
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ABM- Apogee Boost Motor
Xp

s on Earth acquisition

from launcher
. Gyro calibration

Sun acquisition before ABM orbits

Figure 1.2 Sequence for injecting a satellite into the geostationary orbit.

this stage, the solar panels are partially or fully deployed. If fully deployed, they can
be rotated about their axis of rotation toward the sun in order to maximize power
absorption.

The satellite stays in this cruise mode until the first apogee boost motor (ABM)
orbit is approached. In the first and the subsequent ABM orbits, several hours be-
fore the ABM firing at the apogee, the gyros’ calibration maneuvers are initiated.
Less than an hour before any ABM firing, earth acquisition is initiated with the +Zy
axis now pointed toward the earth, followed by preparation for the ABM firing
stages. After ABM firings ranging from several to more than 30 minutes, the satel-
lite is commanded to GTO cruise, sun-pointing. After the last ABM firing, the satel-
lite is prepared for GEO operation. Some of the first manecuvers in GEO are shown
in Figure 1.3. See also Bittner et al. (1989).

In the first GEO, earth acquisition is performed, meaning that the +Zg axis of
the satellite is directed toward the earth center of mass, thus allowing the normal
GEO cruise. The momentum wheel is spun to its nominal angular velocity to provide
momentum bias attitude control. In this stage, the satellite is brought to its nominal
geographical longitude. The orbit is then corrected for any remaining inaccuracies in
inclination and eccentricity (to be explained in Chapters 2 and 3).

End of last
ABM firing

Figure 1.3  Principal stages in the first geostationary orbit (GEO).
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When in the mission orbit, the following tasks are fulfilled in normal mode:

(1) pitch control by momentum wheel in torque mode control;

(2) roll/yaw control by the WHECON principle (to be explained in Chapter 8)
- roll control by horizon sensor and yaw control by momentum bias (see
Dougherty, Scott, and Rodden 1968); and

(3) momentum management of the wheel, which keeps the momentum of the
wheel inside permitted bounds.

In addition, “station keeping” maintains the s/c within prescribed limits (of the
order of +0.05°) about the nominal longitude station position, and also within the
same permitted deviation in the inclination of the mission orbit. Station keeping
involves both north-south and east-west correction maneuvers.

1.3 Outline of the Book

The chapters of this book have been arranged to give the reader an inte-
grated view of the subject of attitude and orbit control. Chapters 2 and 3 deal with
the satellite orbit dynamics and control. The remaining chapters treat the attitude
dynamics and control of satellites.

Chapter 2 develops the classical equations of motion of ideal Keplerian orbits.
It then presents Gauss’s and Lagrange’s planetary equations, with which the per-
turbed orbit motion of a satellite can be analyzed. Chapter 3 covers basic orbital
control concepts including control and station keeping of geostationary satellites.

Chapter 4 is devoted to the basic equations of rotational motion about some axis
through its center of mass. The usual notions of angular momentum and rotational
Kkinetic energy are introduced, defining the rotational state of a body. Next, Euler’s
moment equations are stated as a preliminary to analyzing the angular stability of a
rotating body with or without the existence of internal energy dissipation. This chap-
ter also develops the linearized angular equations of motion of a nonspinning space-
craft, which are necessary when designing a feedback attitude control system.

Chapter 5 deals with gravity gradient stabilization of a s/c. Gravity gradient con-
trol is a passive means of stabilizing the attitude of the satellite. In principle, gravity
gradient attitude control is undamped. This chapter analyzes passive and active
damping, and emphasizes the inaccuracies in attitude stabilization that arise in re-
sponse to environmental conditions.

Chapter 6 deals with single- and dual-spin stabilization. The single-spin stabiliza-
tion mode is frequently used to keep the direction of the thrust vector constant in
space during the orbit change process. This chapter discusses the minimum spin rate
needed to keep the thrust direction within permitted bounds, despite parasitic dis-
turbing torques acting on the s/c. Also analyzed are active nutation control and de-
spinning of the satellite at the end of the orbit change process together with the de-
nutation stage. The mass of fuel consumed is evaluated analytically for both active
nutation control and despin-denutation control. A design example is included.

The single-spin property is also used in the context of attitude stabilizing the spin
axis of the s/c perpendicular to the orbit plane, thus allowing an attached communi-
cations payload to scan the earth continuously and so provide the communications
link. Due to parasitic disturbing torques acting on the s/c, nutational motion is
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excited and must be constantly damped. Depending on the specific moments of
inertia of the s/c, either passive or active damping is added to the attitude control of
the satellite; various damping schemes are analyzed.

Dual-spin stabilization was developed in order to increase the efficiency of com-
munication of spinning satellites by enabling the communications antenna to be
continuously directed toward the earth. In this control concept, passive nutation
damping can be achieved by energy dissipation. The stabilizing conditions are explic-
itly stated.

Chapter 7 is concerned with attitude stabilization and maneuvering of spacecraft
stabilized in three axes. In these satellites, there is no constant angular momentum
added to the s/c to keep the direction of one of its axes stabilized in space, so atti-
tude control is achieved by simultanecously controlling the three body axes. For small
attitude-angle maneuvering, the common Euler angles are a clear way to express the
attitude of the satellite with reference to some defined frame in space. However, for
larger attitude changes, the attitude kinematics are expressed much more effectively
with the direction cosine matrix and the quaternion vector. The chapter begins with
a thorough discussion of control laws for attitude control.

Momentum exchange devices are used to provide the control torques for accurate
attitude control. These devices, called reaction and momentum wheels, are intro-
duced and modeled for use in this and subsequent chapters. If an external inertial
disturbance acts on an attitude-controlled satellite, then excess angular momentum
is accumulated in the controlling wheels. A control scheme using magnetic torgrods
to dump this momentum from the wheels is analyzed and simulated.

Attitude sensors and controllers are inherently noisy. When designing a control
loop, these noises must be taken into consideration using statistical linear control
theory. Tradeoffs in the design process due to such noises are stated. In order to aug-
ment the reliability and the control capability of a complete three-axis ACS, more
than three reaction wheels are sometimes used. Chapter 7 analyzes optimal distribu-
tion of the computed control torques among the different wheels. Time-optimal atti-
tude maneuvers about a single body axis are also analyzed. The last section of Chap-
ter 7 deals with specifying technical characteristics of the reaction wheel based on
mission requirements of the attitude control system (ACS).

Chapter 8 is concerned with momentum-biased satellites. A momentum wheel
added to the satellite provides inertial stabilization to the three-axis stabilized s/c
about one of its axes. The inertial stabilizing torque is achieved with the momentum
produced in the momentum wheel. Unfortunately, environmental disturbances tend
to destabilize the s/c by increasing the nutational motion, which thus must be actively
controlled. There are three essential schemes for controlling nutational motion: mag-
netic damping, reaction propulsion damping, and - for high-altitude-orbit satellites
such as geostationary satellites - solar torque control. These schemes are analyzed
and compared.

Chapter 9 reviews the use of propulsion reaction hardware for attitude control.
Only reaction thrusters can provide the high torques necessary in different attitude
control tasks during orbit changes. The attitude stabilization scheme using reaction
thrusters is stated and analyzed. Attitude maneuvering can likewise use reaction
thrust torques. The achievable accuracies depend largely on the minimal impulse
bit that a thruster can deliver. Also, since the torques delivered are with constant
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amplitude, the reaction pulses must be width- or frequency-modulated. Both modu-
lation schemes are analyzed, and design examples are given.

Chapter 10 introduces the dynamics of structural modes and fuel sloshing dy-
namics. The chapter provides simplified analyses of solar panels and fuel sloshing,
as well as rules-of-thumb for obtaining the simplified models so necessary in the ini-
tial design stage of an ACS. Also, given these initial models, the reader is shown how
i to approximate the maximum obtainable bandwidths of the system.

Appendix A is a short introduction to attitude transformations in space. It deals
with Euler angle transformations, the direction cosine matrix, the quaternion vector,
the relations among them, and attitude kinematics in general. Appendix B is a con-
cise introduction to attitude measurement hardware. It is of the utmost importance
to have a clear knowledge of such sensor characteristics, as their noise behavior in-
fluences achievable accuracies. The hardware treated includes horizon sensors (static
or scanning), analog and digital sun sensors, star sensors, and angular rate sensors;
characteristics data sheets are shown for various existing products. Appendix C de-
scribes a variety of control hardware, such as propulsion systems, magnetic torq-
rods, reaction wheels, and solar panels and flaps for achieving solar control torques.

T

14 Notation and Abbreviations

Vectors will be expressed by bold letters: V, y. Matrices will be denoted by
square brackets, and the name of the matrix inside the brackets in capital bold let-
ters: [A). Scalar variables are expressed using italicized letters: V, . The scalar “dot”
product of two vectors will be expressed by a solid dot: asb. The vector “cross”
product will be denoted by a boldface cross: a xb. Multiple products will likewise be
denoted by solid dots and boldface crosses: as(bxc); ax(bxc). The MKS system
of units is used throughout the book.

The following abbreviations will be used: ACS = attitude control system; AOCS=
attitude and orbit control system; cm = center of mass; ES =earth sensor; LP=low
pass; MW =momentum wheel; RW =reaction wheel; s/c=spacecraft; ss=steady
state.
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CHAPTER 2

Orbit Dynamics

21 Basic Physical Principles

Orbital mechanics, as applied to artificial spacecraft, is based on celestial me-
chanics. In studying the motion of satellites, quite elementary principles are necessary.
In fact, Kepler provided three basic empirical laws that describe motion in unper-
turbed planetary orbits. Newton formulated the more general physical laws govern-
ing the motion of a planet, laws that were consistent with Kepler’s observations.

In this chapter, the dynamical equations of motion for ideal, unperturbed Kep-
lerian orbits - and subsequently for realistic, perturbed orbits — will be analyzed.
Kepler’s laws of motion describe ideal orbits that do not exist in nature. Perturbing
forces and physical anomalies cause spacecraft orbits to have strange properties; in
most cases these cause difficulties for the space control engineer, but in other cases
these properties may be of enormous help.

Keplerian orbits are treated in Sections 2.1-2.6. For further reading on this sub-
ject, Kaplan (1976) or Thomson (1986) may be consulted. Perturbed non-Keplerian
orbits are treated in Sections 2.7-2.9 (see also Deutsch 1963, Alby 1983, and Battin
1990).

2.1.1  The Laws of Kepler and Newton

Kepler provided three empirical laws for planetary motion, based on Brahe’s
planetary observations. First, the orbit of each planet is an ellipse with the sun located
at one focus. Second, the radius vector drawn from the sun to any planet sweeps out
equal areas in equal time intervals (the law of areas). Third, planetary periods of
revolution are proportional to the [mean distance to sun}3/2,

Newton provided three laws of mechanics and one for gravitational attraction.
Most analysis of celestial and spacecraft orbit dynamics is based on Newton’s laws,
formulated as follows.

(1) Every particle remains in a state of rest, or of uniform motion in a straight
line with constant velocity, unless acted upon by an external force.
(2) The rate of change of linear momentum of a body is equal to the force F
applied on the body, where p = mv is the linear momentum and
d| d(mv
F=9P _ (mv) .

dt dt

In this equation, m is the mass of the body and v is the velocity vector. For
a constant mass, this law takes the simplified form

F =ma, (2.1.2)

where a = dv/dt is the familiar linear acceleration.

(2.1.1)

8
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(3) For any force F,, exerted by particle 1 on a particle 2, there must likewise
exist a force F;, exerted by particle 2 on particle 1, equal in magnitude and
opposite in direction:

Flz = —le. (2.1.3)
(4) Any two particles attract each other with a force given by the expression
_ Gm, msyr
, F= — (2.1.9)

where r is a vector of magnitude r along the line connecting the two particles
with masses m, and m,, and G = 6.669 x 10~ m3/kg-s? is the universal con-
: stant of gravitation. This is the famous inverse square law of force; the mag-
: nitude of the force is F = Gm;m,/r?.

2.1.2 Work and Energy

i If a force F acting on a body causes its displacement by a distance dr, then
the incremental work done by the force on the body is defined as

, dW =F-dr, (2.1.5)

where Fedr is a scalar “dot” product. This illustrates that only the component of F
in the direction of dr is effective in doing the work. The total work done by the force
on the body is equal to the line integral

e

‘ T
W,2=f F-dr=f *Fedr 2.1.6)
: c L {1
(see Figure 2.1.1).
The work done on a body changes its kinetic and potential energies. With respect

to kinetic energy, the total work done on a body by moving it along the line ¢ from
P, to P, in Figure 2.1.1 is given by

W,2=f1=-dr=fm
[ [

=%(V22—V12)= T,—Th, @.1.7)

dv F2 2 m
edr =f mdvev = f —d(v?)
dt n rn 2

which is the difference in kinetic energies at r» and at r,; T = (mv?)/2, and

o e L ke b EM 4l ra. T

A
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v

|

s
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Figure 2.1.1 Line integral of force and work.
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dw =dT. (2.1.8)

With respect to potential energy, in conservative force fields there exists a scalar
function U such that F = —grad U(r). In such fields, if the work is done from P, to
P, then

ry To r2
W,2=f F-dr:f F-dr+f Fedr
51 n To

- f " Fedr— f " Fedr = U(ry) - Ulry), 2.1.9)

where the scalar U(r) is defined as the potential energy at r. Hence
dw =—dU. (2.1.10)

As is well known, the work done in a conservative force field is independent of the
path taken by the force, and is a function only of the final position.
From Eq. 2.1.8 and Eq. 2.1.10 follows the law of conservation of energy:

dT+dU=0 and T+ U=const=E; (2.1.11)

E is called the rotal energy. For a conservative force field, the total energy is con-
stant. This is the principle of conservation of energy.

2.2 The Two-Body Problem

The two-body problem is an idealized situation in which only two bodies
exist that are in relative motion in a force field described by the inverse square law
(Eq. 2.1.4). In order to obtain simple analytical results for the motion of celestial
bodies or spacecraft, it is assumed that additional bodies are situated far enough from
the two-body system, thus no appreciable force is exerted on them from a third body.

In Figure 2.2.1, m, exerts an attraction force F, = m;¥, on m,, and m, exerts a
force F, = m;¥, on m,:

r—r

F] = mli‘, = Gm,mzl—;;l—l—;; (2.2.1)
" r—r
F2 =myry = Gmlmzﬁ = —F]. (2.2.2)

From Eq. 2.2.1 and Eq. 2.2.2 we find that

Figure 2.2.1 Displacement vectors in a two-body system.




T
o e R it B K iraana s T,

i Bt e i Aty T

P

o R R

2.3 / Moment of Momentum 11

. r,—r
l'2—i’|=—G(”l|"'”'z)2—’_3—'

and, sincer=r,—r,,
i+G(m, +m2)’_—r3 =0. (2.2.3)

Equation 2.2.3 is the basic equation of motion for the two-body problem. Some
properties of the two-body system will be discussed next.

The center of mass (cm) of the two-body system can be found from the equation
% m;r;=0; it follows that r,m,—r,m, =0. In Figure 2.2.1, r, is the radius vector
from the origin of the reference frame to the cm of the two-body system, and r, and
r, are (respectively) the distances of m, and m, from the cm. We observe that r, =
r.—r; and r, = r, —r,, or (equivalently) that m,(r.—r;) —m,(r,—r.) = 0. Hence

r(my+my) = myr 4+ myr,. (2.2.9)

After two differentiations of Eq. 2.2.4 with time, and taking into consideration Eq.
2.2.1 and Eq. 2.2.2, we find that

f.=0; f. = const. (2.2.5)

The last equation means that although the cm is not accelerated, the system can be
in rectilinear motion with constant velocity.

Using once more the definition of the center of mass of the two-body system, we
find that r, = r,(m,/m,) and r = r,(1+m,/m,). After differentiation, we obtain

" my

Fo=F ; ]
a= m,+m2’

?m1+mz )

i, = (2.2.6)

If m, >> m,, then t, = ¥(m,/m;)— 0 and ¥, = i. The self-evident conclusion is that
the much smaller body m, has no influence on the motion of the much larger body
my, which can be seen as an inertial body as far as the small body is concerned.

2.3 Moment of Momentum

In Figure 2.3.1, r is the position vector of a particle m that moves in a force
field F. The moment of the force F about the origin O is

M =rxF. (2.3.1

The moment of momentum (also called angular momentum) about O is defined as

v

O

Figure 2.3.1 The moment produced by a force.
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o

Figure 2.3.2 Radial and transverse components of a body velocity.

h=m(rxv)=rx(mv)=rxp, (2.3.2)
where mv = p is the linear momentum of the particle. Next, we have
% = %(rxmv) = i-x(mv)+rx%(mv)
=vx(mv)+rx;1d7(mv)=0+er=M. (2.3.3)

The last equation states the very important fact that the moment acting on a particle
equals the time rate of change of its angular momentum. This statement is also true
if the mass m is variable or if the force is nonconservative.

If the motion of a body takes place in a force field characterized by the inverse
square law, then the moment of momentum of the body remains constant. To show
this, consider Figure 2.3.2. The central force is located at the origin O. The cen-
tral force F acts along the radius vector r from O to the body with mass m. Since r
is collinear with F, rxF =M = 0. Using Eq. 2.3.3, for a mass of unity we find that
dh/dt =0 and h = rx v = const. The vector h is called the specific angular momen-
tum; it is perpendicular to both r and v, and is also constant in space. This means
that the motion of the particle takes place in a plane.

In Figure 2.3.2 we define o as the direction of the vector v relative tor, and 8 as
the direction of v relative to the local horizontal. Since h=rXv is a vector cross
product, & = rvsin{a) = rvcos(8). However, since v, = v cos(8) is the component
of v perpendicular to r, the absolute value of the angular momentum is

do\_ 249

h=rvcos(B)=rv, = r(r—) 7 (2.3.49)

dt

24 Equation of Motion of a Particle in a Central Force Field

2.4.1 General Equation of Motion of a Body in Keplerian Orbit

Because the motion takes place in a plane, it is easier to solve the equation
of motion in polar form. In Figure 2.4.1, i and j are unit vectors in the directions (re-
spectively) of r and of v,, the component of the velocity vector perpendicular to the
radius vector r. Since r = ir, we find that
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M

dt _dodt Y @ dear. ‘ar’
de _di_  .dr_ db. .dr
i EH-'E = rEj+| ar and
d* _dr(.ds (doN: | . d*0) . d*r. drdd.
@t E(‘E)*’{"(E) *Wﬁ]* arr " arar’
_fd* [doV drdf  d*)_ p._
—l{w-l‘[w] ]+j{2 dr dt +rdtz}- rzl—F(l') (2.4.1)
? with u = GM. It follows that
drdd  d* 1d{,do\_
23 dr +’F“7§<’ E)"O
and hence
,db
= — T .4-
h=r T const (2.4.2)
, (see also Eq. 2.3.4). It also follows that
i
: d’r  (doV
£ ’(E) =4 2.4.3)

R
)
' '

Equation 2.4.3 is nonlinear and cannot be solved directly, but substitution of the
variable r by 1/u allows an analytical closed-form solution. If r = 1/u then

d__1du_' 1duds

: & d T At @49
From Eq. 2.4.2, h = r?(d6/dt), hence also df/dt = hu?. It follows that
dr 1 df du du |
—_——m,—————— = ——t 2.4.
a= "waran - "ap (24.3)
dr _ ,ddu_ ,ddudd_ ,d*udd _ ,, ,du
- ram T wa T w249

Use Eq. 2.4.6 in Eq. 2.4.3 to obtain

st
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_hzuzdzu _1 2 2

d6? =T

du . _n
@ T

which is a second-order linear equation for ¥ whose solution is harmonic in 0:

or

(2.4.7)

i

U "2

I

+c cos(8—0,). (2.4.8)

If 8 = 0,, then ¥ = up,, and r = rpip =1/,

To find the integration constant ¢, we use the energy equation (Eq. 2.1.11) for a
unit mass m = 1. In this case E = v¥2— pu/r. This relation for E is called the total
energy per unit mass. The terms v*/2 and p/r are identified (respectively) as the
kinetic and potential energy of the unit mass. Observing Figure 2.4.1, we can write

2_(arY (40 _ (d_) (h_)_ (g_) 2
v _(dt> +<rdt> =h 0 + 7 =h 70 +u“|. (2.4.9)

Taking a derivative of Eq. 2.4.8 yiclds du/d# = —c sin{f — 6,), so that together with
Eq. 2.4.9 we have

2
vi= [c2+%-c cos(0—00)+<%> ]hz,

and E becomes:
=2 2 (2.4.10)

From the last equation, it follows that

2
c= % f1+2E%. (2.4.11)

If we define the eccentricity as e = 1+ 2E(h?/u?) then

2

— (2 1\
E_(e l)2h2’

(2.4.12)

which is an important relationship between the eccentricity and the total energy of
a Keplerian orbit.
Substitution of u for 1/r leads to the final equation for Keplerian orbits:

e h*/u _ P )
" 14+ecos(0—8p) 1+ecos(6—06,)’

(2.4.13)

here p = h%/u is a geometrical constant of the orbit called the semi-latus rectum or
the parameter. Equation 2.4.13 is the equation of a conical section. This is the gen-
eral orbit equation from which different kinds of orbits evolve - namely, circular,
elliptic, parabolic, and hyperbolic. Motion under a central force results in orbits that
are one of these conical sections. Such Keplerian orbits will be analyzed next.
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2.4.2 Analysis of Keplerian Orbits

Circular Orbits

For circular orbits, the eccentricity is null (e = 0) and r, the magnitude of the
radius vector of the orbit from the focus, is constant: r = p = h%/u = [rv cos(8)1%/u.
But in a circular orbit 8 = 0 (the velocity of the body is perpendicular to the radius
vector r), so it follows that

vi=p/r (2.4.14)
and the velocity is also constant. The energy is then E = —p2/242 < 0.

Elliptic Orbits

For elliptic orbits 0 < e <1, and the energy is E = (e?—1)p?/2h% < 0. The
point on the ellipse at ¢ = 0° (point A in Figure 2.4.2) is called the periapsis, and the
radius vector from the prime focus F of the ellipse to the periapsis is the minimum
radius vector from the focus to any other point on the ellipse. Its value is found from
Eq. 2.4.13 to be

r,=p/(1+e). (2.4.15)
For orbits around the earth, which is considered to be located at the prime focus F,
the periapsis is called perigee; r, is the perigee distance from the focus. For orbits

around the sun, the periapsis is called perihelion.
If 8 = 180° then for point B in Figure 2.4.2 we have

r,=p/(l1—e). (2.4.16)

Point B is called thé dpoapsis and is the point on the ellipse with the maximum dis-
tance from the focus located at F; r, denotes the apoapsis radius vector. The apoap-
sis of an elliptic orbit in the solar system is called aphelion. The apoapsis of an earth-
orbiting spacecraft is called its apogee. In this textbook, the “apogee” and “perigee”
terminology for the apoapsis and periapsis will be used exclusively.

From Eq. 2.4.15 and Eq. 2.4.16, r,/r, = (1+e)/(1 —e), from which it follows that

_Ta—lp

=Tatr, (2.4.17)

b r
Apogee | [« ¢ <0 \Perigee

BA_F A
‘&-ﬂ’-

< 2.a

Figure 2.4.2 Geometric definitions of the elliptic orbit.
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On the ellipse, the major axis is equal to 2a =r,+r, =2p/(1 —e?), hence
p=a(l—e?)=h%y; (2.4.18)
a will be called the semimajor axis.

From Eq. 2.1.11 and Eq. 2.4.12, the total energy of a body with unit mass in the
orbit will be:

2 2_ 13,2 2 2_
gl _p_Le Du” _(e"=Du _ (e"—Dp k. 2.4.19)
2 r 2h2 2p 2a(1—e?) 2a
from which it follows that
v _p om
=t_2 2.4.20
2 r 2a ( )
The condition for an orbit to be elliptic becomes
v’ p
7 < e (2.4.21)

From Eq. 2.4.19 and Eq. 2.4.12, the energy is equal to —u/2a, which is called the
energy constant.
For an ellipse, we know that ¢ =ge. In Eq. 2.4.18 we found that p = a(1 —e?).
It is also easily shown that
b=+a2—c? =a?—a?2e? =a\/1-e2.
Yet a = p/(1—e?), so it follows that

popVi—e? _ p

— : 2.4.22
b is called the semiminor axis of the elliptic orbit. Moreover,
pe
= 2.4.23
¢ 1—e2’ ( )

where c is the distance between the prime focus F and the geometrical center of
‘the ellipse (see Figure 2.4.2).

Parabolic Orbits
Parabolic orbits are of no practical importance. Their special feature is that
E =0 and e =1, from which it follows that

p D 2r,
= —— =-=, d = __p .
TS Treos®’ P72 ™ T Ticos(d)
From the equality £ = 0 it follows that @ — c and also that
vl =2u/r. : (2.4.24)

The velocity in Eq. 2.4.24 is the escape velocity necessary to leave the parabolic orbit
around the central body located at F in Figure 2.4.2, which also means that the s/c
can approach new attracting central bodies, such as the moon. It is interesting also
to notice that this escape velocity is larger by a factor of only V2 than the velocity of
a circular orbit at the same distance r from F.
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Figure 2.4.3 Geometry of the hyperbolic orbit.

Hyperbolic Orbits :

For this important class of orbits, the total energy E is positive, E > 0. This
‘ means that the kinetic energy of the satellite is larger than its potential energy, so

that the s/c is able to leave the gravitational attraction field of the central body. A

i satellite moving on a hyperbolic orbit does not revolve about the central body.

; Because £ > 0, it follows from Eq. 2.4.19 that a = —u/(2E) < 0. If we want to

stay with @ > 0, then Eq. 2.4.18 must be changed slightly to p = a(e?2—1), so that

é p>0and
' a(e?-1) p

r= = ; 2.4.25
; 14+ecos(f) 1+ecos(d) ( )
' However, as 7 increases to infinity, 1+ e cos(6) must decrease to zero since p is con-

stant for a given orbit. In this situation (see Figure 2.4.3), the equation of the asymp-
totes becomes

c0s(0,) = cos(f,,) = —1/e. (2.4.26)
i Because € = 7 — 0, = 7/2—8/2 implies 7/2+6/2 = 8, we have
:' T, 0 1 _ . f(f#\. [
’ cos(i +5> = cos(0,) = 2= -—sm(3> sm(i)

and, finally,
¥ . (8)_1
% SIH(E) = Z. (2.4.27)

Hyperbolic orbits are useful for transplanetary spacecraft voyages. Their behavior
! at r — oo is of special interest (Kaplan 1976); see Figure 2.4.4. Consider the moment
: of momentum at a point x very far away from the focus F. We have 4 = Vrsin(a) =
VA =V, A. The total energy at infinity is

Vi ou "
; E=r
so that
a=-0s. (2.4.28)
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Figure 2.4.4 Geometry of the hyperbolic orbit for transplanetary voyages;
adapted from Kaplan (1976) by permission of John Wiley & Sons.

But also p = a(e?—1), so

Viar  p2
= _ﬂ_z(ez_ I) = = -h—-
Vs B [/
and
AV, = VL‘/"Z_ 1. (2.4.29)
If A and V, are known, we can find a, e, and also 6:
42
e’=1+ V“"ZA . (2.4.30)
|73

The practical meaning of these equations is as follows. A s/c navigating toward
a far planet has a known velocity V,. Also, knowledge of its direction of motion
allows us to calculate A. The parameters of the orbit that the s/c will follow can be
obtained from Eq. 2.4.28 and Eq. 2.4.30. In a similar way, the s/c can be forced to
approach the planet in a desired orbit path by appropriately manipulating A and V.
For more about interplanetary transfers, the reader is referred to Kaplan (1976) and
Battin (1990).

2.5 Time and Keplerian Orbits

2.5.1 True and Eccentric Anomalies

The location of a body in any orbit can be described either in terms of its
angular deviation from the major axis or by the time elapsed from its passage at the
perigee. We use Figure 2.5.1 to help define the true and the eccentric anomalies of an
ellipse. The true anomaly 8 is defined as the angle between (i) the major axis pointing
to the perigee and (ii) the radius vector from the prime focus F to the moving body.
To define the eccentric anomaly, we draw an auxiliary circle with radius ¢ centered
at the middle of the major axis. The eccentric anomaly ¢ is then defined as shown in
Figure 2.5.1.
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Figure 2.5.1 Geometry for finding the relationship between # and ¢.

In this section we shall find some important relationships between the true and
the eccentric anomalies. Referring to Figure 2.5.1, we have: x+y=ae=c, x =
acos(y), and y = rcos(180 — ) = —r cos(8); hence x+y = a cos(y) — r cos(8) = ae.
Using Eq. 2.4.13:

a(1—e*)cos(9) _ ae+acos(f)

acos(y) = ae+ 1+ecos(d) ~ 1+ecos(d) and

_ e+cos(f) ) _ sin(8)/1—e?

= Feeos®” " Taecostd) @50
_ cos(¥)—e ) _ sin(np)\/l--e2

COS(o) = 1——80—03(_‘17)—’ sm(0) = ___l —ecos(gb) . (2.5.2)

Also (cf. Deutsch 1963),

A ’1+e ¥
tan(E)— lTetan(i)' (2.5.3)

The importance of these equations will become apparent in the following sections.
Another important relation may be derived from Figure 2.5.1: substitute cos(8) from
Eq. 2.5.2 into Eq. 2.4.13 to obtain

r=all—ecos(y)]. (2.5.4)

2.5.2 Kepler’s Second Law (Law of Areas) and Third Law

In Figure 2.5.2, the radius vector r sweeps in a differential period of time the
differential area AA = (A6rr)/2, from which we can derive

dA _1(d0\ 1, _ onst:
“._ z(r m)' +h=const (2.5.52)

in other words, the time rate of change in area is constant, which is Kepler’s second
law. After integration of this equation, the area swept amounts to

A=1int (2.5.5b)

Because the area of an ellipse is A = wab, if the time period of the orbitis t=T
then, according to Eq. 2.5.5b,

B
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r+aAr
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Figure 2.5.2 Geometry for deriving the law of areas.
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h o Npee Na-edp  Na(l=ed)
Equation 2.5.6 is the third law of Kepler, stating that the orbital period is propor-
tional to a*'2, The term n denotes mean motion, and M = n(¢— t,) is called the mean
anomaly; M enables calculation of the time elapsed from the perigee passage at time
t,, given the true anomaly 6.

(2.5.6)

2.5.3 Kepler’s Time Equation

Knowledge of the true anomaly @ allows us to find the value of the eccentric
anomaly . Knowing ¢, the elapsed time from the periapsis passage can be com-

o puted. For that purpose, the law of areas is used in the following way. In Figure
‘ ‘ﬁ ¥ 2.5.3, we observe that 15, = (T/7ab)S(LOM), where S stands for the area of planar
o surface and #), = ¢t —1t,. Hence

P S(LOM) = %S(LOM') and

{’?:‘.‘: ‘3: " — 'p 2 (AN ‘p 2 l 3

R S(LOM') = —(=ma*)—S(OQM’) = — ma*— —acsin(y)

’ i 27 27 2

i Vo s,

YA —E(Tm ) 2a esin(y) = > a 2a esin(y),

Figure 2.5.3 Derivation of Kepler’s time equation.
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so it follows that

T ba® . T . .
=—0 ;7[¢—e sin(y)] = —2;[1# esin(y)}; (2.5.7)
recall that £y, =t —1, and ¢, is the passage time from the perigee. We can also write
Eq. 2.5.7 in the more compact form

tM—ZTﬂ- = (t—tp)-z% =(t—t,)n =M=y —esin(y). (2.5.8)

Knowing the eccentricity e and the true anomaly 6, we can find the eccentric anomaly
¥ by Eq. 2.5.1 and the elapsed time 1 —1, from the perigee passage using Eq. 2.5.7.

A different problem is to find the position of a satellite @ at any time, given the
orbital parameters. The mean anomaly is found from Eq. 2.5.8, but unfortunately
this equation is not solvable in closed form; it must be solved numerically. After
solving for ¥, 6 can be found from Eq. 2.5.2.

EXAMPLE 2.5.1 Let us take as an example a Molniya-type satellite orbit, with an
apogee altitude of 40,000 km and a perigee altitude of 500 km. We need to compute
the fraction of time that the satellite remains in its operational range of +£30° from
the apogee.

For this orbit, e = 0.7417 (Eq. 2.4.17). The orbital period is equal to T = 43,243.3
sec (Eq. 2.5.6). The mean motion n = 1/6,882.3882 rad/sec (Eq. 2.5.6). The oper-
ational range is +£30° from the apogee. This means that the satellite is outside the
operational range for |6] < 150° from the perigee. Next, we shall compute the time
for which the satellite is not in the operational range, M=n(t—t).1f0= 150° then
¥ = 110.34° (Eq. 2.5.1). Use Eq. 2.5.8 to find M = 1.2295, from which we also find
t—t,=18,461.87 sec. Finally, the operative time period is T —2(t—t,) = 26,319.645
sec, which is more than 60% of the orbital time period.

A solution of Eq. 2.5.8 in the form of a trigonometric series was developed by
Lagrange (see Pritchard and Sciulli 1986):

b=M+23 %J,,(ne) sin(nM), 2.5.9)
n=1

where J, is a Bessel function of the first kind of order n. The true anomaly can also
be expressed directly in the series form:

3
=M+ [Ze— 54—] sin(M)+ -i-ez sin(2M)+ %e’ sin(3M). 2.5.10)

Equation 2.5.7 is valid for motion in an elliptic orbit. For a hyperbolic orbit (in
which e > 1), we must define sinh(®) = [ve2—1 sin(6))/[1+ e cos(6)], and Kepler’s
time equation takes the form

esinh(®)—® = nyy, (1 — 1)) =M, (2.5.11)
with nyy, = \/u/a3. The subscript “hyp” stands for hyperbolic.



moshaver10
Text Box


i.
4
i

22 2 / Orbit Dynamics

As in the previous case of an elliptic orbit, given the eccentricity e and true anom-
aly 0, we can find the mean anomaly M. In fact, by integrating Eq. 2.4.2 with time,
we can obtain equations that relate the time ¢ —¢, directly with the true anomaly 8
for both elliptic and hyperbolic orbits. From Eq. 2.4.2,

2
pdé = dia(l —e2
_——[1+ecos(0)]2 =dt\[pu = dt\Ja(1—e?)p

(see Thomson 1986). Integrating the left side of the equation with # and the right side
of the equation with time, we can obtain the following final equations for elliptic
and hyperbolic orbits:

_a”? ’l—e 8\] ev1—e?sin(6)
e = VE—{Z arctan[ m tan(5>] - -ms(—o)——} (2,5,12)

fore<1, and

P a3 {e\]ez—l sin(f) —In Ve+1++e—1 tan(B/Z)} (2.5.13)
e = Ui | 1+ecos(6) vJe+1—+fe—1tan(6/2) h
fore>1.

This completes our analytical treatment of Keplerian planar orbits. It is important
to summarize the parameters that represent the orbital motion in a plane. The physi-
cal parameters sufficient to define an orbit are its total energy E and its momentum A.
The geometric parameters sufficient to define the orbit are the semimajor axis @ and
the eccentricity e. The mean anomaly M enables finding the location of the moving
body in the orbit with time. In the next section we shall find that three more parame-
ters are necessary to define an orbit in space.

2.6 Keplerian Orbits in Space

2.6.1 Definition of Parameters

For earth-orbiting spacecraft, it is common to define an inertial coordinate
system with the center of mass of the earth as its origin (a geocentric system) and
whose direction in space is fixed relative to the solar system. Astronomical measure-
ments have shown that this system can be a suitable inertial system for practical pur-
poses. The earth moves in an almost circular orbit around the sun with a long period
(a whole year), so its motion is practically unaccelerated for our purposes, and the
reference system can be accepted as being inertial or Galilean.

The Z axis is the axis of rotation of the earth in a positive direction, which inter-
sects the celestial sphere at the celestial pole. The X-Y plane of this coordinate sys-
tem is taken as the equatorial plane of the earth, which is perpendicular to the earth’s
axis of rotation.

The direction of the axis of rotation of the earth relative to the inertial star system
is not constant, since it is perturbed by forces due to the sun and the moon. The con-
sequences are a precessional motion due to the sun (with a period of 25,800 years
and an amplitude of 23.5°), together with a superimposed periodic nutational motion
due to the moon (with a period of 18.6 years and an amplitude of 9721).

Next, we shall define the inertial X axis of the geocentric inertial system. As is well
known, the earth’s equatorial plane is inclined to the ecliptic plane, which is the
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ST

P ¥ Vernal equinox vector

Figure 2.6.1 Vernal equinox inertial direction.

plane of the earth orbit around the sun, by an angle of 23.5° (see Figure 2.6.1). Both
planes intersect along a line that is quasi-inertial in space with respect to the stars.
The X axis of our inertial system coincides with this line, which is called the vernal .
equinox vector (or direction) and which intersects the celestial sphere at a point H
named the first point of the Aries ¢, or the vernal point. The third axis Y completes {
’ an orthogonal right-handed system.
Unfortunately, both the equatorial plane and the ecliptic plane move slowly with
respect to the true celestial inertial coordinate system, centered in the center of mass
of the solar system. The planets affect the orientation of the ecliptic plane in the slow
rotational motion of planetary precession. As the Z axis precesses, so does the equa-
torial plane, which is perpendicular to it. The conclusion is that the geocentric iner-
tial system moves slowly relative to the stars, and it is necessary to define the system
with reference to a certain date. For instance, it was once common to classify the
stars relative to the geocenter inertial system as defined on January 1, 1950. Today, it
is common to use as reference the geocentric system for the year 2000.
' Having defined the geocentric coordinate system, we can now discuss the three
j additional parameters necessary to position an orbit in space. In Figure 2.6.2 (see
also Bate, Mueller, and White 1971 or Bernard 1983), the plane of the orbit is inclined

[T}

<V

PO e e . . e a

Ascending node

Figure 2.6.2 Parameters that define location of orbits in space.
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to the X-Y plane - which is also the equatorial plane of the earth - by an angle i, the
inclination of the orbit. The orbital plane and the equatorial plane intersect at the
node line. The angle in the equator plane that separates the node line from the X
axis is called the right ascension, Q. In the orbit plane, r is the radius vector to the
moving body; r,, is the radius vector to the perigee of the orbit. The angle between,
and the node line is w, the argument of perigee. These three parameters, together
with the three parameters (a, e, and M) of the orbit in the plane, complete a system
of six parameters that suffices to define the location in space of a body moving in any
Keplerian orbit. These parameters are known as the classical orbit parameters, which
are redefined as follows:

(1) a, the semimajor axis;

(2) e, the eccentricity;

(3) i, the inclination;

(4) Q, the right ascension of the ascending node;

(5) w, the argument of perigee; and

(6) M = n(t—t,), the mean anomaly (where 7 is the mean motion).

It is convenient to define the vector [a]=[aei Qw M 1%

Although the classical parameters completely define an orbit in space, some of
them (e.g. Q) are poorly defined if the inclination angle / is very small, as with geo-
stationary orbits (Section 2.9.1). In such cases, a variation of the six listed parameters
will be preferred. Orbits with very small inclinations are called equatorial orbits.

The six parameters are convenient for defining an orbit in space in the inertial sys-
tem defined by its three axes X+, Y, and Z, as shown in Figure 2.6.2. However, it can

also be useful to express the location of a moving body in other parameters, such as
Cartesian or polar. .

2.6.2 Transformation between Cartesian Coordinate Systems

The following basic information will be useful through the entire textbook
in many different variations. In Figure 2.6.3, R is the radius vector of a point relative
to the origin of both Cartesian systems [I, J] and [i, J1. System [, j] is rotated by an
angle © with respect to system (I, J). The components of R are respectively X, Y and
x,y in both systems. See also Appendix A. Here, L, J are unit vectors in [ X, Y] and
i, j are unit vectors in [x, y]. For a transformation in the plane,

R =XI+YJ =xi+yj. (2.6.1)

Iy

Figure 2.6.3 Two-dimensional coordinate transformation.
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By taking the scalar product of the vector R and the unit vector i, we have
XYei+YJei=xici+yjei.

Since I+i = cos(), J+i = sin(Q), ici =1, and i-j =0, it follows that x = X cos(Q)+

Ysin(9). Similarly, by taking the scalar product of R and the unit vector j, we obtain
XIej+YJe§=xiej+yjej.

Since I+§j = —sin(Q), J+j = cos(R), i*j =0, and jej =1, we have y = X[—sin(Q)]+
Y cos(Q).

The rotation is about an axis K, perpendicular to both the I and J axes. Looking
on that transformation as a three-dimensional transformation in space with Z along
the K axis and z along the k axis, we have Z = z. Finally, we get

X cos sinQ O |l X
Y|=|—-sinQ@ cos@ O[] Y |; (2.6.2)
z 0 0 1| Z

see also Appendix A. This three-dimensional transformation can be performed as
many times as necessary to achieve a desired overall transformation in space around
different axes. For simplicity, let us define this transformation by the angle Q as [r] =
[A(D)IIR].

For example, suppose we wish to perform three subsequent transformations from
inertial coordinates X, Y, and Z to orbit coordinates P, Q, and W as defined in Fig-
ure 2.6.2. (P is a unit vector directed from the center of the orbit to the perigee, W is
a unit vector along the momentum axis of the orbit, h=rXv, and Q = P xXW.) The
transformation proceeds as follows:

P X
O |=[A()IADIAAD) Y
w VA
cw s Ojl1 O O cl sQ Ol X
=l-sw cw O||]0 ci si|]|]—sQ cQ@ O Y| (2.6.3)

0 0 1|0 —si ci]] 0 O 142

In this equation, c_ and s_ stand for cos_ and sin_, and w, i, and Q are as defined
in Figure 2.6.2; [A4(_)] stands for a transformation matrix about an axis d by an
angle _.

In the following sections, it will be necessary to define what is known as a local
coordinate system. In this system, R is a unit vector along the radius vectorr, W is a
unit vector along the momentum vector h, and S completes a right-handed orthog-
onal coordinate system. In this system, the third rotation is by an angle 8+ w, the
argument of the location of the body from the ascending node. The overall transfor-
mation is found to be

R X
S |=[A(0+DI[AMDIAD)Y Y |=
/4 V4
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Aw+0)cQ—cis(w+6)sQ (w+0)sQ+s(w+0)cic? s(w+)si [ X
=| =S(0+0)cQ—cisQc(w+0) —s(w+0)sQ+c(w+0)cicQ c(w+0)si || Y |.
sisQ —sicQ ci Z

(2.6.4)
2.6.3 Transformation froma={aei Q w M]" to [v,1]

Here our problem is to find the Cartesian coordinates of a satellite in the
inertial frame defined by X, Y, and Z (shown in Figure 2.6.2) given the six classical
orbit parameters g, e, i, Q, », and M. Since a Keplerian orbit is in a plane, we can
define a coordinate system x, y in a plane with z = 0; see Figure 2.6.4. In this figure,

x=acos(y)—c=acos(y)—ae and
Y =[bsin(¥)al/a = asin(y)V1—e?,

where r=ix+jy. Also, for a plane orbit, z=0. The term ¥ can be found by using the
Kepler equation for a given M = nt, since ¥ —esin(¥) = M = nt. To find ¥, a simple
numeric procedure (based on successive approximations) may be used if e< 1:

(2.6.5)

Yo=M=n(t—1ty) (= time of passage at the perigee);
¥ =M+esin(¥); ¥, =M+esin(¥)); ...; ¥,,, = M+esin(¥,).
This sequence converges for e < 1. For e > 1, a different procedure is necessary for

convergence (see e.g. Battin 1990, Chobotov 1991). Given ¥, from Eq. 2.6.5 we can

solve for components x and y of the satellite in the orbit coordinate system shown in
Figure 2.6.4.

To find r and dr/dt (see Figures 2.6.2 and 2.6.4), let us put i = P and j = Q; then
r = afcos(y)—e]P +av1—eZsin(y)Q = xi+yj = xP+yQ (2.6.6)

(Bate et al. 1971, Bernard 1983). The inverse transformation of Eq. 2.6.3, with x, y,
and z known, takes the following form:

X X
Y | =[A DI A TA (D] ¥ |; (2.6.7)
Z 0

X, Y, and Z are the inertial coordinates of the moving satellite.

A ly
a
b
LAYl
FX 1,

Figure 2.6.4 Transformation from orbit parameters
to Cartesian inertial frame coordinates.
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To calculate the velocity vector,
dr_ dr d¥
dt dv dt’

we must first find d¥/d¢t from Kepler’s time equation:

av _ n _an
dt  l1—ecos(¥) r (2.6.8)

Differentiating Eq. 2.6.6, we use Eq. 2.6.8 to obtain

2
% =v= #[—sin(‘ll)P+\/l —eZcos(¥)Q] (2.6.9)
1 (see also Deutsch 1963, Balmino 1980). We have thus found v = dr/df also. Knowing
the components of v on the P and Q axes, we can use once more the transformation
in Eq. 2.6.3 to find the velocity components in the inertial coordinate system. The
inverse transformation will be similar to that of Eq. 2.6.7.

PSS S

? 2.6.4 Transformation from [v,rltoa=[aei Qv M]T

If r and v are known in their Cartesian coordinates X, Y, Z, V;, V,, and V,
then the classical orbit parameters can be easily computed. From Eq. 2.4.20 we find

- s,

a=——* (2.6.10)
o| Y-
[+

:n_ (Bate et al. 1971, Chobotov 1991), and from h =rxv = |h|W we can find i and Q.

—=_— and cos(Q) = ——=;
VhZ+h? Vhi+n?

i and @ are then known. The terms A,, h,, and A, are the components of h, calculated
from the Cartesian coordinates of v and r by calculating the vector product r X v.
Since p = h*/p = a(1—e?), it follows that

i To find i we use the relation

y cos(i) = h,/|h|. (2.6.11)
j To find © with the correct sign, we use the relations
<3

! sin(2) = — % 4 (2.6.12)
.
d

j e?=1-h*pa. (2.6.13)
. :;' Next, we must calculate . Having found @ and e, and knowing |r| from the coordi-

"3) nates of r, we can calculate cos(y) from Eq. 2.5.4:

1

; e

¥ = cos [—ae ] (2.6.14)

; From Eq. 2.5.4, Eq. 2.6.6, and Eq. 2.6.9, we easily find that
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sin(y) = —ot- = (2.6.15)
a’ne e+Jpa

From Eq. 2.6.14 and Eq. 2.6.15 we can now calculate y with its correct sign. We can
find the true anomaly ¢ from Eq. 2.5.2 and the mean anomaly M from Kepler’s time
equation (Eq. 2.5.8).

We are left with one more unknown parameter, the argument of perigee w. To
find it, we use the transformation of Eq. 2.6.7, in which x and y are the components
of rin the plane of the orbit:

x = rcos(f); y =rsin(8). (2.6.16)

The components of r in space are known: X, Y, and Z. Having already found the
inclination angle i/ and the right ascension of the ascending node Q, we can find the
argument of perigee w from the transformation in Eq. 2.6.7. Inserting x, y, X, Y, and
Z in the equation yields the following equalities:

X cos(R)+Ysin(Q)

cos(w+8) = (2.6.17)

Sln(w+0)=—;§i—n—(—i7; r

(Bernard 1983). From the equalities in Eqs. 2.6.17 we can finally calculate w, since 8
can be found from Eq. 2.5.2.

2.7 Perturbed Orbits: Non-Keplerian Orbits

2.7.1  Introduction

In previous sections, ideal Keplerian orbits were treated under the basic
assumptions that the motion of a body in these orbits is a result of the gravitational
attraction between two bodies. This ideal situation does not exist in practice. In the
solar system, it is true that the mass of the sun is 1,047 times larger than that of the
largest planet (Jupiter), but still there exist eight additional planets perturbing the
motion of each individual planet in its particular orbit. In fact, the two-body prob-
lem of motion is an idealization, and additional forces acting on any moving body
must be taken into account. The perturbing forces caused by the additional bodies
are conservative field forces, already encountered in Sections 2.1.2 and 2.2. In the
case of high-orbit satellites (e.g. geostationary satellites), the effects of the conserva-
tive perturbing forces of the sun and the moon on the motion of the satellite cannot
be ignored, as we shall see in Section 2.8.3. Their major contribution is to change the
inclination of the geostationary orbit.

There are also nonconservative perturbing forces, such as the solar pressure. In
the case of geostationary orbits, solar pressure tends to change the eccentricity of the
orbit. Another. nonconservative force that disturbs the motion of a satellite is the
atmospheric force (also called atmospheric drag), which is pertinent to low-altitude
orbits circling the earth. Such forces tend to decrease the major axis of the orbit,
eventually causing a satellite to fall back to the earth’s surface. There are many other
perturbing forces that cause ideal Keplerian orbits to acquire strange properties.
These forces may strongly affect the orbital motion of spacecraft, and will be treated
in the remaining part of this chapter.
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2.1.2  The Perturbed Equation of Motion

Equation 2.2.3 is the basic dynamical equation of motion for a Keplerian
orbit. It can be rewritten in the following form:

dir _ r

S = hs = 7.0
with initial conditions r(0), v(0). For Keplerian orbits,
da _de dQ _do _di daM

—de _d¥ _do _di _, dM_ (2.7.2)

For the general case, including perturbing forces of any kind, the equation of motion
of the satellite becomes:
2r
4 =k +vps (2.1.3)
with initial conditions r(#o) = ro and v(#p) = vo. Here yx and v, stand (respectively)
for the Keplerian and perturbing accelerations caused by the Keplerian and perturb-
ing forces.

Equation 2.7.3 is the general equation for the motion of a body in any orbit. In
the following analysis, the perturbation acceleration (force) v, is to be appreciably
smaller than the Keplerian acceleration (force) k. According to Section 2.6.4,
knowing the radius vector r and the velocity vector v at any time allows us to find the
orbit parameters a, e, i, 2, w, and M, which together define the vector a. Suppose
that, at any time 7o, the perturbing acceleration +, is removed. Since we know r(#y)
and v(fy), we can find the evolving Keplerian orbit, called the osculating orbit; its
parameters are o = [a e i @ w M17. See Figure 2.7.1. In fact, the orbit parameters are
dependent also on time, since the perturbing acceleration is dependent on the radius
vector r, the velocity vector v, and the time: -y, = v,(r, v, 7). For example, the moon’s
perturbing acceleration on the s/c depends on the moon’s position in its orbit relative
to the earth.

The equations of motion become

dv dr
ar F'(r, v,t) and r7ha V. (2.7.49)

According to Section 2.6.3, the vectors r(?) and v(f) can be expressed in terms of
the vector a defined previously, whose elements are the six classical orbit parameters.
We have r =r(a;, ¢) and v = v(«;, 7). Accordingly, the vector equations of Eq. 2.7.4
can be decomposed into their Cartesian coordinates in terms of «; as follows:

Osculating ~ True
0 &orbxts ]

WZT

Figure 2.7.1 Definition of true and osculating orbits.
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ov, do;
et )
1 H
ov, do;
; #Tt’ =F,(a; ),
1
v, do;
z 307271’ = Fy(a;t),
P (2.7.5)
arx da,- =v (a)
i 6a,~ dt o B
3ry da,~ _
> o, dt vy(a;),
a"z da,- _
2 D, dt V().

The first three of Eqgs. 2.7.5 describe the Cartesian components of the body accelera-
tion dv/dt; the last three describe the components of the velocity vector v = dr/dt.
Finally, an inverse to the set of Eqs. 2.7.5 can be obtained:

% = Fﬂ(a’ e, i, Q, w, M’ t)!
.Z_f = F;(a, e, i, Q, w, M' t)r
% = F'i(a, ei,Q,w, M, t)s.
(2.7.6)
% 3 Fg(a, e, i, Q, W, M, t)’
% =F,(a,e,i,Q,w,M,1),
% =FM(a,e9i’ Q’w’M’t)'

In Egs. 2.7.6, for Keplerian orbits with v¥p = 0, the first five expressions are equal to
zero; the last one is constant, dM/dt = n.

In the balance of this chapter, we shall look for the solution of Egs. 2.7.6 for non-
Keplerian orbits with different kinds of perturbing forces.

2.1.3  The Gauss Planetary Equations

Before we can solve Egs. 2.7.6, we must find a general formulation for the
right sides of these equations expressing arbitrary perturbing forces (accelerations).
When these formal expressions are included, Eqs. 2.7.6 are known as the Gauss
equations.

To find the solutions of Egs. 2.7.6, we shall decompose the perturbing force (accel-
eration) along the axes of a moving Cartesian frame defined in the following way (see
Figure 2.7.2): R - along the radius vector r; S - in the local plane of the osculating
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# Osculating True
~—

wxh o

R

>
>

o

Figure 2.7.2 Definition of an orthogonal axis frame for the perturbing
forces; adapted from Bernard (1983) by permission of Cépadués-Editions.

orbit, perpendicular to R, and in the direction of the satellite motion; W - perpen-
dicular to both R and S, in the direction of the momentum vector RXS. Any per-
turbing acceleration (force) can then be expressed as

Yp=RR+SS+WW 2.7.7

(Bernard 1983).
We shall exemplify the derivation of the Gauss equation for da/dt. Remember

(cf. Eq. 2.1.6) that E = [ Fedr = [Fev dt, so that
dE =Fovdt = E _Fuy.
dr

Since (according to Eq. 2.4.19) E = —u/2a, we find that

dE u da
— = ——— = ve(yp,+Yk)-
ar ~2a7ar et
However, in a Keplerian orbit, E is constant, so the last equation reduces to

dE i da
— — [ ] — —— - 2-708

a YT 207 2.7.8)

The velocity vector v can be decomposed along the unit vectors R and S. If 8 is
the angle between v and the unit vector S, then v = v sin(8)R +v cos(8)S, leading to

% = Ruv sin(8) + Sv cos(S). ‘ (2.7.9)

To find B, consider Figure 2.3.2. In this figure, the radial velocity is along the radius
vector r, and sin(3) = (1/v)(dr/dt). However,

dar_drdo_drh
dt dédt  dor?
Since & = r2(d6/dt), from Eq. 2.3.4 and Eq. 2.4.13 we have

dr _drJPE _ _ pesin(®) P _ JPpesin@®)
dt  do r2 " [l+ecos(P® r? P

. _esin(®) [p
sin(B3) = ” \/—;.
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We would like to express sin(8) and cos(8) in terms of the orbital parameters. Use
of Eq. 2.4.20 leads to the following expressions for sin(8) and cos(3):

V1 +2ees:':x:>(si;)+e2; cos() = )

sin(8) =

= . (2.7.10)
V1+2ecos(8)+e?

Substituting Eq. 2.7.10 into Eq. 2.7.9 and using Eq. 2.7.8, we easily obtain the final
result:

2 .
— = ———="[esin(0)R +[1+ecos(0)]S]. (2.7.11)
dt  p1-e?
Equation 2.7.11 is the Gauss equation for da/dt.
In a similar way, the remaining expressions for Egs. 2.7.6 can be developed (see
e.g. Escobal 1965, Bernard 1983). The resulting Gauss equations are:

de _ N1—e?

= ra {sin(6) R + [cos(¥) + cos(0)] S}, (2.7.12)
di _ 1 r

E = n—a— rl,_7 a COS(0+w)VV, (2'7'13)
a4 __ 1 rsinte),, 2.7.14)

di ~ pg\1—e? @ sin(i)

do _ V1—e? 1 ) _dg .
ar - nae {—R cos(8)+ [1 + m] sin(8)S ar cos(x)}, 2.7.15)
aM _ l—ez * —2e 1 .
dr " nae {[ 1+ecos(0) +cos(0)]R [l +ﬁTs(o)] sm(o)S}. [(2.7.16)

Equations 2.7.11-2.7.16 show that if the perturbing force vector is known then the
differential changes of all six orbit parameters can be calculated analytically. The
force vector can be conservative or nonconservative. For a known perturbing vector
1,, and initial conditions of the vector a(#y), the Gauss equations can be continuously
integrated to calculate the evolution with time of the classical orbit parameters. As
an example, let us calculate the influence of aerodynamic forces acting on a satellite’s
major axis (da/dt).

EXAMPLE 2.7.1 Differential Change of a Due to Perturbing Aerodynamic Forces
For low-orbit satellites, the air density is high enough to produce a perturbing force,
which in turn tends to decrease orbit altitude. Suppose that the orbit is circular, and
that the density p of the air is constant for the entire orbit period. The perturbing
force F,, due to atmospheric drag will be F,= $pv2C4S, where v is the satellite veloc-
ity, Cy is the drag coefficient of the satellite, and S is the equivalent satellite surface
in the direction of motion of the satellite. The perturbing acceleration will be v, =
F,/mg, with mg the mass of the satellite. In a circular orbit, F, is opposite to the
direction of motion of the satellite, so that

2
- —v(pv°CyS
X =% .nd v~-yp=—(p d ).
'V' |'Yp| 2mg
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The term Cy4S8/(2myg) is known as the ballistic coefficient. Using also Eq. 2.7.8 and
Eq. 2.4.14, we find that

da CyS

—=- —_ NAY)

at pNap ms (2.7.17)

This equation illustrates that the rate of decrease of the semimajor axis a is linearly

proportional to both the air density p (which depends on the altitude of the satellite
and on the atmospheric temperature) and the geometric properties of the satellite,
but is inversely proportional to its mass. To maintain a constant altitude, the satellite
must provide a force to balance the perturbing force F,, with an inevitable fuel con-
sumption. The necessary fuel mass will be discussed in Section 3.3.3.

2.7.4  Lagrange’s Planetary Equations

For cases where the perturbing force is conservative - that is, derived from a
scalar function F;, = —grad U(r) (see Section 2.1.2) - the Gauss equations can be sim-
plified. The development of the Lagrange equations for the differential change of the
six orbit parameters can be found in Escobal (1965) and Balmino (1980). The results
are summarized as follows:

da _ 2 U

b 23, 2.7.18)
de _1-€* U _~1-e’ U (2.7.19)
dt  na’e OM  na’e 9o’ . o

di -1 U . aU

L —+cos(1)—], (2.7.20)
dt  ng?\1—e?sin(i) [39 dw

dQ 1 ouU

dag _ v (2.7.21)
dt  na®\1—e2sin(i) 9

do N1—e2 U cos(i) U

dw _ 8u _ 2, (2.7.22)
dt  na’e de pg*\1—e?sin(i) 9

dM 29U 1-e*3u

Gt =" nada  naie e @.7.23)

Equations 2.7.18-2.7.23 are the classical form of Lagrange’s planetary equations.
Since numerous perturbing forces are conservative, the Lagrange equations are fre-
quently used in the analysis of non-Keplerian orbits. The Lagrange equations can also
be integrated with time to calculate the evolutions of the classical orbit parameters.

2.8 Perturbing Forces and Their Influence on the Orbit

2.8.1 Definition of Basic Perturbing Forces

Before we can use the Gauss and the Lagrange equations for evaluating per-
turbations of Keplerian orbits, we must clearly define the perturbing accelerations
(forces) acting on the satellite.
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One of the most important perturbing forces on earth-orbiting satellites arises
from the nonhomogeneity of the earth. The earth globe is not a perfect sphere, and
neither is its mass distribution homogeneous. These physical facts produce perturb-
ing accelerations on the moving body. The consequences of these accelerations are
variations of the orbital parameters of earth-orbiting satellites. Analysis of these
perturbing forces will be performed in Section 2.8.2.

As already mentioned, a true Keplerian orbit is obtained for a two-body system.
The existence of additional celestial bodies produces perturbing forces with the heavy
consequence that a three- (or more) body problem must be solved. For such prob-
lems, a closed-form analytical solution might not exist. Moreover, we shall see in
Section 2.8.3 that the gravitational perturbing forces of the sun and the moon cause
serious complications in high-altitude geostationary orbits.

The solar pressure exerted by the sun on large satellites can be ignored in low-
altitude orbits, where aerodynamic perturbing forces predominate. For high-altitude
orbits, where aerodynamic forces are negligible, the perturbing solar pressure forces
cannot be ignored; this will be analyzed in Section 2.8.4. On the other hand, for
interplanetary voyages, the solar pressure may be used to obtain accelerating forces
on the satellite. This is the “solar sail” mode of interplanetary voyages, which will
not be treated in this book.

2.8.2 The Nonhomogeneity and Oblateness of the Earth

Because the force exerted by the earth on a body outside its sphere is a
conservative force, it can be derived from a gradient of a scalar potential function
U(r) = —pu/r. This would be completely true if the earth were modeled as a mass con-
centrated in a single point, or as a homogeneous sphere. Unfortunately, this is not
the case: the earth is an oblate body, and its mass distribution is not homogeneous.
Correction factors must therefore be added to the scalar potential function.

It is convenient to express the corrected potential of the earth in the following
form:

Ur, ,A) = —%+B(r, #,A), 2.8.1)

where B(r, ¢, A) is the appropriate spherical harmonic expansion used to correct the
gravitational potential for the earth’s nonsymmetric mass distribution; see Figure
2.8.1. If we define R, as the mean radius of the earth at the equator, then

Z 4 Polar Axis

Greenwich

V'.<

Figure 2.8.1 Coordinates for the derivation
of the earth’s external gravitational potential.
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Bren =4 5 |(F) 0

n=2

n n
+ (%) (Cpm cOSMA+ S, sSin mA) P, (s¢)] } . (2.8.2)
m=1

Equation 2.8.2 is the infinite series of the geopotential function at any point P out-
side the earth’s sphere when r, ¢, and A are its spherical coordinates (Kaplan 1976,
Wertz 1978, Chobotov 1991). The parameters are defined as follows:

r - geocentric distance of point P;

¢ - geocentric latitude;

A - geographical longitude;

R, - mean equatorial radius of the earth;

s¢ = sin(¢);

cos mA and sin mA - harmonics in A;

Jum — zonal harmonic coefficients;

J, - zonal harmonic coefficients of order 0;

P,,, - associated Legendre polynomial of degree n and order m;
P, - Legendre polynomial degree » and order 0;
C.m - tesseral harmonic coefficients for n # m; and
S,m - sectoral harmonic coefficients for n = m.

From 2.8.2 we see that the zonal harmonics depend on the latitude only. These
coeflicients are a consequence of the earth’s oblateness. The tesseral harmonics rep-
resent longitudinal variations of the earth’s shape. Values of the listed coefficients
are obtained from satellite observations and appropriate measurements; these values
are time-dependent. Some values for the WGS (World Geodetic Survey) model for
the year 1984 are:

J,=1,082.6x107¢, J;=-2.53x10"%, J,=-1.61x1075,
Cy=85;=0, Cp=157x107%;

S, =—0.9%107%, C3=2.19%x10"%, S3 =0.27x1075,
C3;=0.31%1075, S, =—0.21x1075,

It is important to realize that the successive coefficients C,,, and S,,, do not neces-
sarily decrease; however, the factor (R, /r)" tends to diminish each term of the series
in Eq. 2.8.2. (Additional series expansion models of the geopotential function can
be found, e.g., in Campan 1983.) Comparison of these coefficients shows that the
magnitude of J, is at least 400 times larger than the other J, coefficients, which can
be disregarded for many engineering purposes. Given this, the potential function
U(r, ¢, A) of Eq. 2.8.1 takes the simplified form

U=-L[1=5 (BeY 1 B.(so)| = E1Up+ Upp+ Ups+ --- 2.8.3
==7 + ) JnPn =70t Up+Up+--]. (2.8.3)
n=2
Writing P, and P, explicitly, for the simplified potential function we have
Re 2 1 e 2 Re 3 1 .3 .
Uo=—1; U_/z= —r— 125(38111 o—1); UJ3= T .’35(55“’! ¢—3Sll‘l¢).
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Approximating U in the Lagrange equations with U;, yields some important results
for the perturbing J, coefficient (Borderies 1980).
Before Uj; can be used to derive Eqgs. 2.7.18-2.7.23 explicitly, sin? ¢ must first be
expressed in terms of orbital parameters. At any point on the orbit in Figure 2.6.2,
¢ is identified as the geographic latitude. In the right spherical triangle formed by the
L angles J, ¢, and w46, the following equality holds: sin(¢) = sin(/) sin(w+8). Using
R this equality in the expression for Uj,, some lengthy trigonometric manipulations
result in the final expression

—ﬁ..&z l__3_‘2' —p2\—3/2 4
Up= a( 2 )12[2 7} sin (l)](l ey, (2.8.4)
With this result, the explicit calculation of Eqgs. 2.7.18-2.7.23 is easily performed,
yielding

dt  dt d

This means that the average change of the parameters a, e, and i per orbit is null (see
Example 2.8.3). We also have

do 3 nJ, cos(i) (Re)z
—_— = —— =nq,

da _de di _, (2.8.5)

—_— 2.8.6
dt 2 (1-e?)? \a (2.8.6)
dw 3nJ,y[1 -5 cos?(i)] /Re>2
do _ _ ReY o, 2.8.7
dt d1-err \a) T (2.8.7)
? dM _ | 3nJ[3cos¥(i)—1] /Re>2
i —_—= ~Z ) =ny,. 2.8.8
L ar "t TTaasepr \a) T 2.8.8)
' With known initial conditions, Eqs. 2.8.5-2.8.8 can be written as
: a=ay,
f e =gy,
' i=ip,
° (2.8.9)

Q= Qo+ ng(t—1y),

@ = wo+n,(t—1y),
M= M0+flM(f—to)

(Escobal 1965). In Eqs. 2.8.9, some of the orbital parameters change with time. The
following examples illustrate the significance of these changes.

EXAMPLE 2.8.1 Basic Parameters for Sun-Synchronous Orbits For those low-
orbit nadir-pointing satellites (such as the French Spot satellite) that carry earth-
scanning optical instrumentation, it is imperative that during the surveying stage
the sun be behind the satellite, so that the best sun-satellite-target conditions are
achieved. With heliosynchronous orbits, this optimal condition is achieved con-
stantly. The idea is to obtain an orbit with the secular rate of the right ascension Q
of the ascending node (ng) equal to the right ascension rate of the mean sun; namely,
dQ/dt = 360°/yr = 0.986°/day = ng and Q = Q,+[0.986°/day](z — to).
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To satisfy Eq. 2.8.6, the three parameters a, e, and i must be chosen judiciously.
In order to survey most of the globe, including the polar regions, the inclination of
the orbit must be as high as possible. The altitude of the orbit near the surveyed re-
gion must be low enough to obtain good optical resolution. Suppose #, = 1,000 km
and h, =500 km; then e =0.03057. Using Eq. 2.8.6 we find that the inclination
should be i = 98.368°. In this special case of a heliosynchronous orbit, the perturb-
ing acceleration caused by the J, term helps to obtain a “useful perturbed” orbit.

EXAMPLE 2.8.2 Constant Perigee Argument In telecommunications satellite sys-
tems based on elliptic orbits (e.g., the Molniya-type satellites), it is important that
the perigee remain constant relative to the line of nodes, so that the apogee remains
above the region of communication. This condition is achieved by setting n, = 0. In
Eq. 2.8.7, this corresponds to i = 63.43°, which is called the critical inclination.

EXAMPLE 2.8.3 Write the perturbed equations of motion of a satellite, taking
into account the J, zonal harmonic coefficient only.

Solution According to Eq. 2.8.3, the gravitational potential function is
approximated by

R\ :
U= £t Un) = {-14( ) njtasine)-1).

In this equation, the perturbing potential function is dependent only on the elevation
of the satellite 'above the earth’s equatorial plane. In the inertial coordinate system,

- *
VxZ+y2+22

The gravitational forces acting on the satellite are obtained from the relation F =
—grad U(x, y, z). Namely, we find that

sin(¢) = é =

1 [ x- xz? _x
F= "E = L—ﬁ +A12(157—3F>:|’
_u_T vy yit L.
Fr==%=* -7 +A;z<15-r—7—3ﬁ>],
Ww_ [ =z ? oz
}:7. = _'52 =4 -_73‘ +A12(15"7—9F)];

where A;; = 3J, R?and R, is the mean radius of the earth at the equator. Integration
of these equations in the Cartesian inertial axis frame for known initial conditions of
the vectors r(0) and v(0) will give us the motion in the disturbed Keplerian orbit, in
which the right ascension Q and the argument of perigee w will not be constant but
instead will evolve according to Eq. 2.8.6 and Eq. 2.8.7.

To exemplify the results, let us simulate the motion of a satellite in an orbit hav-
ing the following classical orbit parameters: @ = 12,000 km, e = 0.3, i =20°, 2 =40°,
w = 60°, and # = 80°. To integrate the equations of motion (Egs. 2.7.4), we first need
to find the initial conditions of r(0) and v(0) in Cartesian coordinates. This is easily
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Figure 2.8.2 Time histories of X, Y, Z, and a.
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Figure 2.8.3 Time histories of e, i, @, and w.

done by using the procedure of Section 2.6.3. We find that X(0) = —10,121.0 km,
Y(0) = —308.219 km, Z(0) = 2,281.8 km, V,(0) = —1.929 km/sec, V,(0) = —6.184
km/sec, and V,(0) = —1.727 km/sec. The time histories are given in Figure 2.8.2 and
Figure 2.8.3.

Some important conclusions can be derived from this example. First, although
the classical orbit parameters a, e, and i do change slightly with time, their average
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change per orbit is null as expected from the equalities in Eq. 2.8.5. On the other
hand, the average values of € and w shown in Figure 2.8.3 do have a net change with
time, exactly as predicted by Eq. 2.8.6 and Eq. 2.8.7. In Figure 2.8.3,

ng = dQ/dt = —13.17 x 1075 deg/sec = —0.2297 x 10~® rad /sec and
n, = dw/dt = +25.16 x 10~¢ deg/sec = 0.438 x 1076 rad /sec,

as expected.

2.8.3 A Third-Body Perturbing Force

A third body, like the sun or the moon, creates a perturbing force with re-
spect to an earth-orbiting satellite that can change appreciably the parameters of
its nominal Keplerian orbit. The two-body problem treated in the beginning of this
chapter can be generalized to the much more difficult n-body problem in the fol-
lowing way.

In a system consisting of n bodies, the sum of the forces acting on the ith body
will be

F,;=G E m, —L(-r), i#j. (2.8.10)
J=1 r} ij
According to Newton’s second law of motion (Eq. 2.1.1), for constant masses F; =
m;(d*r;/dt?), from which it follows that

2
d ;’ GE m’(r, -r), i#]j. (2.8.11)
dt 2

In Figure 2.8.4, m, stands for the earth and m, for the satellite. Extracting these two
masses from the summation in Eq. 2.8.11, the accelerations for m, and m, become

7= (rz—r1)+G §=2 ‘i L (r,—ry), (2.8.12)
dzl'z m,
i —G;;( 1—r)+G 2 TJ(r,—rz) (2.8.13)

(Battin 1990). These are the equatlons of motion with respect to the inertial coordi-
nate axes. As in Section 2.2, we define r=r,—r, =r)3; also, r,j=p; and rj;=r,;.
If we choose m; = M, to be the mass of the earth, m, = mg to be the mass of the satel-
lite, and m; = m,,; to be the mass of the j perturbing body, and if we locate the origin

Z

X/

Figure 2.8.4 Simplified model for the
n-body dynamics perturbing function.
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Figure 2.8.5 Addition of a perturbing third body; reproduced
from Campan (1983) by permission of Cépadués-Editions.

of the inertial frame at the center of the earth (r, = 0), then subtraction of Eq. 2.8.12
from Eq. 2.8.13 leads to the final result:

d?r r IS pi Ty

g+ G R 4m)=G'S, m,,,[—j;-é;ﬂ. (2.8.14)
This equation is identical to Eq. 2.2.3 if no third body exists. The perturbing acceler-

ation due to the n—2 perturbing bodies becomes

Jj=n . R
= 18 —__—rp/] (2.8.15)
Yp jgsuw[ﬁ’} ",5"_,' ’

Jj=3

where puy; = Gm,,;..

Figure 2.8.4 is adapted in Figure 2.8.5 to the special case of the three-body prob-
lem. The earth is at the origin O, ¥ is the angle between the radius vectors to the
satellite mg and to the perturbing body my, and p is the vector from the satellite to
the perturbing body. The perturbing acceleration becomes

P

Yp =<F_r_g)ﬂp’ (28.16)

where pu, = Gmy,, the gravity constant of the jth perturbing body. Equation 2.2.3 is
replaced with the following equation:

i‘+G(Me+ms);rT =, (2.8.17)

With some “relieving” assumptions, Eq. 2.8.17 can be analytically solved for the
three-body system.

It can be shown that the perturbing acceleration satisfies the equality Yp =
—dU,/a3r, where U, has the form

1 1
Up =[Lp(;—';?|"l'p) (2.8.18)

P
(Battin 1990). According to Figure 2.8.5,

rer r
rer, = (rry)cos(¥) and —er = r_pz cos(y).

P
Also

2
pl=ri4 rp2 - 2)'1'p cos(¥) = rg [1 + (%) —ZrL cos(\I')] (2.8.19)
P p
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and
- 27-172
1 = 1 1-2L cos(\Ir)+r—2] .
p Ny p rs
Since r/r, << 1, we find that
1 _1[,,r 172 372 ,
rin r_p _l+r_p cos(\I')—-z-r—r}+—2—r—pz cos“(¥)]. (2.8.20)
Substitute 1/p and rer,/r; into Eq. 2.8.18 to obtain :
® 1/r\ 3(rV?
U.=2R1—2( ) +2( = 2p)l. .8.
b Py 2<rp) + Z(rp) cos( )] (2.8.21)
The complete expression in terms of Legendre polynomials is
-] n
v=te (L) P, [cos(¥)]. (2.8.22)
Iy n=2\"p
It is interesting to mention that
Poi —86x10™™sec™? and £2| =3.96x107"sec.
Tp Ymoon Tp lsun

The values established here will be used in Section 2.9 to derive the inclination drift
for perturbed high-altitude geostationary satellites.

2.8.4 Solar Radiation and Solar Wind

Solar radiation comprises all the electromagnetic waves radiated by the sun
with wavelengths from X-rays to radio waves. The solar wind consists mainly of ion-
ized nuclei and electrons. Both kinds of radiation may produce a physical pressure
when acting on any surface of a body. This pressure is proportional to the momen-
tum flux (momentum per unit area per unit time) of the radiation. The solar radia-
tion momentum flux is greater than that of the solar wind, by a factor of 100 to 1,000,
so solar wind pressure is of secondary importance.

The mean solar energy flux of the solar radiation is proportional to the inverse
square of the distance from the sun. The mean integrated energy flux at the earth’s
position is given by

_ 1,358 ,
= 1.00047 0.0334cos(D) /™

Here D is the “phase” of the year, which is calculated as starting on July 4, the day
of earth aphelion (Wertz 1978). This is equivalent to a mean momentum flux of P =
F,/c =4.5x107% kg-m~'-sec™2, where c is the velocity of light.

The solar radiation pressure |Fg| is proportional to P, to the cross-sectional area
A of the satellite perpendicular to the sun line, and to a coefficient Cp that is depen-
dent on the absorption characteristic of the spacecraft:

|Fz| = PACp. (2.8.23)

The value of Cp lies between 0 and 2; Cp =1 for a black body, a perfectly absorbing
material, whereas Cp = 2 for a body reflecting all light back toward the sun.

F,
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29 Perturbed Geostationary Orbits

2.9.1 Redefinition of the Orbit Parameters

Geosynchronous orbits are orbits with orbital period equal to the period of
revolution of the earth about its own axis of rotation. The motion of a satellite on
such orbits is synchronized with the rotational motion of the earth. For these orbits,
there is no restriction on their inclination and eccentricity. With reference to an
inertial frame, the period of rotation of the earth is the sidereal day, equal to T, =
86,400/(1+1/365.25) = 86,164.1 sec, from which follows that the semimajor axis of
a geosynchronous satellite is @ = 42,164.157 km.

The geostationary satellite orbit is a geosynchronous orbit that has some special
characteristics. Namely, its inclination is null or close to null (of the order of zero to
several degrees), and the eccentricity too is very small, of the order of 10~4. The geo-
stationary orbit characterizes a mission where it is important to keep the satellite
fixed in apparent position relative to the earth. For such equatorial orbits, the right
ascension Q is ill-defined; hence, redefinition of the six classical orbit parameters is
necessary.

The orbit in Figure 2.9.1is close to being equatorial, so 2, w, and 8 can be assimi-
lated in a single argument, a = @+ w+8, which is the sidereal angle of the satellite.

Figure 2.9.1 Orbital parameters in space for a geostationary orbit.

Sat

I

B¢
Xep

Figure 2.9.2 Orbital parameters of a GEO
spacecraft in the equatorial plane.
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To define this argument, the equatorial plane of the earth and the inertial X«-Y co-
ordinate system are shown in Figure 2.9.2, where 6 is the angle between the vernal
equinox X« and the Greenwich longitudinal meridian; this is the sidereal angle of
the Greenwich meridian. Instead of the mean anomaly (see Section 2.6.1) we shall
use the mean longitude, defined as I, = Q@+ w+M—0g(¢). The inclination i and the
eccentricity e will be redefined as vectors in the X-Y plane.

In Figure 2.9.1, with a very small inclination i, we can suppose that the parameters
Q, w, and 8 are virtually in the same plane. There are two different definitions of the
inclination vector i. Some authors (Legendre 1980, Alby 1983) define the inclination
vector as a vector aligned with the node line and whose norm is equal to the value i
of the inclination. (The second definition will be discussed later.) With the first defi-
nition, the inclination vector has components i, and i, that are proportional to the
right ascension Q; see Eq. 2.9.3 and Eq. 2.9.4.

In geostationary orbits, the eccentricity is also very small, so that the locations of
the perigee and the apogee become rather doubtful. The eccentricity e is also re-
defined as a vector e, aligned along the radius vector pointing from the location of
the center of the attracting body to the perigee; e is dependent on w and Q. The com-
ponents of e are e, and e,, aligned (respectively) along the X+ and Y inertial axes.
With these definitions (see also Figures 2.9.1 and 2.9.2), the six orbit parameters take
the following form:

a, (2.9.0)
ey =ecos(w+Q), 2.9.1)
e,=esin(w+9), (2.9.2)
i, = icos(Q), (2.9.3)
iy =isin(Q), (2.9.9)
ln=M+w+Q-0g(1), (2.9.5)

where 05(?) is the Greenwich (meridian) sidereal time and /,, is the angular location
of the satellite relative to the Greenwich meridian. This parameter is a geographical
longitude expressed in terms of the classical orbit parameters and the Greenwich
sidereal time.

The second definition for the inclination is based on the orbital pole, which is a
unit vector perpendicular to the orbit plane (Soop 1988); here, sin(/) is the compo-
nent of the orbital pole on the equatorial plane. For small inclinations, sin(/) = i.
With this approximation, the inclination vector is expressed as

i = isin(@), (2.9.6)
i, = —i cos(Q). 2.9.7)

The components i, i,, e,, and e, will be put in vector forms:
) [z}
Iy €
2.9.2 Introduction to Eveolution of the Inclination Vector

In this section we shall develop the equations for the inclination vector evo-
lution caused by perturbing forces. The primary causes of this evolution are the sun’s
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ZA

F- AF VF+AF
Earth i F T

Equatorial plane
Xep

Figure 2.9.3 Solar attraction that causes inclination perturbation;
adapted from Soop (1983) by permission of European Space Agency.

and the moon’s attracting forces, and also the J, coefficient of the gravitational poten-
tial function of the earth (Pocha 1987). Before proceeding with the analytical details,
we should like to have some physical insight into the problem at hand.

Figure 2.9.1 showed a geostationary orbit located in the equatorial plane of the
earth. In winter, the sun will be located to the south side of the orbit; in summer, to
the north side, as in Figure 2.9.3. Exactly in midspring and in midautumn, the sun
will be in the orbital plane. The last case is illustrated in Figure 2.9.4.

At midwinter and midsummer, the sun is in the Y-Z plane of the inertial system,
above or below the geostationary orbit plane. In Figure 2.9.3, the sun exerts a mean
gravity force F on the satellite directed toward its center of mass. During half the
day, when the sun is to the north of the orbit plane, a positive average attracting
force F + AF is exerted on the satellite. During the second half of the day, an average
force F — AF is exerted on the satellite, since the satellite is now more distant from
the sun and so less attracted to it (see Soop 1983). The net effect is that the remaining
average moment on the orbit about the X+ axis will lead to a movement of the orbital
pole about the Y axis, toward the positive X+ axis. This is equivalent to the increase
of the inclination i. In the other half of the year, when the sun is to the south of the
orbit plane, the net moment applied on the orbit has the same direction as in the first
part of the year, and an additional increase of the inclination follows. Exactly in mid-
spring and midautumn, the sun is in the equatorial plane, so that no moment is applied
on the orbit and the change in the inclination is null. Between the seasons, smaller
changes of the inclination are induced, but the gravitational force of the sun exerted
on the satellite causes an overall net increase of the inclination.

Figure 2.9.4 The sun and the moon as attracting bodies in spring;
adapted from Soop (1983) by permission of European Space Agency.
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The same effect is produced by the moon. The gravitational force exerted by the
moon on the satellite has the similar effect of increasing the inclination. Although
the moon is much smaller than the sun, its effect on the satellite is stronger because it
is so much closer to the earth (see Section 2.8.3). The perturbation effects of both the
sun and the moon are added vectorially.

The moon’s orbit about the earth is inclined about 5.3° to the ecliptic plane. The
orbital period of the moon about the earth is approximately 28 days. The difference
in orbital periods of the moon and the sun about the earth makes analytical compu-
tation of the inclination evolution extremely complicated. As can be seen in Figure
2.9.4, if both the sun and the moon are to the right of the earth then the gravitational
forces they exert on the s/c have the same direction. When the moon is on the left
of the earth, as is shown in the figure, the forces applied by the moon and the sun
tend to cancel each other. Hence, different geometric relations induce different rates

of inclination drift.
Q

2.9.3 Analytical Computation of Evolution of the Inclination Vector

Our analytical computation follows closely the presentation in Alby (1983).
The model of the inclination vector i to be adopted is that of the definitions given by
Eq. 2.9.3 and Eq. 2.9.4, which means that i lies on the line of nodes. Since a third-
body attraction force is a conservative force, the Lagrange equations are easier to
use. The potential function U, is independent of the perigee argument, but does de-
pend strongly on the right ascension Q of the satellite orbit. Only the out-of-plane
component of the perturbing force can produce a moment on the orbit that will force
the orbital pole to move toward the X axis, thus increasing the inclination. The
value of this out-of-plane component depends on . Using the Lagrange equations
(Eq. 2.7.20 and Eq. 2.7.21) for di/dt and dQ/dt and with U, standing for the per-
turbing potential function, we can write the following approximated relations for
orbits with very small inclination and eccentricity:

di -1 dU,

—_— = 2.9.8

dt ina? 39’ ( )

ag 1 aU,

—_————— 2. .

dt ina? 3i 2.9.9)
Differentiating Eq. 2.9.3 and Eq. 2.9.4 yields

di, di daQ ., .

>« Al , 2.9.10

= dr cos(Q) T isin(Q) (2.9.10)

di, di dag

— =—s5i —i . 2.9.11

ar = ar sin()) + i icos(2) ( )
Together with Eq. 2.9.8 and Eq. 2.9.9, we have

di, cos(?) U, sin(R) U,

x - s 2.9.12

dt ina? 99 na? 0i ( )

di, —sin(Q) U,  cos(Q) U,

=2 = ) 2.9.13

dt ina? 89 + na® 9 ( )
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Since U, is a function of the inclination, the following relation holds:

v, . . AU, .
aUp = E;-dlx"' aly dly. (2.9.14)

Because i, and i, are related through / and Q, it follows (together with Eq. 2.9.3 and
Eq. 2.9.4) that

U, U, di, U, di, —dU,. . U, ,
= —_— — = Q)+ —L
a0~ o, o0 T e, a0 ai, | mi+g "icos(@), 2515
U, U, di, A dU, di, _al, U, . .
= —_— —= CO. ﬂ -~ .
5 o, o e, e ai, oS sn(@)
If we substitute Eqs. 2.9.15 into Eq. 2.9.12 and Eq. 2.9.13, the final equations follow:
die _ -1 30,
dt = na? i,
(2.9.16)
di, 1 U,

where a is the semimajor axis of the orbit, n the mean motion, and U, the perturbing
potential function. In this case, the perturbing function is due to the gravity forces
applied by the moon and the sun on the satellite. The perturbing function caused by
a third-body perturbing force was analyzed in Section 2.8.3 (see Figure 2.8.5 and
Eq. 2.8.21). In order to solve Egs. 2.9.16, we must first expand Eq. 2.8.21 and find the
needed partial derivatives. The solution of the equations follows.

In Figure 2.8.5, we define r,, ry, 1;, Fpxs py, and ry, as the vector components of r
and r,. The satellite vector components can be found by the inverse of Eq. 2.6.4. If
these components are normalized to the norm of the respective vector then they are
called the direction cosines (see Appendix A). The direction cosine components a,,
a,, a,, ay,, a,, and a,,, are the components of the unit vectors r/|r| and r,/|r,|. They
are necessary in order to find the value of cos(y) in Eq. 2.8.21. To begin with, they
can be found by taking the inverse of Eq. 2.6.4, in which R is a unit vector in the
direction of r. For a nearly circular orbit, §+w can be written as

Wwt=w+tM+Q2-Q=a—-9Q.
With this definition, o = w+M+Q is the argument of the location of the satellite
relative to the X axis, the vernal equinox (see Figure 2.6.2). Inversion of Eq. 2.6.4
will provide the direction cosines of the vector r in the inertial reference frame. The
resulting values are:
a, = cos(w +8) cos() —sin(w + ) sin(2) cos(i)
= cos(a— ) cos(R) —sin(o — Q) sin(R) cos(i),
a, = cos(w + ) sin({2) +sin(w + 0) cos() cos (i) (2.9.17)
= cos(a—Q) sin(2) +sin(a — ) cos(Q) cos(i),
a, = sin{w+ 6) sin(§) = sin(a — Q) sin(i).

For a geostationary orbit, the inclination is close to null, so sin(/) = i. Thus, using
the definitions in Eq. 2.9.3 and Eq. 2.9.4 for i, and i,, we have
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a, = cos(a),
a, =sin(a), (2.9.18)

a, = i, sin(a)—i, cos(a).
But cos(¥) = a,a,,+a,a,,+a,a,p, S0
cos?(¥) = [a,, cos(a) + a,, sin(a) + a;pliy sin(a) — i, cos(a)])2. (2.9.19)
To find di, /dt, we must first derive
U, _ 38U, dcos’(¥)
8i, dcos(¥) di,
From Eq. 2.8.21:
U, _ 3 p.pr2
dcos®(¥) 2 r3’

where p, is the gravity coefficient of the perturbing body (the sun or the moon).
Next, from Eq. 2.9.19 and assuming a very small inclination (i = 0):

(2.9.20)

3 cos(¥ _
C(:'js,'y( ) = — [y, Gy + By Bzp COS(20) + ayp Azp SIN(200)]. (2.9.21)
The final results, as obtained by Alby (1983), become:
di 2
Sx o2t [@xpazp+ Ay azp COS(20) +aypazp sin(2ar)]. (2.9.22)

dt ~ 2 na’r}
Equation 2.9.22 is the result for di,/dt. In a similar procedure, we can also find

di, 3 y.prz
dt ~ 2 na®r}

In the last two equations, @ = r for a geostationary circular orbit. Let us define

[aypa,p —aypazp €OS(20) + Ay ;5 SIN(2a)]. (2.9.23)

_ #or’ _ Bp
P onrda:  nr3’
We find that
Koon = 5.844 1073 deg/day,
Ko = 2.69 %1073 deg/day.

Finally, we must interpret the meaning of the last two equations. For this we adapt
Figures 2.9.1 and 2.9.3 to the geostationary satellite case, including both the sun and
the moon orbits; see Figures 2.9.5 and 2.9.6.

Relative Motion between Earth, Sun, and Moon
The eccentricity of the apparent sun orbit about the earth is e; = 0.016726,
and that of the moon is e,, = 0.0549. As a convenient aid to obtaining meaningful
results, we shall assume that the orbits of the perturbing bodies are circular orbits,
e, = 0, with constant inclinations i
In Figures 2.9.5 and 2.9.6, the inclination of the apparent orbit of the sun about
the earth is i; = 23.45°, and the average inclination of the moon orbit to the ecliptic
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Figure 2.9.5 Apparent motion of the sun and the moon; reproduced
from Agrawal (1986) by permission of Prentice-Hall.

Figure 2.9.6 Orbital parameters of the moon orbit; reproduced
from Agrawal (1986) by permission of Prentice-Hall.

orbit is 5°8’ (this value ranges from i,, = 4°59’ to 5°18’). The moon orbits the earth
with a period of 27.3 days, and the earth orbits the sun with a period of 365.25 days.
The ecliptic and the lunar poles are directional vectors perpendicular to the ecliptic
and lunar orbit planes. The lunar pole precesses about the ecliptic pole with a period
of 18.6 years and an average cone angle of 5.133°. The earth axis precesses about the
ecliptic pole with an angle of 23.45° and a period of 25,800 years.

Equations 2.9.18, when referring to the perturbing bodies, require knowledge of
the inclination zp of their orbits and the right ascension Q, of the ascending node.
The right ascension of the ecliptic orbit is null, by deﬁmtlon The right ascension 2,
of the moon orbit is analytically easier to express through the right ascension angle Q
of the moon orbit in the ecliptic orbit from the vernal equinox axis; see Figure 2.9.6.
The parameter @ has an appropriate analytical expression (Agrawal 1986):

Q[deg] =178.78 —0.05295¢, (2.9.24)

where ¢ is the number of days since January 1, 1960.
Using spherical trigonometry for the spherical triangle in Figure 2.9.6, we find that
€os(iy) = cos(is) cos(is,) — sin(i;) sin(is,,) cos(Q),

. . . (2.9.25)
sin(Q,,) = [sin(i,,) sin(Q)}/sin(i,,).
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In these equations, i,, is the inclination of the moon orbit to the equatorial plane,
i,y is the inclination of the moon orbit relative to the ecliptic orbit plane, and 2 is
known from Eq. 2.9.24. The value of i,, for calendar dates can be found in celestial
almanacs; it may also be approximated by the following equation, which is accurate
enough for our demands:

im [deg] = 23.736+5.133 sin[w,,, (£ — 2,001.7433)], (2.9.26)

where w,, is the frequency of the motion of the lunar pole with a time period of 18.6
years, and ¢ is the calendar time expressed in years.

Computation of the Inclination Derivatives

With the preceding definitions of celestial motion of the moon about the
earth, and given the apparent motion of the sun about the earth, we can return to our
initial problem of computing the inclination derivatives of Eq. 2.9.22 and Eq. 2.9.23.
In these two equations, sin(2a) and cos(2«) are fast harmonic motions with period
of half a solar day and a null average. Since we are interested only in the secular in-
: clination derivatives, harmonic terms in 2« shall be ignored. With this assumption,
‘ Eq. 2.9.22 and Eq. 2.9.23 become (respectively)

di, 3

2 = 2K, anay, (2.9.27)
?
. di 3
H T: = —Z-KPaypazp, (2.9.28)

: where a,p, a.p, and a,, are as given in Egs. 2.9.17 for the perturbing bodies’ orbits.
L In order to simplify the analytical treatment, we suppose that the orbits of the per-
turbing bodies are circular. In this case, wp+0, = w,+ M, in Eq. 2.9.17 and Egq.
2.9.18. Set Ap = wp+ M,,. This, together with Egs. 2.9.17, transforms Eq. 2.9.27 and
Eq. 2.9.28 as follows:

The results in Eq. 2.9.29 and Eq. 2.9.30 are taken from Alby (1983). These are the
final equations we sought. They contain almost constant elements like i, and 2, as
well as harmonic terms in 2A,.

We are especially interested in the secular term of the inclination derivative, which
means that we can ignore harmonic terms in Ap. In this case, the equations become

{ % = % p[—sin(Q,) sin(24,)+ 2 sin(2A,) sin(p) cos(2y,)
P +c0s(2A,) sin(£2;) sin(2i)], (2.9.29)
; % = %Kp[cos(ﬂp) sin(2i,)+2 sin(2A,) sin(ip) sin(2p)
B P +¢0s(2A,) cos(D,) sin(2i,)). (2.9.30)
3

i di
5 % —H= —%men sin(Q,,) sin(2i,,) +0, 2.9.31)
i % =K= %Kmm cos(@,,) sin(zi,,,)+%1<m sin(24). (2.9.32)
In these equations, i, is constant. The evolutions of Q,, and i,, are given by Eq. 2.9.25
and Eq. 2.9.26.
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Table 2.9.1 Evolution of inclination derivatives

year Q i Q. H K N Q,

1990 319.1 27.5 -1.3 0.08 0.92 0.92 848
1991 299.7 26.2) -102 0.11 0.89 0.89 82.8
1992 280.3 24.5 -12.2 0.13 0.86 0.87 81.5
1993 261.1 22.8 -13.2 0.13 0.83 0.84 81.1
1994 241.7 21.2 -12.6 0.12 0.79 0.80 81.6
1995 2223 19.8 -10.2 0.09 0.77 0.78 83.3
1996 | 203.1 18.9 -6.2 0.05 0.76 0.76 86.1
1997 183.7 18.6 -1.0 0.01 0.75 0.75 89.3
1998 164.4 18.8 43 -0.04 0.76 0.76 92.7
1999 145.1 19.6 8.8 -0.08 0.77 0.77 95.7
2000 125.7 20.9 11.8 -0.11 0.79 0.80 97.8
2001 106.4 225 12.9 -0.13 0.82 0.83 98.8
2002 87.1 24.2 12.6 -0.13 0.85 0.86 98.7
2003 67.7 258 10.9 -0.12 0.89 0.89 97.6
2004 48.4 273 84 -0.11 0.91 0.92 95.9
2005 29.1 283 53 -0.06 0.93 0.94 93.7
2006 9.8 28.8 1.8 -0.02 0.94 0.95 91.3
2007 350.4 288 -1.8 0.02 0.94 0.94 88.7
2008 331.1 28.1 -5.3 0.06 0.93 0.93 86.2
2009 311.8 27.0 -8.5 0.10 0.91 0.91 84.3
2010 292.4 25.5 -11.1 0.12 0.88 0.89 823

The angle between H and K is of importance during the stage in which the incli-
nation of the satellite orbit is to be controlled (see Chapter 3). We define

Q, = arctan(K/H). (2.9.33)
The norm of the terms of the inclination derivative is also important:
% = N=VHI+K2. (2.9.34)

The values of Q, 2, i,,, H, K, N, and , are given in Table 2.9.1, and graphed in
Figures 2.9.7. For the perturbing moon, the period of the harmonic term of the de-
rivative is 13.66 days with an amplitude of 0.0035°; for the perturbing sun, the period
will be of 182.65 days with an amplitude of 0.023°, _

In order to find the inclination vector evolution, Eq. 2.9.29 and Eq. 2.9.30 must be
integrated with time. The results for a period of 400 days (beginning January 1990)
are shown in Figure 2.9.8. The short-period second harmonics of the sun’s and moon’s
motions are clearly seen in these figures.

2.9.4 Evolution of the Eccentricity Vector

As in the previous section’s treatment of the inclination vector’s evolution,
here also it is instructive first to describe the physical mechanism of the eccentricity
vector’s evolution (see Pocha 1987).
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Figure 2.9.7 Long-period inclination vector drift of i,, i,, i, and Q,.

The sun applies pressure on the satellite that results in an acceleration of the s/c in
the sun-satellite direction. This solar pressure on the geostationary satellite produces
a long-period cyclic perturbation in the orbit eccentricity, with no change in the semi-
major axis. Suppose that the orbit is initially circular. The effect of the solar pressure
on the satellite, integrated over the lower part of the orbit, may be approximated by
‘ a differential increment AV at point 1 added to the nominal circular velocity V.. The
" solar pressure exerted on the satellite during the opposite part of the orbit produces
' the same increment in velocity and in the same direction, but located now at point 2,
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Figure 2.9.8 Short-period inclination vector drift of i,, i,, and |i].

50 that AV is now opposite to V.. The increment of velocity at point 1 tends to in-
crease the altitude of the orbit at point 2, which is similar to creating an apogee at
point 2. On the other hand, the decrease in velocity at point 2 tends to reduce the
altitude of the orbit at point 1; this decrease of altitude has the effect of creating a
perigee. The net result is that a small eccentricity vector has been created, with its
direction perpendicular to the solar radiation direction; see Figure 2.9.9.

Let us assume that the area/mass ratio and reflectance of the satellite are constant
over a long annual period, that the sun is in the equatorial plane, and that the dis-
tance of the sun to the satellite is constant over the year. With these assumptions, the
eccentricity vector will increase by constant increments perpendicular to the sun pres-
sure direction over constant time periods. Because the sun has an apparent circular
motion around the earth, the tip of the eccentricity vector will describe a circle, called
the eccentricity circle; see Figure 2.9.10. As we shall see in this section, the radius of
this circle depends on the solar pressure P, and also on the physical properties of the
reflectance Cp, the value of which lies between 0 and 2 (see Section 2.8.4).

The analytical development would be similar to that followed for the inclination
vector derivatives in Section 2.9.2. However, only the final results for the eccentricity
evolution (as developed by Alby 1983) are given here:
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Figure 2.9.9 Solar pressure perturbation and the eccentricity evolution;
reproduced from Pocha (1987) by permission of D. Reidel Publishing Co.

Path of the ellipse center

Figure 2.9.10 Evolution of the eccentricity vector; reproduced
from Pocha (1987) by permission of D. Reidel Publishing Co.

dec__ 13U,
dt ~  na? de, ’ 2.9.35)
dey _ 1 03U, ;

dt  na? de,’

(The geometry of the evolution of the eccentricity vector is shown in Figure 2.9.12.)
To solve these equations, we need an analytical expression for the perturbing func-
tion U,

Solar Radiation Perturbing Function

The perturbing acceleration will be y, = Cp(As/Ms)PS, where S is a unit
vector in the sun-satellite direction and where 4, M, and Cp denote (respectively)
area, mass, and the coefficient of specular reflection. We now define the factor o,
which depends on the radiation pressure and on the physical properties of the satel-
lite: ¢ = Cp(As/Ms)P. With this definition, the perturbing function becomes

U, = —or cos(d), (2.9.36)
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where r is the earth-satellite distance. We denote by r the vector from the center of
mass (cm) of the earth to the satellite, r = [r, ry r.]T. Fora geostationary satellite the
inclination is null (i = 0), and the elements of r can be approximated as

re=rcos(w+Q+0),
r,=rsin(w+2+0), (2.9.37)
r,=0.
According to Eq. 2.5.4, r = a[1—e cos(y)]. For low-eccentricity orbits,
0 = M+2esin(M)+3e?sin(2M)+ ---

(see Wertz 1978). Retaining the first two members of the series and defining o =
w+Q+ M, we have

ry=alcos(a)—1.5e,+0.5¢, cos(2a)+0.5e, sin(a)),
ry, = a[sin(a)—1.5e,+0.5¢, sin(2a) —0.5e, cos(2a)], (2.9.38)
r,=0.

Let us define the sun-earth vectorS as S = [sx sy s,]T. In this case, in the geosta-
tionary orbit plane with the sun in the orbital plane, cos(8) = rys,+rys,. Together
with Eqs. 2.9.35 and Eq. 2.9.36, we have

de, ol 1 3

71— = ’E[E x sm(Za) ot -Esy COS(Z(X) fod ESy:I’

d . : 3 (2.9.39)

e o 1 . -2 2

o= na[ 2s, sin(2ar) 3 Sy cos(2a) + 2 sx].
Because we have assumed the apparent sun orbit to be circular and in the equatorial
plane of the earth (see Figure 2.9.11), it follows that Sy =cos(A) and s, = sin(A) with
dA/dt =0.9856°/day = w. It also follows that Eqgs. 2.9.39 contain short-term periods
of one day and a long-term period of one year. If we neglect the one-day short-term
periods, the equations become

dex 3 g .
T 2wa A 2540
dey 3 0 o
7 = EE COS()\)
Y

«f Sat. Sno

5\,

Figure 2.9.11 Relative position of the sun and the earth in the equatorial
plane; reproduced from Alby (1983) by permission of Cépadueés-Editions.
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These equations show that the eccentricity derivatives are proportional to ¢, which
depends on the mass of the satellite as well as on the surface reflectance and the
effective area directed toward the sun. This area is not constant, and depends on the
geometry of the satellite. In order to obtain some reasonable and simplified results,
we assume that Cp and Ag are constant, or that they have some average value during
the one-year time period.

Eccentricity Vector Evolution
With the foregoing assumptions, time integration of Eqs. 2.9.40 yields the

following equations for the eccentricity vector:
ex(t) = e, (to) + R clcos[A(£)]—cos[A(£)]],
X x( 0) ec‘ ‘ ( )] . 0 ‘ (2.9.41)
e,(1) = e,(fo) + R{sin[A(£)] —sin{A()]},

where the natural eccentricity radius R.. = $(0/naw). For the geostationary orbit,
R = 1.115 1072 Cp(Ag/Ms). During a one-year period, the eccentricity radius de-
scribes a circle with radius R.. whose center is located at

Cx = €x(t) — Rec cos[A(2o)],
¢y = e(tg) — Rec sinf{A(2o)];

(2.9.42)

see Figure 2.9.12.

To get an idea of practical values for R, suppose Cp=1.5, Ag=10m?2, and M=
1,500 kg. Then R, = 1.115 x 10~%. The value of the eccentricity vector depends also
On ¢y, ¢y, and the initial value of eq. In Chapter 3, we shall see that for a geostationary
satellite the need to actively control the eccentricity will depend on R..

This completes our simplified discussion of the evolution of the eccentricity vec-
tor. However, note that additional moon-sun perturbing forces (creating only very
small perturbing effects) have been ignored. If taken into account, the intermediate
moon gravity perturbation would create moon period waves superposed on the ec-
centricity circle of Figure 2.9.12. Figure 2.9.13 shows the evolution of the norm of the
eccentricity vector for a period of 725 days, beginning January 1995. For this special
case, Cp(Ag/Ms) = 0.037, and the additional moon-sun and earth gravitation per-
turbations have been included.

ey A
R 5%
e/\ hon
M( o+ R

Sun

Figure 2.9.12 Evolution of the eccentricity vector; reproduced
from Alby (1983) by permission of Cépadués-Editions.
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Figure 2.9.13 Evolution of the norm of the eccentricity vector
beginning January 1995.
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2.9.5 Longitudinal Acceleration Due to Oblateness of the Earth

In Section 2.9.1 we defined the mean longitude /,, of a satellite relative to
some reference geographic longitudinal meridian (e.g., the Greenwich meridian). In
an ideal Keplerian geostationary orbit, the satellite should remain indefinitely at its
initial geographic position. Unfortunately, different perturbing forces cause the sat-
ellite to deviate from its initial location relative to the earth. The primary perturbing
force is due to the ellipticity of the earth equatorial plane. The tesseral terms in the
harmonic expansion of the earth’s gravitational potential function are responsible
for that ellipticity (see Section 2.8.2 and Eq. 2.8.2). This effect is illustrated in Fig-
ure 2.9.14.

In the equatorial plane, the earth’s gravitational acceleration can be decomposed
into a Keplerian term vk and into a tangential term -y, which is in fact the perturb-
ing acceleration that tends to accelerate the satellite along the nominal orbit path.
The value and the direction of v depend on the earth’s geographic longitude corre-
sponding to the location of the satellite. In Figure 2.9.14, points 1, 2, 3, and 4 are
equilibrium points on the orbit, since at these points r is null. However, only points
I'and 3 are stable equilibrium points, as will be shown later in this section. (The ana-
lytical derivation of the longitudinal perturbing acceleration can be found in the lit-
erature, and will not be derived here.)

Earth's equator

3

Figure 2.9.14 Perturbing longitudinal acceleration.
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Figure 2.9.15 Longitudinal drift acceleration due to earth’s ellipticity;
adapted from Agrawal (1986) by permission of Prentice-Hall.

It is common in this context to designate the longitude of the satellite by A. The
first-order approximation, taking into account only the first tesseral harmonic term,
leads to the simple differential equation

d?A . 2

ar = —0.00168 sin 2(A— A;) deg/day~. (2.9.43)
The two stable longitude points 1 and 3 in Figure 2.9.14 are located at A;=75° and
255° E. Taking into consideration higher tesseral harmonic terms, Eq. 2.9.43 is some-
what altered, and the stable points move to A; = 73.9° and 256.3° E; see Figure 2.9.15.

To show the stability of points 1 and 3 in Figure 2.9.14, suppose that the satellite is
located at 75° E and a small drift of the satellite is sensed toward the east direction.
In this case, a negative longitudinal acceleration will force the satellite to move back
toward the west direction. Should the small drift of the satellite be to the left of the
stable point, a positive longitudinal acceleration would force the satellite to move
toward the stable point to the east. The same arguments hold for a location close to
the stable longitude point at 255° E.

To show the instability of points 2 and 4 in Figure 2.9.14, suppose that the satel-
lite is drawn to the right of the 165° E equilibrium point in Figure 2.9.15. In this case,
a positive longitude acceleration will tend to drive the satellite more to the east, and
the positive acceleration will increase until the satellite reaches the stable longitude
position at 255° E.

2.10 Euler-Hill Equations
2.10.1 Introduction

In the previous sections of this chapter, the motion of a satellite in any orbit
was expressed in the inertial coordinate frame with its Cartesian coordinates. The
distance between two satellites moving on two different orbits could be calculated by
use of those coordinates. However, there are special situations in which two satellites
move in almost identical orbits and are very near to each other. In these cases, it is
easier to analyze the evolution of the distance between the two satellites by defining
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a coordinate system that is not inertial. Rather, this system’s origin is fixed at the
center of mass of one of the satellites and is moving with it. The coordinates of the
other satellite are calculated in this moving coordinate frame. These equations de-
scribe the relative motion of satellites in neighboring orbits. With some constraints
(to be stated in Section 2.10.2), the equations of motion of the second satellite are
developed with respect to the moving frame, and are called the Euler-Hill equations
or simply the Hill equations.

These equations can be used in many special problems to obtain elegant analytical
solutions. Some examples of problems easily solved by use of the Hill equations are:
(1) the influence of small perturbations on satellites, such as drag forces; (2) the rela-
tive motion of two neighboring satellites moving in two almost identical orbits but
having slightly different velocity vectors at some epoch; and (3) the very important
rendezvous problem between two spacecraft.

2.10.2 Derivation

To obtain the Hill equations, we must first define the moving frame in which
the equations of relative motion of a neighboring spacecraft are to be developed. See
Figure 2.10.1.

If r, and r, are (respectively) the distances of the reference and the second satellite
from the central body M in Figure 2.10.1, then the relative distance between the sat-
ellites is p = rp—ry. Since ¥, = —pr,/r and by definition #, = —pi,/rj +f, where r,
can be expressed in terms of r; and of p, for small p the relative acceleration, seen in
the rotating frame, becomes

O —_’i. — 2. .!.l 2
. p—rf[ p+3(r, p)rl]+f+0(r ). (2.10.1)

If we assume an almost circular orbit (a very small eccentricity e), and if we neglect
terms of order 2 and p? and products of p and e, then Eq. 2.10.1 becomes, in terms
of components of relative motion,

X-2ny~3nix=f, (2.10.2)
y+2nx=f, : (2.10.3)
i+niz=f, (2.10.4)

(Breakwell and Roberson 1970; Kaplan 1976). Here x and y, as defined in Figure
2.10.1, are the plane distances between the two neighboring satellites, while z is the

Neighboring
orbit Reference
2~ orbit
[\
n
a.

Figure 2.10.1 Relative positions of two satellites
in two neighboring orbits.
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off-plane distance; n is the almost constant angular velocity of the reference orbit,
which we have assumed to be nearly circular. Equations 2.10.2-2.10.4 can be Laplace-
transformed.

The solution of the third expression, Eq. 2.10.4, is independent from the first two.
Hence, its solution is simply

$Zo+2 1.(s)
z(s)=-3 zo 3
s“+n s“+n

(2.10.5)
If we assume that for practical purposes f; is an impulse function of strength f, then
2(t) = 2o cos(nt) + z—,:’ sin(nt) + % sin(nt). (2.10.6)

Equation 2.10.2 and Eq. 2.10.3 must be solved simultaneously:
x(s)] _ 1 s? 2ns [ sxg+%g—2nyo+ £i(s)
¥(s) —2ns  s2-3n% || syo+ Yo+ 2nxo+£,(s)

" s¥(s2+n?)
For practical purposes we assumed f, and f, to be impulsive forces, so the time-
domain solution of Eq. 2.10.7 becomes

]. (2.10.7)

x() = b+ £ g
- [3Xo + —2(y°—:f’2] cos(nt)+ %(J"o +£,) +4xo, (2.10.8)
Y0 = 400+ £+ 6ol

+ %(Jto+fx) cos(nt)+yo—%(5co+fx)— 3(Yo+Sfy+2nxp)t.  (2.10.9)

In these last two equations, X, fx and o, f, always appear in pairs, indicating that
the initial velocity conditions and the impulsive forces have equivalent influence on
satellite motion. In terms of the initial relative velocity vector V, (see Figure 2.10.1.b),
Eqs. 2.10.8-2.10.9 can be rewritten as

x(t)= % {sin() sin(nt)+ 2 cos(a)[cos(nt) —1}}, (2.10.10)

= %lZ sin(a)[cos(nt) —1]—4 cos(a) sin(nt) + 3(nt) cos(a)}.  (2.10.11)

(Notice that y, < 0 in Figure 2.10.1.b.)

When using these equations we have to remember that x(#) and z(¢) must be as-
sumed to be small; this is not true of y(f), which does not appear explicitly in the Hill
equations. Moreover, y(?) is in the direction of motion of the satellite, so that y is in
fact a part of an arc on the orbit, of length r,0, where 8 is shown in Figure 2.10.1.b.
These equations can be used in different ways, including application to the rendez-
vous problem. The following example treats a related case, and will clarify the use
of the Hill equations.
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EXAMPLE 2.10.1 Suppose that a satellite has been put on its final orbit by an apo-
gee boost motor (ABM). The satellite and the ABM are then separated by giving the
ABM a small velocity opposite to the initial direction of motion of both bodies, y, =
=V, cos(a), with o = 0 nominally, so that the ABM will be removed to a safe dis-
tance from the satellite. The velocity imparted to the ABM body may contain a para-
sitic component in the x direction, X = V¥, sin{a). Could this parasitic velocity lead
to a crash meeting between the two bodies at any future time?

Solution Assume that both bodies remain in the same plane after separa-
tion, which means that 2(0) = 2, = 0. Also, xo =y = 2o = 0. However, X(0) = x,# 0
and y(0) = y, # 0. In a first check, suppose that an initial velocity in only the x direc-
tion has been imparted to the ABM: a = 90°, V= 0.0l m/sec. Then Eq. 2.10.10 and
Eq. 2.10.11 become
Vo

Sin(nt) and y(t) — E_[cos(nt) - 1].

x()=Vo— 7

We must check if p(¢) in Figure 2.10.1.b can ever become null. To satisfy x(¢) =
y(r) = 0 simultaneously, it is necessary that nt =2mm, m=1,2,3,.... Observe the
development of p(¢) in Figure 2.10.2. On the x-y phase plane, it is clear that the
motion of the ABM body about the satellite is harmonic; at the end of each orbital
period, the two bodies collide.

Next, let us suppose that oo = 0°, In this case x(¢) = (Vy/n)2[cos(nt)—1], so x(z) is
null at nt =2xm for m=1, 2,3, ...; y(t) = (Vy/n){—4 sin(nt)+ 3(nt)], so y(¢) cannot
be null at nt =2xm because of the 3(n¢) term (except at nt =0, which is a trivial
solution). Hence no collision is to be expected.

The minimum distance between the satellite and the separated ABM depends on
the velocity vector initial conditions, Vy in Figure 2.10.1. Figure 2.10.3 shows the

10

p [m]

li6 lis 2
Time [sec] x 10*

() 02 04 06 038 1 12 14

Figure 2.10.2 Relative distance p(f) between the two separated
bodies with initial conditions ¥, = 0.01 m/sec and o = 90°.
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Figure 2.10.3 Relative distances between the two separated
bodies with initial conditions ¥, = 0.01 m/sec and a = 77°.
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Figure 2.10.4 Relative distances between the two separated
bodies with initial conditions V,, =0.01 m/sec and a = 77°,
81.456°, 83°, 85.08°, and 90°,

evolution of the relative distance components with initial conditions ¥, = 0.01 m/sec
and o = 77°. The minimal distance is 15 m. In this example, n = 0.001 rad /sec, which
is equivalent to a circular orbit with altitude of # = 981.39 km.- The minimal distance
can be augmented also by increasing V.

In the general case, there might be values of a # 90° for which both x(¢) and y(z)
are null simultaneously, thus leading to collision. By numerical computation, it was
found that a value of either a = 81.456° or a = 85.08° for the direction of the initial
relative vector velocity will null x(z) and y(¢) simultaneously in Eq. 2.10.10 and Eq.
2.10.11. This happens at nt =15.3. The relative distances p(?) are shown in Figure
2.10.4 for a = 77, 81.456, 83, 85.08, and 90 degrees.

Example 2.10.1 suggests that when the separation stage between the two bodies is
designed, care must be taken to prevent a catastrophic collision. However, since the
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two separated bodies normally have different aerodynamic profiles, it is natural that
they will be acted upon by different aerodynamic drag forces, thus increasing the dis-
tance between them.

2.11 Summary

Chapter 2 dealt with the dynamics of spacecraft orbits. First, the classical
Keplerian orbit was treated and analyzed. A second purpose of the chapter was to
state the different forces that tend to perturb the ideal Keplerian orbits. The influence
of these forces on the classical parameters of practical orbits was exemplified with a
detailed treatment of geostationary orbits. The effects of these perturbing forces on
the orbit can be annoying (as when a geostationary orbit must be maintained), but
i are sometimes welcomed by the spacecraft engineer (as in the case of achieving a
~| heliosynchronous orbit). The Hill equations were also presented, and their use exem-
g plified by calculating the collision hazard between two artificially separated bodies.
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CHAPTER 3

Orbital Maneuvers

31 Introduction

From the moment that a satellite is launched into its initial orbit, commonly
called a transfer orbit, multiple orbital changes must be performed. Changes of the
transfer orbit are necessary in order to obtain the desired final orbit because a launch
vehicle usually cannot put the satellite in its final orbit. Even if it were possible, a
satellite launch that placed the s/c in its final orbit would not be optimal from the
point of view of fuel consumption (see Duret and Frouard 1980).

Fuel consumption is a crucial factor in orbital maneuvers. Any orbital change is
accompanied by a velocity change of the satellite, which necessitates a certain quan-
tity of fuel consumption. As we shall see in this chapter, minimization of fuel con-
sumption is essential because the weight of the useful payload that can be carried to
the desired orbit depends on this minimization.

This chapter will also consider different kinds of orbit maneuvers and changes.
For instance, orbits may be adjusted by single or multiple thrust impulses. It will be
seen that with a single thrust impulse, very limited kinds of orbit changes can be
achieved, whereas multiple thrust impulses can effect any desired orbit change. It is
comparatively easy to analyze the change in orbit parameters due to an impulsive
thrust; the analytical treatment usually ends with a closed-form solution. Unfortu-
nately, an impulsive thrust is an idealization that cannot be met in practice.

Thus, another way of viewing orbital maneuvers concerns the duration of the
thrust. During an orbit change, thrust is applied for a length of time (sometimes
hours) that depends on the thrust magnitude (see Redding 1984). What we call an
impulsive thrust depends very much on the thrust duration relative to the orbit’s
natural period. The principal drawback in applying a nonimpulsive thrust is that the
application of a finite-time thrust is accompanied by a nonconstant thrust direction
during burns. The nonconstant thrust direction results in a velocity loss because only
a component of the thrust acceleration, rather than its entire value, acts along the
mean thrust direction (see Robins 1966).

The classical analysis of orbit dynamics, treated in Chapter 2, is sufficient for the
purpose of introducing basic notions of orbit maneuvering and adjustments, with
the practical approximation that the applied thrust is impulsive. Once in its opera-
tional ‘orbit, the satellite is subject to different disturbance forces. In order for the
satellite to perform its mission successfully, the orbit must be corrected accordingly.
Such corrections are also treated in this chapter. The propulsion equation (Eq. C.2.5)
developed in Appendix C is important to this chapter because it shows the mass of
consumed fuel necessary to change the velocity of a satellite during any orbit maneu-
ver. Appendix C also details the hardware of propulsion systems.
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Figure 3.2.1 Change of the apogee radius vector.

3.2 Single-Impulse Orbit Adjustment

Single-impulse orbit adjustment is a very restricted class of orbital maneu-
vers. Nevertheless, it is commonly used to circularize elliptic orbits or to change the
eccentricity of an orbit, the altitudes of the perigee or the apogee, or the argument
of perigee measured from the line of apsides of the initial orbit. These cases will be
described in this section.

3.2.1 Changing the Altitude of Perigee or Apogee

In this case, the radius vector of the apogee will be changed from r,; to 7,
(see Figure 3.2.1). For known orbits O, and O,, the velocities V,; and ¥}, at the peri-
gee - which is common to both orbits - can be computed, since the initial r; and the
desired r,; are also known. Using Eq. 2.4.20, we can write

= [ofL__E = [o(EL__*
Vpl = Z(rp rp+r,1) and sz Z(rp rp+ra2). (3.2.1)

In Egs. 3.21, since 7,5 > 1, it follows that V,; >V, and AV =V, — V), is the velocity
impulse to be added to the satellite at the perigee that is common to both orbits in
order to increase the apogee radius vector to 7.

3.2.2 Changing the Semimajor Axis a, and Eccentricity e,
to a, and e,

In Figure 3.2.2, the velocity vector at the apogee of O,, which is perpendic-
ular to r,;, can be expressed as

Figure 3.2.2 Change of a and e of a Keplerian orbit.
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1 1 1 1 [1—e]

V:i=2p|———|=2pl————— = p—-. 3.2.2

=2 2al] “[al<1+e,) 2a1] Wil Fel 3.2.2)

For the final orbit O,, r, = r, at the apogee of O,. To find the velocity vector V5,
we write
[ 1 1 1 1 1 1
VE=2u|l—-—|=2p| ————|=2p|—————-——|. 3.2.3
2 2”_’2 2a2] #[ral 2a2] ”[a,(l+e,) 2a2] ( )

Next, we must find the direction of V,. For this we use Eq. 2.4.18 and the defini-
tion in Section 2.3 of the momentum k = rv cos(8,). We obtain p = a,(1 —e3) =
[ra1v2c0s(85)1%/1, from which it follows that

pay(1—ej)
viaf(1+e)?’

cos2(B,) = (3.2.4)

Knowing the velocity vector V,, we can calculate the velocity vector change AV to
be added to V,, so that V; is achieved. In Figure 3.2.2, v,, u,, and 8, are known,
from which it is easily found that

AV = \[v,c0s(B2) — vy 2 +v2sin2(B,);  sin(y) = sin(By)vy/AV.  (3.2.5)

Equation 3.2.5 is the desired result, because it gives the velocity vector change AV to
be added at the apogee of the initial orbit O,.

EXAMPLE 3.2.1 The initial orbit is defined as: a; = 5R,; e, = 0.7. The final orbit is
defined as: @, = 10R,; e, = 0.3. Here R, = 6,378.6 km, the mean radius of the earth
at the equator. The initial mass of the satellite is 1,000 kg. Given I, = 200 sec, what
is the required propellant mass for the orbit change? (I, denotes “specific impulse”;
see Appendix C.)

Solution We find that y,, = 1.485 km/sec, v, = 2.9078 km/sec, and 8, =
15.23°, from which it follows that AV =1.526 km/sec and v = 30.87°. Using Eq.
C.2.5, we calculate that mp, = 540.1 kg. This is the minimum mass of propellant
that the satellite needs in order to achieve the desired orbit change.

In this example, the desired change in the parameters a, and e, could be achieved.
However, not all specifications on @, and e, are attainable. In the general case of
Example 3.2.1, given a; and e, there exist limits on the values of 4, and e, that can
be achieved with a single-impulse thrust adjustment.

In Figure 3.2.3, the orbit change is performed anywhere on the original orbit O,
say, at r;. From Eq. 2.4.20 we can find the velocity v,, whose square must be a posi-
tive value:

vi _p

?—‘E——z'&;zo =2022r]. (3-2'6)

Moreover, using Eq. 2.4.18 for the target orbit O,, we can write
h} = pay(1-e3) = [vyricos(82)1%,
from which it follows that
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Figure 3.2.3 The general case of changing @ and e.

pay(1—ed)  pay(1—e3)

cos?(8,) = =
2 rlzv% r12<2_ﬂ_£_)

=1 3.2.7)

or (alternatively) a,(1 — €2) < 2r, — r}/a,. We must solve the quadratic inequality

ré—2a,r,+a3(1—e3) <0. (3.2.8)

The roots of r, are

r, 2 =120t Jml =aytase,. (3.2.9)
The inequality in Eq. 3.2.8 can be written as

[ri=rylln—r]l =[n—ax(1+e)ln—ax(l—-e)] < 0; (3.2.10)
this inequality holds if

iy =ax(l—ey)) < ry<ay(1+e;) =ry. (3.2.11)

Equation 3.2.11 is described graphically in Figure 3.2.4, in which r,, and r, are
the apogee and perigee radius vectors of the initial orbit Oy; r,; = a|(1+¢,) and r,; =
a,(1—e,;). The screened region in the figure shows the range of achievable parame-
ters @, and e, for O,, related to the given parameters a; and e, of O,. This region is
bounded by the two inequalities of Eq. 3.2.11 and the two extreme values of r;, which
are r, and rp,.

The selection of the point in the orbit at which the impulsive velocity change is
to be performed depends on different operational constraints. However, Eq. 3.2.6

\_\\

Figure 3.2.4 Limits on achievable a, and e, for given a, and e,.
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clearly shows that v, will be minimal for the maximum possible value of r,. After r,
is chosen, we can compute v,, v,, 1, and 8,, from which AV is found:

AV? = v} + 03— 2,0, co8(8,—B3). (3.2.12)

EXAMPLE 3.2.2 The orbit parameters of @, = 3R, and ¢, = 0.1 are to be changed
to a, =10R, and e, = 0.5.

Solution As before, R, is the mean radius of the earth. Using the inequal-
ity in Eq. 3.2.11 yields r; = a3(1 —e;) < r;; = 3R.(1+¢,); hence, a; < 3R,(1.1)/0.5 =
6.6R,. In the same way we find that @, > 3R,(0.9)/1.5 = 1.8R,. Hence 6.6R, > a, >
1.8R, and so a, = 10R, cannot be achieved. If a, is the more important parameter to
be achieved, then e, must be redefined in order for the inequality in Eq. 3.2.11 to be
satisfied. In this case, the minimum value of e, would be 0.67.

3.2.3 Changing the Argument of Perigee

In Section 2.6.1 (see also Figure 2.6.2), the angle » was defined as the argu-
ment of perigee. There is a variety of communications satellite systems using ellip-
tical orbits (e.g., the Molniya system; see Pritchard and Sciulli 1986) for which the
apogee footprint on the earth surface must remain fixed at a certain geographical lat-
itude. This situation occurs for satellite orbits having an inclination angle of 63.435°
(see Example 2.8.2). Moreover, depending on the initial satellite launch parameters,
the initial perigee argument might not be located at the correct geographical latitude.
Alignment and adjustments of the argument of perigee then become imperative.

Suppose we wish to change the perigee argument by an amount o without alter-
ing the remaining two planar parameters of the orbit, the semimajor axis @ and the
eccentricity e. The orbit maneuver is performed in-plane. The two orbits liave a com-
mon point at P, and r; = r, =r. Since the shapes of the two orbits remain unchanged,
their angular momentums 4 are equal and hence p, = p, = a(1 —e?) = h*/u. This
means that, according to Eq. 2.3.4, 8; =3, = in Figure 3.2.5.D.

The argument between the two apsides is «, which is also the desired change in
the perigee argument. As the shapes of the two orbits are identical and r, = r,, ac-
cording to Eq. 2.4.13 we have 6, = 8, = 8 in Figure 3.2.5.b, a =28, and V, =V, = V.

A

02

¢ AV MV,
04 P ! 2 P
A/
5 > ri Y0y
82/ \a
S1 R

a. 02 b.

Figure 3.2.5 Geometry for changing w, the argument of perigee.
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In order to find the required change in the velocity vector AV we must find V and 3,
since AV = 2V sin(B) in Figure 3.2.5.b.
The equations needed to solve this problem are:

_ v’r?cos*(B)

p=a(l-e?) =
I3
r=__p_.__
1+ecos(d)’
2_2e_»
r a’
These equations yield
2p . 2p p p[1+e?+2ecos(8)]
2Bk _B_ 4k _k_B
vi= g =y litecos(®)-7 =7 =22 . (3.2.13)
2, B@(1—e?) _ [1+ecos(d))?
cos™(B) = v2r2 1+e2+2ecos(d)’ (3.2.14)
From Eq. 3.2.14 we find that
22 5)
in2(8) = 1—cos?(B) = —0 S ( . 2.
sin“(8) cos™(8) 1+e2+2ecos(d) (3.2.15)

Finally, from Eq. 3.2.13 and Eq. 3.2.15 we obtain

I T = ’____” inl &
AV =2vusin(f) =2 a(—2?) esm(z). (3.2.16)

Equation 3.2.15 and Eq. 3.2.16 determine the vector AV that must be added to the
velocity vector V at point P in order to change the perigee argument by an amount c.

3.2.4 Restrictions on Orbit Changes with a Single Impulsive AV

: ) As exemplified in Section 3.2.3, applying a single impulsive thrust is not suffi-
cient to intentionally change all the parameters of the planar orbit; certain restrictions
apply. Table 3.2.1 summarizes the restrictions on coplanar transfer orbit changes.

y Table 3.2.1 Coplanar transfer orbit restrictions
(reproduced from Deutsch 1963 by permission of Prentice-Hall)

.

[Element changed  [Fixed elements [Restrictions |

I; e, © Impossible
Fe,co None 1+D>Z—;>1—D
e\? e
. |;’ o a (-é +l—2(é)cos(Am)>0
¥ ! ay !
: e e 14D >3 >1-D
a ay a
. |a, ¢ o l:t(a—z'el-—ez)ZE;Zli(ez—ﬁel)
B F 3,0 None
J a, e None

-
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In Table 3.2.1,

2
a a
D*= (a—z'> el+e2— Zzi—e, e;cos(Aw) and

2 172
D'= e[(gl—) +1 —-2(ﬂ> cos(Aw)] .
a a;

(Deutsch 1963 gives a table summarizing restrictions on changes for noncoplanar
orbits also.)

3.3 Multiple-Impulse Orbit Adjustment

A principal characteristic of - and a major restriction on - single-impulse
orbital adjustment is that the initial and the final orbits will always have at least one
common point. The physical reason for this is that, after application of the AV im-
pulse at some location in the orbit, the altered orbit will repeat itself and pass over
the same point at which the AV impulse was applied. The only way to achieve a final
orbit that does not intersect the initial orbit is to apply multiple thrust impulses.
Such multiple adjustments also eliminate the drawback of the restrictions treated in
Sections 3.2.2 and 3.2.4.

3.3.1 Hohmann Transfers

The Hohmann transfer between orbits was originally intended to allow a
transfer between two circular orbits with the minimum consumption of fuel, which
is equivalent to a transfer with the minimum total AV. From this point of view, the
Hohmann transfer is optimal, as long as the ratio of the large to the small radius of
the two circular orbits is less than 11.8 (see Kaplan 1976, Prussing 1991). Once more,
itis assumed that the applied thrust is impulsive, which means that the added velocity
changes are instantaneous.

According to the Hohmann orbital transfer principle, changing a circular orbit
O, of radius r; to a coplanar and concentric circular orbit O, of radius 7, requires an
initial transfer of the first orbit to an intermediate transfer orbit (TO). The TO’s peri-
gee radius vector must equal the radius of O, (r, = r;), and its apogee radius vector
must equal the radius of O, (r, = r;); see Figure 3.3.1.

At any point in the orbit Oy, an impulsive thrust is applied such that the additional
velocity AV, will raise the energy of the initial orbit to that of an elliptic orbit with

Figure 3.3.1 Hohmann transfer between two circular orbits.
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r, = and r, = r,. The velocity of the circle orbit O, is v; = \u/r, (see Eq. 2.4.14).
Knowing r, and r,, of the transfer orbit TO, we can use Eq. 2.4.20 to find the velocity
at its perigee:

1 1 1 1 2[1,"2
b= [2ul——-]= [2pu{—— = f—— 3.
? \/ u("x Za) \/ #<’x "1+’2) \/r,(r,+r2) (.31
It follows that the velocity to be added at the perigee in the direction of motion of
the orbit O, is

2r
Avy=v,~v = /ril[ ; +2rz —1]. | (3.3.2)

At the apogee of the TO, an additional change Av, is added so that the velocity of
the satellite will be increased to that of the circular orbit O, with velocity v, = Vi /5.
We will calculate that change as follows. First, we must find the velocity of the satel-
lite at the apogee of the TO:

2ur, J 2pury
v, = = . 3.33
y Jra(ra+rp) ’2('1""’2) ( )

The velocity to be added at the apogee (in the direction of motion of the satellite)
will then be

2r
Avy =vy—v, = ’:‘—2[1— /n+"2 ] (3.3.9)

Finally, the total change in velocity to be given to the satellite is

AV = Ay, + Av,. 3.3.5)

Kaplan (1976) contains a proof that this calculated AV is optimal in the sense of
minimizing AV, which is the same as minimizing the fuel consumption. In the case
where the transfer is from O, to O,, the velocities will be added in the direction oppo-
site to the motion of the satellite.

3.3.2 Transfer between Two Coplanar and Coaxial Elliptic Orbits

Exactly as in the previous section, the transfer is performed in two stages
via a transfer orbit; see Figure 3.3.2. The minimum-energy transfer between the two
orbits consists of Av, at the perigee of the O, orbit and Av, at the apogee of the ellip-
tic transfer orbit. With known r,,, rp;, 742, and r,,, the semimajor axis of the TO

Figure 3.3.2 Transfer between two elliptic orbits.
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will be a1o = 5(7,) +742), With ;10 =r,; and 7,10 = ;. Following the same deriva-
tion as in Section 3.3.1, we obtain

2 2
R e U G R SN R
pl TO pl 1 a2 2 aTO TO (3.3.6)

AV = Av + Av,.

In Sections 3.3.1 and 3.3.2, only two thrust impulses are used to obtain the desired
changes in orbit parameters. In the present section, the initial and final orbits re-
main coaxial. If the major axis of the final orbit is to be rotated relative to the initial
major axis, then an additional thrust can be applied (see Section 3.2.3). Using mul-
tiple thrust impulses enables an infinite number of orbit adjustments, including non-
coplanar transfers.

Depending on the characteristics of the orbital change, the associated fuel con-
sumption can be quite high. In the preliminary design stage, a minimum guantity of
fuel must be calculated for the satellite to fulfill its mission. Orbit changes related to
geostationary orbits will be dealt with in Section 3.4.

3.3.3 Maintaining the Altitude of Low-Orbit Satellites

As pointed out in Example 2.7.1, the semimajor axis a tends to decrease
owing to atmospheric drag. The drag depends on atmospheric density conditions and
on the satellite size, weight, and altitude, and can easily be estimated in advance. In
order to keep the altitude of a circular orbit within prescribed limits, AV maneuvers
in the direction of the satellite motion are executed when the altitude reaches the
specified limits. In the preliminary stages of satellite technical definition and plan-
ning, it is important to estimate the mass of fuel necessary for these maneuvers. The
estimation is very simple.

Suppose that an average disturbing drag force F; is expected. Using Eq. C.2.4,
F4 for very small AV changes can be expressed as m; = m;(1—AV/gl,,), where m;
(resp. m;) is the final (initial) mass of the satellite after (before) fuel expenditure.
This equation can be written in the alternative form

(mi—mg)gly, = Ampop 8l = m AV, 3.3.7)

where Am,,,, is the consumed propellant mass. For a finite increment AV, Newton’s
second law can be written as F = m(AV/A¢). In our case, F = Fy. Together with Eq.
3.3.7 this yields

FyAt = Amp o gl (3.3.8)

In Eq. 3.3.8, Amy,,,, is the consumed propellant mass for the time interval A¢ with
an assumed atmospheric drag of Fjy.

As an example, suppose that the expected disturbance acting on a satellite located
in a circular orbit of # =450 kmis F; =103 N. If I, = 250 sec, how much fuel mass
will be expended in one year? The answer is:

F4%3,600 %24 %365

=12.8 kg/yr.

A =
"Mprop 9.81x 250
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3.4 Geostationary Orbits

3.4.1 Introduction

There are two major stages in the life of a geostationary satellite. The first
one is the transfer of the satellite from the geosynchronous transfer orbit (GTO) to
the final geostationary orbit (GEO) in which the satellite is intended to perform its
mission. This critical stage may last between one and four weeks. The second stage
is the mission stage, which is generally expected to last more than ten years.

In the first stage, the satellite is put into the GTO by the launch vehicle. The quan-
tity of fuel needed to transfer the satellite from the GTO to the GEO usually approx-
imates the dry weight of the satellite. The quantity of fuel needed to keep the satellite
in its mission orbit during the next ten years amounts to 10%-20% of its dry weight,
or about 2% per year. This means that wasting 2% of the fuel during a GTO-to-GEO
transfer is equivalent to the loss of one year of communications service. This is a tre-
mendous monetary loss, which is why the design of geostationary communications
missions has drawn so much attention over the last decade. See Duret and Frouard
(1980), Belon (1983), Soop (1983), and Pocha (1987). The minimization of fuel con-
sumption during orbital changes is also closely connected to the accuracy with which
the AV is delivered to the satellite; this is discussed in Section 6.2.

3.4.2 GTO-to-GEO Transfers

As mentioned in the previous chapter, GEOs are circular orbits located in
the earth’s equatorial plane. In order to launch the satellite directly into this plane,
the site of the launch vehicle must also be located in the equatorial plane. Unfortu-
nately, no such launch sites exist and a price in fuel must be paid for that drawback.

Figure 3.4.1 shows a hypothetical launch site. Launch sites are located at different
geographic latitudes. Different launch vehicles use slightly different launch profiles,
but they all put the geostationary satellite in an orbit with quite similar parameters:
a perigee altitude of 180-200 km and an apogee located in the equatorial plane at the

geostationary altitude of A, = 35,786.2 km above earth.

The Delta vehicle launch site is located at Cape Canaveral, Florida, at a latitude
of 28.5° so the minimal achievable GTO inclination is 28.5°. The Ariane vehicle
launch site is located at Kourou, French Guyana, at a latitude of 5.2°; from this

Figure 3.4.1 Launch trajectory; adapted from Pocha
(1987) by permission of D. Reidel Publishing Co.
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Figure 3.4.2 Transfer from GTO to GEO.

launch site, owing to different mission constraints, a GTO with inclination of 7° is
usually achieved. The difference in inclinations has a pronounced effect on fuel con-
sumption in a GTO-to-GEOQO transfer. .

The GTO is designed so that the initial perigee and the apogee lie in the equatorial
plane, or close to it, depending on physical and technical constraints. There are two
tasks to be achieved: first, the elliptic orbit of the GTO must be circularized; second,
the initial inclination must be zeroed. Each task can be performed individually and
in any order, or a combined single AV maneuver can transfer the GTO to the final
GEO. In Figure 3.4.2, the apogee of the GTO is in the plane of the GEO; V, is the
velocity vector at the apogee of the GTO that lies in the plane of the GEO, and V,
is the velocity vector of the circular GEO.

From a technical point of view, fuel consumption for the different approaches
will ideally be the same. The problem is that, during the orbit change maneuver, the
attitude control system of the satellite does not allow a AV application in the cor-
rect nominal direction (see Section 3.4.3). An average attitude error of as little as
one or two degrees may cause intolerably excessive fuel consumption. This point
will be clarified in the next section. Meanwhile, let us proceed to the inclination cor-
rection maneuver.

Zeroing the Inclination of the Initial GTO

As seen in Figure 3.4.2, the apogee of the GTO lies in the plane of the GEO.
Maneuvering at the apogee is the cheapest location from the point of view of fuel
consumption, because the velocity at this location is the lowest in the orbit. Dealing
with the inclination only is equivalent to changing the spatial attitude of the orbit
plane by an angle /, with no other orbit parameter alterations. This applies to any
equatorial orbit, whether geostationary or not.

In Figure 3.4.3, the initial and final velocities V; and V; are equal. Only the direc-

tion of V; needs to be changed, so that the inclination / is zeroed. Here Vy =V, =V,
where V, denotes velocity at apogee, so

\i
7
Vi

Figure 3.4.3 Inclination maneuver.
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AV, =2V, sin(3i).

To find the fuel consumption mass, use Eq. C.2.5.

(3.4.1)

Circularization of the GTO

Once the initial GTO orbit is brought to the GEO inclination, it must be cir-

L cularized. The apogee is initially at the geostationary altitude, with r, = 42,164.2 km.

T The perigee is at an approximate altitude of 200 km. To raise the perigee altitude to
s geostationary altitude, AV, = V,;, —V, is to be applied at the apogee of the orbit, with
i a direction parallel to the velocity vector of the apogee. The term V,;, denotes the

: velocity of the GEO circular orbit, and V; is the velocity at the apogee of the GTO.

3 The r, and r, of the initial GTO are known: r, = 4,+ R, and r, = h,+ R,, with 2a =
i r,+r, and r;, = r,. Hence, using Eq. 3.3.4, we find that

i 27,

" 2"[,
-_ AVy= [— (11— . 3.4.2
" 2 Teir ( Tirt7p ) ( ‘

3 Maneuvering from the GTO to the GEO via two individual orbital changes is not
| economical from the perspective of expended fuel, as in this case AV = AV, +AV,.
}

Combined GTO-to-GEO Maneuver

4 In order to perform the overall maneuver with minimum addition of veloc-
" ity to the satellite, a combined maneuver is performed so that the in-plane maneuver
‘ (circularization of the GTO) and the out-of-plane maneuver (zeroing the inclina-
tion) are carried out in one AV stage, as in Figure 3.4.4. In this case,

lf AVZi= VGZT0+ VGZEO-ZVGTOVGEO cos(i). (3.4.3)

A numerical example will clarify the quantities of fuel involved in these maneuvers.

vGEO =3.07465 Iﬂﬂ/s N
i
Vero AV
= 1.596 km/s

Figure 3.4.4 Combined GTO-to-GEO maneuver;
velocity vector diagram at apogee burn.

EXAMPLE 3.4.1 Suppose first that a launch from Kourou is attempted, i =7°. The
mass of the satellite in the initial GTO orbit is 2,000 kg. The GTO has a perigee alti-
tude of 200 km, and ;, = 300 sec. In this case, according to Eq. 2.4.20 and Eq. 3.4.1,
for the GTO inclination cancellation we have AV, =194.97 m/sec. For the GTO-to-
GEO maneuver (Eq. 3.4.2), AV, =1,477.76 m/sec. The overall AV = 1,672.73 m/sec.
For a combined maneuver (Eq. 3.4.3), AV o, =1,502.4 m/sec.

Fuel consumption for the first case, using Eq. 3.4.1 and Eq. 3.4.2, amounts to
; Am =867 kg. Fuel consumption for the combined maneuver is only Am,,,, = 800 kg,

a difference of 67 kg. (For the Cape Canaveral launch, AV o, = 1,803.2 km/sec and
Aoy, =916.2 kg.)
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Figure 3.4.5 Division of AV for optimizing the orbit
change under attitude error constraints.

3.4.3 Attitude Errors During GEO-to-GEO Transfer

In general, the GTO-to-GEO orbital maneuver is executed in more than one
firing. The AV is added vectorially to the initial velocity vector at the apogee; how-
ever, because of attitude errors during the AV process, the obtained orbit will not be
the desired one. The correction of this orbit might be very expensive in fuel if the AV
is not correctly divided into two or more smaller AVs. Figure 3.4.5 shows the division
of AV into AV, = gAV and AV, = bAV.

In Figure 3.4.5, AV is to be added vectorially to V; so that the nominal V; can be
achieved. However, if an average attitude error 6« exists during the firing stage then
the achieved velocity vector will not coincide with the nominal V;. In this case, an
additional correcting maneuver must be performed (with a corresponding expendi-
ture of fuel). The AV, to be added is

AV,4 = 2AV sin(da/2). (3.4.4)

. The problem is to divide the AY into two parts, AV = gAV + bAY, such that the veloc- .
ity loss is minimized. In Figure 3.4.5,

h = aAVia, ¢ =/[aAV 12+ h? = aAV1+ 602,
d=+/[bAV]2+h? = AVNb?+[ada]?, and a+b=1.

Hence

d = AVN[1— a2+ a26a? = AVA@?[1 + 6a2] +1-2a,
c+d=AV[a\1+58a?+Va*(1+8a?)+1-2a].

There are two velocity terms that define the loss in AV due to attitude error during
the firing stage. The first one is obviously eV; = (c+d—a— b)AV, and the second is
eV; = dda. Because a+ b =1, we have

eV; = AV{av1+ 602 +Va2(1+6a2)+1-2a—1]. (3.4.5)
Moreover,
eV, = dba = AVSava?[1+6a2]+1-2a, (3.4.6)

eV =eVy+ eV, = AV[avl +6a + (1 +da)Wal(1+6a?) +1—2a—1]. (3.4.7)

Here eV is the total velocity loss due to attitude errors during the AV, and AY, firings.
Only one parameter, @, can minimize eV:

i
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Table 3.4.1 Division of AV for the purpose of

h minimizing fuel loss due to attitude errors da
1 sa [a [ 5 [e% | &% [E=lV/an%
: [deg)
oo ]1 o |o 0. 0.
i 0.5 | 093] 007 005 | o006 0.11
‘ 1. | 09o1] 009 015] 017 031
1.5} os9] o] o026 | 031 0.57
2. | 087] 0.13] 04 0.47 0.87
4. | os1{ 019 104 | 137 24
6. { 077 023] 178 | 257 4.35
8. | 073 027] 257 403 6.6
10. | 069 031] 338 ] 572 91
. 2
1 AV Tsar+(14+60)—2UF0XD 2
: da 2\aX(1+6a?)+1-2a

1 Define A = 14+ 8a? and B = [1+8a]?. We must solve the quadratic equation
[1-B)A%a*+2A[B—1)a+A-B =0, (3.4.82)
" from which the minimizing @ can be solved:

1 Sa
j 7= Trsa? [l_\/ 2+6a ] (3.4.8b)

‘ The results for some values of 8« are given in Table 3.4.1 and in Figure 3.4.6.

: In Table 3.4.1, we see that as the attitude error éo increases, a decreases. This
means that a larger part of the entire AV must be postponed for the second apogee
. firing. The term e in the last column is the ratio of the total loss ¢V to the total nomi-
. nal AV; for da = 4°, the eV loss will be 2.4% of AV. This is definitely not a negligible
value. In medium-sized geostationary satellites, moving the satellite from the GTO

at 'y
1 Jel %
1.0 AV
N
09 T =3
N\ 4 1
\x 0
08 T \- T 6.
?\x
07 T T4
(n, ’
0.6 + ,o’/ + 2.
o0 8o [deg)
0.5 l—3 — Il 1 N it 0.
1 2 3 4 5 6 7 8

Figure 3.4.6 The ratio factor a for minimizing
eV losses during GTO-to-GEO transfer.
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to the GEO orbit is accompanied by fuel consumption of about 500 kg, 2.4% of
which would amount to a loss of about 12 kg. Since the annual fuel consumption for
such a satellite is about 10 kg/yr, this means that one year of mission life would be
wasted by an average attitude error of 4° (see Section 3.5.3).

With one-shot firing in the GTO-to-GEO maneuver, the same attitude error would
(according to Eq. 3.4.4) yield a fuel loss of (2 x 500) sin(2°) = 34.9 kg. This corre-
sponds to a loss in mission life of about 3.5 years. A good attitude control design
should aim to achieve errors of the order of 2° or less. Even with this accuracy and
with two apogee firings, there will be a loss of (0.869 x 500)/100 = 4.34 kg, which
is not insignificant.

3.4.4 Station Keeping of Geostationary Satellites

As we have seen in Chapter 2, the basic parameters of the geostationary
orbit change with time owing to perturbing forces, such as the moon and sun at-
traction forces, solar pressure, and lateral forces caused by the earth’s nonhomoge-
neity. The primary parameters that change are the inclination, the eccentricity, and
the longitude of the satellite relative to its nominal geographic longitude. Hence sta-
tion keeping (SK) of geostationary orbits consists primarily of the following orbit
adjustments:

(1) longitude (east-west) SK;
(2) inclination (north-south) SK (see Section 3.5.1); and
(3) eccentricity corrections, if necessary (see Section 3.5.2).

The remainder of this section will be devoted to a detailed account of longitude sta-
tion keeping. ,

Figure 3.4.7 shows a satellite that is situated nominally at the longitude Ag but is
allowed to move inside the limits +AA. (See also Agrawal 1986, Pocha 1987.) The
perturbing longitudinal acceleration A is known from Figure 2.9.15 and Eq. 2.9.43.
Because of this acceleration, the longitude of the satellite evolves in a parabolic tra-
jectory. Suppose that the satellite is initially situated at (Ao—AA, Ag). To keep it in-
side the permitted longitude limits, the satellite is given a linear velocity change AV
when it reaches the western limit with an angular velocity —A, (see Figure 3.4.7), so
that it is transferred once more to its initial location (Aq— AAX, Ag). Our task is to com-
pute the drift velocity A, for a given |)\| and required limit AA. We will then calculate

A

A

Y //‘\x.,mx

-io:(—//

Figure 3.4.7 Phase trajectory for longitude
station keeping (E-W SK).
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the time interval T between two consecutive E-W SK maneuvers, as well as the AV
added during each maneuver.

Computation of A,
In the following derivation, suppose that the longitudinal acceleration is
negative:

X=—X}.
Then
A=At+Ag=—|A|t+A,, (3.4.9)

from which it follows that
2
—m% +Agt+Ag=A. (3.4.10)
At time 7, A =0, so that —|A|t, = —A, and , =Ay/|A|. This is the time it takes for

the longitude to evolve from Ay— AA to A+ AA. The complete cycle will take place
in a period of

Ao
=2t =2—. 3.4.11
f 1 |AI ( )
In the period ¢;, A has changed from Ag— AA to Ag+ AA, so
AR
—J|A =5+ —AA=AA,
APy ERNT
from which it follows that A2 = 2AA|A|2. Finally,
Ao=2vAAX|. (3.4.12)

Computation of the Time Interval T between

Two E-W SK Maneuvers

It is important to calculate the time interval between successive maneuvers.
This interval T is the time required for the longitudinal velocity to change from A,
to —Ao. From Eq. 3.4.9 we have —Ag = —|A|T+ Ay, so

T=—r=t. 3.4.13

Using Eq. 3.4.12, we conclude that

’AA
T=4 |[=Z, 3.4.14

The s/c motion during T changes the drift rate from A, to —A,. Next, we must find
the requjred v_elocity change AV for a maneuver that will change the angular velocity
from —Ag to A.

Computation of the Velocity Change AV
The AV required is calculated by using Eq. 2.4.20 and Eq. 2.5.6. First, dif-
ferentiating Eq. 2.4.20 while keeping r constant during the AV process, we obtain
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Aa .
2VAV = ry (3.4.15)
Next, we differentiate Eq. 2.5.6; this yields
3 vk
An = —EmA (3.4.16)
Substituting Ae from Eq. 3.4.15, we have
An=-3-Y_av. (3.4.17)
Vap
Finally,
2
av=_N,, __an An, (3.4.18)
v v

which is our desired result. Also, An = AA.
For the geostationary satellite, @ = 42,164.2 km, n = 27/(23.9 % 3,600) rad/sec,
and V' = 3.0746 km/sec. Using these values in Eq. 3.4.18, we obtain

AV =14,019.23An km/sec, (3.4.19)

where An is proportional to the longitudinal drift rate change AX. If An is defined in
units of deg/day and AV in units of m/sec, then

Ay < 14:019.24(1,00041)
~ (180/m)24(3,600)

For one maneuver, AA = 2),; hence,

= 2.83AA m/sec.

AV/maneuver = 5.66A m-sec™"/maneuver = 11.32[|X|AA]1%% m-sec~!/maneuver.

Since we know the time interval T be}ween maneuvers (Eq. 3.4.14), we can find t}_le
necessary AV per year: AV/yr = 5.66Ay(365/T) m-sec™"/yr. After substitution of Ao
and T from Eq. 3.4.12 and Eq. 3.4.14, respectively, we obtain

AV/yr =1,032.95|A| m-sec™'/yr = 1.74 sin[2(A—A,)] m-sec™Vyr.  (3.4.20)

This equation shows also that the AV necessary to keep the satellite inside the AA
limits is independent of the limit AA, and is dependent only on the geographic longi-
tude of the satellite.

35 Geostationary Orbit Corrections

Figure 3.5.1 shows the possibility of correcting the parameters of the orbit
by sequentially adding velocity components: (1) AV, along the radius vector to the
satellite; (2) AVy, normal to the orbit plane; and (3) AVy, tangential to the velocity
vector. We first calculate the change of the inclination vector i as a result of an im-
pulsive change AV at the location of the satellite designated by the radius vector R.

The orbital pole I is defined by the vector product V; %R, where Vr is the tan-
gential velocity of the circular orbit. The vector change of the orbit momentum, as
a result of the impulsive AVy, will be AVyxR. In a circular orbit, V7 is perpendic-
ular to R. Hence, for small inclination changes, Ai = AVy/ V. Define o = Q@+ w+6.
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a=Q+w0+0

Figure 3.5.1 Geometry for achieving a
change of the inclination vector i.

According to the definitions of the inclination vector given in Eq. 2.9.3 and Eq.
2.9.4, we can write the changes of the inclination vector as

AV,
Aiy=—2N cos(a), (3.5.1)
Vr
AV,
Ai, = =N sin(a) (3.5.2)
Vr
(Robert and Foliard 1980, Alby 1983). In a similar way, we can find that ’
2AV-
Ae, = AVt cos{a)+ Ak sin(a), (3.5.3)
24V AV
Ae, = 7 sin(a) — v cos(a), (3.5.4)
Al, = —24W (3.5.5)
Vr

where [, is the mean longitude.

Note that AVg is seldom used to correct the eccentricity vector, because it is less
than half as effective as AVg used for the same purpose. The meaning of the angle
in the foregoing equations will be clarified in the next section.

3.5.1 North-South (Inclination) Station Keeping

The angular location « of the satellite in its orbit-has an important meaning:
« is the right ascension of the location of the satellite with respect to the vernal equi-
nox vector. Suppose that a = Q. Then AV / V1 will increase proportionally the com-
ponents of the inclination vector, Eq. 2.9.3 and Eq. 2.9.4, such that the Ai will be
collinear with the inclination vector i. In some respects this is the optimal location
for changing the inclination, and the only location for zeroing the inclination using a
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Figure 3.5.2 Correction of the initial inclination vector iy;
adapted from Robert and Foliard (1980) by permission of
Centre National d’Etudes Spatiales.

single impulsive change of velocity. But this is not always the case. If the inclination
correction is to be performed at « # £, then the following considerations hold.

In Figure 3.5.2, an initial inclination vector i, is shown (see also Robert and Foli-
ard 1980; Slavinskas et al. 1988). As we shall see, it is sometimes necessary to change
the initial inclination vector iq to a desired inclination vector i; using a single impul-
sive AV. This can be done at will by performing the AV impulsive correction at the
proper location - defined by the angle « - in the orbit, as shown in Figure 3.5.2. The
final inclination vector i, is determined according to the inclination correction strat-
egy; this strategy is shown in Figure 3.5.3.

The mission-permitted inclination circle limits the maximum permitted drift of
the inclination vector. For geostationary satellites, the required radius of this circle
ranges from 0.05° to 0.1°. For practical reasons, such as uncertainties in the deter-
mination of the inclination vector, the limits of the operational circle are somewhat
reduced in order to compensate for the disabilities of the attitude control system.
The strategy for keeping the inclination inside the permitted limits is as follows.

Suppose that, at some epoch, the inclination vector is located at point 1 in Fig-
ure 3.5.3. The evolution of the inclination vector (as explained in Section 2.9.3) will
follow the path shown in the figure. When it reaches the operationally permitted

Operationally
permitted
inclination circle.

\ ‘Mission' pesmitted
inclination circle

Figure 3.5.3 Strategy for keeping the inclination vector
inside the permitted inclination circle; adqpted from
Belon (1983) by permission of Cépadués-Editions.
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Figure 3.5.5 Eccentricity correction geometry; adapted from Legendre
(1980) by permission of Centre National d’Etudes Spatiales.

3.5.2  Eccentricity Corrections

To correct the eccentricity, Eq. 3.5.3 and Eq. 3.5.4 are used. Figure 3.5.5
shows the geometry of the eccentricity correction. The calculation of the right ascen-
sion o at which AV is applied is performed by inspection of Figure 3.5.5. The same
is true for finding the value of AVy. However, the strategy for eccentricity correc-
tions might be different from that of the inclination corrections.

As explained in Section 2.9.4, the value of the natural eccentricity radius depends
on the geometrical and physical characteristics of the satellite. If the eccentricity ra-
dius happens to be smaller than the required eccentricity specification, all we need
do is locate the center of the eccentricity circle at the origin. From here on, the evo-
lution,of the eccentricity will be a circle of radius e that is smaller than the demands
of the operational requirements. If the eccentricity does evolve beyond the permitted
bounds, it can be corrected in the same way as the initial eccentricity was corrected
(see also Gantous 1986).

11 YEAR ECCENTRICITY KEEPING
x 10*

N
R - ]

)

e x 107

Figure 3.5.6 Time history of the controlled
eccentricity vector e for an 11-year period.
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Based on the PEPSOC package, an E-W SK control algorithm has also been pre-
pared for the AMOS! geostationary satellite by M. Regenstreif. A controlled eccen-
tricity vector e time history for an 11-year period (beginning January 1, 1997) is shown
in Figure 3.5.6.

3.5.3 Fuel Budget for Geostationary Satellites

The fuel budget for satellites with different missions is calculated in light of
the two basic phases in the life of the satellite; (1) maneuvers from the transfer orbit
to the final mission orbit; and (2) correcting adjustments in the mission orbit.

The primary factor that causes changes in the classical parameters of low orbits is
atmospheric drag, especially at altitudes below 500 km. In order to keep the altitude
of a satellite inside defined boundaries, the orbit control system must provide ade-
quate velocity corrections (see Example 2.7.1 and Section 3.3.3). For higher-altitude
satellites, solar pressure predominates. The exact mass of fuel to be reserved for
keeping the satellite’s orbit with predefined limits depends on the nominal orbit defi-
nitions, which vary widely from s/c to s/c. Consequently, different parameters will
influence the estimation of fuel to be carried in the satellite for the necessary orbital
corrections. With geostationary satellites, the perturbing forces influencing the fuel
budget estimation are well defined, as we have seen in previous sections.

It is instructive to summarize the resulting fuel budget. It is more practical to
express the budget in terms of AV, since the fuel mass to be expended depends on the
initial mass of the satellite. We shall take into consideration only the most important
factors for fuel consumption: GTO-to-GEO maneuvers, inclination correction (N-S
SK), and longitude correction (E-W SK). There may be other reasons for orbit cor-
rections (e.g., eccentricity evolution, stdtion repositioning, de-orbit of the satellite
at the end of its life, etc.), but their influence on the fuel budget is minor and so will
not be taken into account here.

The necessary AV for inclination corrections depends on the year epoch (see Table
2.9.1). Hence, we shall use an average value for the years for which fuel consump-
tion is to be estimated. The AV for E-W station keeping depends on the nominal
geographic longitude of the satellite. The fuel mass will be calculated for a s/c with
an initial mass of 2,000 kg and for ;, = 300 sec. We also assume that the initial GTO
has a perigee altitude of 200 km. The AV necessary to transfer this GTO to the final
GEO depends on the inclination of the GTO. We shall assume the two most-used
GTO inclinations, 7° and 28.5°.

Using Eq. 2.4.20, we have V7 = V53 5 = 1.596 km/sec and Vg = 3.07466 km/sec.
Using Eq. 3.4.3, we find that AV, =1.5024 km/sec and AV,3 s =1.837 km/sec. For a
satellite to be operational for 10 years (beginning 1995) the average annual inclina-
tion corrections will amount to 0.8115 deg/yr; see Table 2.9.1. Using Eq. 3.4.1 shows
that AV = 43.54 m-sec™'/yr = 435.4 m-sec™'/(10 yr).

For longitude station keeping, we shall assume that the satellite is located either
at 120° E or at 300° E, where the lateral perturbing acceleration is at its maximum
(see Eq. 3.4.20). With this assumption, AV =1.74 m-sec~Y/yr =17.4 m-sec /(10 yr).
The approximate total AV and propellant mass for the two assumed 10-year orbits

is thus
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AV1o717=1,955.8 m/sec, Mpop7 = 800.0 kg;
AVTOTZS.S = 2,289.8 m/sec, mpmpz&s = 1,081.4 kg.

3.6 Summary

The present chapter dealt with classical orbital maneuvers and adjustments.
It was shown that with multi-impulse corrections, any orbit change can be achieved.
However, the strategy of corrections must be such as to achieve the orbit changes
with minimum consumption of fuel. Note that the expected fuel consumption should
be calculated in the early design stages of the attitude and orbit control system, be-
cause the additional mass of the fuel will have a strong influence on the design of the
satellite structure.
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CHAPTER 4

Attitude Dynamics and Kinematics

4.1 Introduction

The dynamics of spacecraft orbits was treated in Chapter 2. Understanding
the natural motion of an orbiting s/c was necessary before we could deal with the
control of orbits, the subject of Chapter 3. A similar progression will be followed in
our study of first the dynamics and then control of the attitude motion of spacecraft.

Such basic physical notions as angular kinetic energy, angular momentum, and
moment about the mass center will be stated and used in the derivation of the funda-
mental laws of angular motion, which are based on Euler’s moment equations. In
this chapter we state the angular dynamical equations of motion for spinning and
nonspinning rigid bodies. Based on these equations, the attitude control of space-
craft, with different conceptual principles, will be treated in Chapters 5-9. In Chap-
ter 10, structural and sloshing dynamics are appended to the equations of motion
for a rigid body.

4.2 Angular Momentum and the Inertia Matrix

Let us suppose that a rigid body is moving in an inertial frame. This motion
can be described by the translation motion of its center of mass (cm), together with a
rotational motion of the body about some axis through its center of mass.
In the following analysis we shall use the well-known operator equation acting on
a given vector A,

a,l _d9A
dt”|,” dt

which simply states that the rate of change of the vector A as observed in the fixed
coordinate system (I - “inertial” in our case) equals the rate of change of the vector
A as observed in the rotating coordinate system (B - “body” in our case) with angular
velocity w, plus the vector product wX A (see Goldstein 1964, Thomson 1986). This
differentiation law will be used in many applications and in several different contexts.

In Figure 4.2.1, suppose that an orthogonal triad axis frame has its origin O lo-
cated at the center of mass of the body; i, j, k are the respective unit vectors along the
body frame axes. For any particle m; in the body B, R; = Ry+Tr;, so that

A

+wXxA, “4.2.1)
B

Ri=Ro+l",-+wxr,~=vo+v,~+wxr,~, 4.2.2)

where w denotes the angular velocity vector of the body B with respect to the inertial
frame. The moment of momentum of a body particle m; is

h,~=r,-xm,-l'li=r;Xm,-(Ro+i'i+er,-) 4.2.3)

(cf. the discussion in Section 2.3). However, by definition we have ¥; =0 in a rigid
body, so in this case it follows that
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Figure 4.2.1 Angular motion of a rigid body.

h; =1, X m(Ro+ @0 X1;) = —=vo X ;8,4 1, X m;(w X ;). 4.2.9)
To find the angular momentum of the entire body, we shall sum the momentum com-
ponents of all the mass particles:

h= 2 _Voxmil','"'z I','X((a) X r,-)m,- =—VpX E m,'l'i+2 rXx (wx I',')m,'. (42.5)
m; m;

m; m;
Since the angular motion is about the center of mass, X, m;r; = 0 holds. Finally:

h= Erix(wxr;)mi. (4.2.6)
m;
After performing the vector triple product, we get the following equations:

h= i[wx DOH+mi—o, T yiximi—w, 3 X.-z,-mi]
m; m; m;
+j[wy D +zImi— e 3 x;yimi— o, Ey.-zimi]
m; m; m;

+ k["’z S +yHymi—w, T x;zim; —w, Eyizimi]- 4.2.7)
m; m; m;

In Eq. 4.2.7, x;, y;, z; are the coordinates of a particle / in the body axis frame and
Wy, Wy, w, are the angular velocity components around the i, J: k body axes. The sum-
mations of the squared coordinate components are easily identified as the three mo-
ments of inertia of the body about its three orthogonal axes. The summations of the
products of the coordinate components are identified as the products of inertia. With
these definitions, Eq. 4.2.7 takes the following form:

h=ilw iy —wy Iy —w,I,,1+] loy by —wplyy— o I )+ k[w, I, — w1, — wyl, )]
=ihe+jh,+kh,; 4.2.8)
h is the angular momentum vector of the rigid body.

If we define the angular velocity vector as: w = [wy ,]7, then Eq. 4.2.8 can be
put in the matrix form

Iy _’xy -I., Wy
h= —lyx lyy o W, |=[1w. (4.2.9)
~Ix -, I, W

From symmetry considerations, it is easily deduced that L,=1,, I,=1I,, and
I,; = I,y. (1] is the inertia tensor, or inertia matrix.
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4.3 Rotational Kinetic Energy of a Rigid Body

Let us consider a rigid body moving in space together with a set of body
axes whose origin coincides with the body’s center of mass. To begin with, if T is
the body’s kinetic energy then AT = 0.5v*(Am). According to Figure 4.2.1 and using
Eq. 4.2.1, v; = v+ w X T;; hence

v,-2 = VoV = v§+2v0-(wxr,-)+ (wXr;)e(wXr). 4.3.1)
To find the kinetic energy,

T=l vzdm=lfv%dm+£fvoo(wxr)dm-i-lf(wxr)-(wxr)dm
2 Jy 2 2 2

= %03M+vo-wxfrdm +—;— f(wxr)-(wxr) dm

= ,,ansl+v0-mx0+% f(w Xr)«(wXr)dm

= Tirans + Tror- (4.3.2)
By definition, the angular motion is about the center of mass of the rigid body, so

Jrdm = 0. From Eq. 4.3.2, the rotational kinetic energy is

T = % fM(wxr)-(wxr) dm

= % f (w2 — w, )2+ (X — w0, 2)* + (we y — wy )2 dm.
M
After integrating over the mass of the body M and using the definitions of moments
of inertia and products of inertia from the previous section, we find that
T = -;-[w,zrlx + wfly + wflz 2w, fyy— 2w, w I, — 20, w, 0, ]
= %[“’x(“’xlx —w L — "’ylyx)
twy(w l, —w b, —wy L)y oo, [, —w, I, — w )] (4.3.3)
This may be written in matrix form as
Tro = 30" [1]o, (4.3.9)

where the rotational kinetic energy is expressed in terms of the inertia matrix.
It is important to emphasize that together the angular momentum and the rota-
tional kinetic energy completely define the rotational dynamic state of a rigid body.

4.4 Moment-of-Inertia Matrix in Selected Axis Frames

4.4.1 Moment of Inertia about a Selected Axis in the Body Frame

It is generally possible to compute the moment of inertia of the body about
any axis £ passing through the center of mass of the body. In this case, T,o; = -',-Ie w?.
Using also Eq. 4.3.3, we find that
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Figure 4.4.1 Coordinate axes of the X, Y, Z inertial
system and of the Xg, Yy, Z; body frame.

Iiw? = 02l + 02, + 02, — 20,0, )~ 20,0, Iy — 20, @, I 4.4.1)

Equation 4.4.1 can be put in a more convenient form as follows:
2 2 2
e (22
@ . W w w [5)
e 2) @A) e

The inertial and the body axis frames are shown in Figure 4.4.1. The 1; axis is the
direction of the rotational axis of the body with angular velocity w. The angular ve-
locity vector « has components w,, w,, w, along the Xg, Y, Zp body axes. We can
define a, = w,/w, a, = w,/w, and a, = w,/w, which are the direction cosines of the
vector w in the body frame (see Appendix A). Given these definitions, Eq. 4.4.2 can
be written in the more compact form

I; = ail,+a’l,+all,—2a,a,1,,~ 2a,a,1,, —2a,a,l,,. (4.4.3)

Considering the complexity of these equations - which is due to the existence of
the products of inertia - it is attractive to choose a body axis frame in which all prod-
ucts of inertia vanish. The control engineer generally prefers a satellite in which there
are negligible products of inertia, as it is easier to design the attitude control systems
for such satellites. The existence of parasitic products of inertia can then be treated
as mere disturbances to be taken into account in the design stage of the attitude con-
trol systems. In the next section we show how to choose a body axis frame in which all
products of inertia are practically eliminated. (There do exist special circumstances
in which small products of inertia are advantageously used for some special control
tasks; see Section 8.8.5.)

4.4.2 Principal Axes of Inertia

The problem at hand is to transform the general inertia matrix, Eq. 4.2.9,
into a diagonal one. Transformation of a nondiagonal real square symmetric matrix
into a diagonal one is a common procedure that is treated in linear algebra (see Hilde-
brand 1968). For our case of an orbiting satellite (see Kaplan 1976), we shall give the
results but not the mathematical details of the transformation.
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The components of the angular velocity w in the initial body axis frame are labeled
Wy, Wy, w,. To obtain a new axis frame in which the inertia matrix will be diagonal,
an axis rotation must be performed. In the new axis frame, the components of « will
be changed to w’ by the vector transformation w = [A]w’. Returning to Eq. 4.3.4,
we can write

2T = ([A])T[I[A]w’ = @ T[A]T[1][A)' = &' T[I']w". (4.4.4)

The matrix [A] is the transformation matrix from the old orthogonal axis frame to
the new orthogonal axis frame, in which the inertia matrix will be diagonal.

The eigenvalues A; of the inertia matrix [I] are the principal moments of inertia,
the elements of the diagonal matrix [I']. They can be found by evaluating det{[I]—
A[1]} =0, where [1] is the diagonal unit matrix. The eigenvectors e,, e,, e; of [I] are
the column vectors of the transformation matrix [A]:

€1x €2x €3y

[A]= ely ezy e3y . (4.4.5)

€z €z €3

To find the eigenvectors e;, we solve the set of i equations A;e; =[I]e;, i=1,2,3.
To summarize, the diagonal terms of the diagonal intertia matrix are known as the
principal moments of inertia, and the corresponding new axes are called principal
axes. The three principal axes include the axes of maximum and minimum inertia,
referred to as the major and minor axes, respectively.

EXAMPLE 4.4.1 Suppose that the inertia matrix is given by

20 —-10 O
(Il=]| -10 30 0 |N-m-sec2.
0 0 40

To find the eigenvalues A;, we solve for det{[I]—[1)A} = 0. We find that A, = 13.82,
A, =36.18, and A; = 40, which are also the principal moments of inertia in the new
axis frame.

To find the eigenvector e,, we write [I]e; = A,e; and obtain the following three
equations:

(20—13.82)e;, — 10€;,+ Oe,, =0,
—lOelx+(30—l3.82)e1y+ Oelz =O’
Oy + Oer, +(40—13.82)e,, = 0.

Clearly e;, =0. To find e, and e,,, put e,, = c;, from which it follows that ¢, =
¢1(20—13.82)/10 = 0.618¢,. Finally,

(4] 0.85066
e;=| 0.618¢c, | =] 0.527
0 0

(The norm of e, has been normalized to unity.)
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In a similar way, e, and e, are found to be
e, =[—0.52571 0.85066 0]T and e;=[0 0 1]7,
and the matrix [A] is
0.85066 —0.52571 0

[Al=] 0.527 0.85066 O |
0 0 1

From w = [A]«’, we find after inversion of [A] that o’ = [A]'w. However, since [A]
is orthogonal, we also have the more direct solution o’ =[A]"w. It is also easy to
check that

1382 0 O
(F1=[A]"[I][A])=| O 3618 O |,
0 0 40

which is diagonal as expected.

The columns of [A] are the direction cosines of the principal axes with respect to
the initial body axes X, Yg, Zg. The direction cosine matrix in Example 4.4.1 shows
that, in order to obtain the principal axes, the original axes must be rotated about
the Zg axis only. The Zy-axis moment of inertia does not change. From now on, the
body axis frame is assumed to be for principal axes, unless otherwise stated. With
this assumption, Eq. 4.2.8, Eq. 4.3.3, and Eq. 4.4.2 are greatly simplified.

4.4.3 Ellipsoid of Inertia and the Rotational State of a
Rotating Body

With the body axes chosen to be principal axes, Eq. 4.4.2 becomes:

2 2 2
w w W
I, = (j‘) Ix+(—w’—) Iy+(7’) L. (4.4.6)
As depicted in Figure 4.4.2, the moment of inertia about any instantaneous axis of

rotation 1; will be

Iy =all,+a)l,+all, (4.4.7)

Figure 4.4.2 Ellipsoid of inertia.

IR
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Such values can be calculated for any direction of 1; defined in the body axis frame
by its direction cosines. With the resulting values drawn graphically onto the body
axis frame, a closed surface will emerge, called an ellipsoid of inertia (Figure 4.4.2).
Equation 4.4.7 can be put in the following form:

a}f a at 2
= I—1x+1—’1, + I—‘Iz =X, +Y,+ 71, (4.4.8)
3 14 4
which is the general equation of an ellipsoid with axes dimensions 1/v/7;, 1/v/1;, and

/T,

The angular momentum for principal moments of inertia can be found from Eq.
4.2.8. The angular momentum, together with the rotational kinetic energy, describes
the dynamic state of the rotating body:

h? = 2ol+ Dol + Il 4.4.9)
With principal moments of inertia, Eq. 4.3.3 reduces to
2T = Lwj+ L)+ Lol (4.4.10)

From here on, for notational simplicity it will be understood that T stands for 7.
The preceding two equations can be written in normalized form as

2 2 2
wi Wy wi o 4.4.01
iy iy iy @41

2 2 wg

Wy Wy =
(\V2T/1,)? * (\2T/1,)? * (\N2T/1,)* -

These equations describe ellipsoids of the angular momentum and of the rotational
kinetic energy, with the components of the angular velocity vector w as variables.

For any given free body with known rotational kinetic energy 7 and momentum
h, all instantaneous values of moment of inertia and of angular velocity are defined
by the two ellipsoids. Any w that satisfies the momentum ellipsoid of Eq. 4.4.11 must
also satisfy the kinetic energy ellipsoid of Eq. 4.4.12. Hence, both ellipsoids intersect
along a curve that is the locus of all possible ws satisfying both equations. This curve
is called a polhode, and is shown in Figure 4.4.3. For different angular momentum
and rotational kinetic energy, different polhodes will be generated.

(4.4.12)

Figure 4.4.3 Satisfaction of both momentum
and kinetic energy ellipsoids: the polhode.
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4.5 Euler’s Moment Eguations

We found in Section 2.2 that a moment, acting on a body about its center of
mass, equals the time rate of change of its angular momentum. In this section we
will examine the rotational motion of a body caused by the applied moment.

Using once more the identity of Eq. 4.2.1 for the angular momentum vector h,
we can write ‘

M =h;=hg+wxh. 4.5.1)

This is the well-known Euler’s moment equation. In this equation, the subscript “I”
indicates a derivative in the inertial frame, while the subscript “B” indicates a deriva-
tive in the rotating body frame.

Assuming that Xy, Yp, Zp are the principal axes of inertia and performing the
vector product, we obtain the three scalar equations

M, = Laoy+w,w,(I;—1),
M,=IL6,+ww (I,— 1), 4.5.1)
M, = Lo, +ww, (I, I).

These equations are nonlinear, so they do not have an analytical closed-form solu-
tion. However, they can be solved under some relieving conditions as follows.

4.5.1 Solution of the Homogeneous Equation

The homogeneous equations will be solved under the assumption that the
rotating body is axisymmetric, with, for instance, I, = I,. Suppose also that the body
is spinning about the Zg axis, which is the axis of symmetry, with a constant angular
velocity w, = const = n.

For this situation, the simplified Euler equations have an analytic solution, and
we can find the time-domain angular motion of the body for any initial conditions.
The equations become:

Loy +w,n(l,-1) =0,
Loy +wn(l,—1)=0, (4.5.2)
oI, =0.
The third of Eqgs. 4.5.2 simply means that w, = n = const, which has already been

stated. The first two equations are linear, and if we define A = n(I,— I,)/I, then they
can be put in the following form:

Oy +Aw, =0,
T (4.5.3)
ay—Aw, =0,
If we multiply the first equation by w,, multiply the second by w,, and add the first to
the second, we have w, @, + w,a, = 0, from which follows the important result

w,zo, = w§+wf = const,,; (4.5.9)

wyy is the component of angular velocity in the Xs-Yg plane of the rotating body.
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Because w, is also constant, we find that the norm of the angular velocity remains
constant also:

w| = Vo2, + w? = Vw2 + w2+ w2 = const.
Xy £ 4 id £

From Eq. 4.5.3, we can find relations between the initial conditions of w,, wy,, and
L their derivatives as follows:

x(0) = —Awy(0),
@y(0) = +Aw,(0).

From this stage, the solution of the homogeneous equation is a standard process.
Let us differentiate the first of Egs. 4.5.3 with time; this yields

(4.5.5)

By + A, = @y +A 2w, =0. (4.5.6)
Taking the Laplace transform, together with Egs. 4.5.5 we have
Wy (0) + 5w, (0)

wy(s) = x—sz_,,sz_ (4.5.7)

; The time-response solution of Eq. 4.5.7 is
2,.(0

we(£) = w,(0) cos().t)+$ sin(A1). (4.5.8)
: In a similar way, integrating the second of Eqs. 4.5.3, we find that

wy(8) = “";(’ ) — we(0) sin\F) — “’-‘iﬂ cos(Ar). 4.5.9)

By adding w, and w, in quadrature in the X3-Yy plane equations of angular motion
of the rotating body, we can write

: Wey(1) = w0y + jw, = w,(0)[cos(A)+j sin(A) ]+ ©(0) [sin(A)—j cos(At)]
X = [wx(O) —Jj d”‘)(\o) ][cos()\t) + j sin(Ar)]
| = [wy(0) + jw,(0)]e = w, ,(0)e ™, (4.5.10)

where j = v—1. It is important to remember that the final result in Eq. 4.5.10 has
3 been derived under the assumption that the body axes were chosen to be principal
e axes - so that no products of inertia exist - and that the body is axisymmetric, I, = L.

4.5.2  Stability of Rotation for Asymmetric Bodies about
Principal Axes

In the previous discussion we assumed an axisymmetric body, with I, = 1.

In the present section, this assumption is relieved. We wish to find conditions for

R stability about any principal axis with no external moments acting on the body. For

i that purpose we use Eqs. 4.5.1' with M, = M, = M, = 0. Let us suppose that stability

conditions for rotation about the Zg body axis are sought. In this case let w,=n+e,
where e is a small disturbance; &, = #i+¢é =¢. If € > 0 then Egs. 4.5.1’ become:
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Lo +w,n(l,—1)=0,
Loy, +w.n(l,—I) =0, (4.5.11)
Lé+wew,(I,~1,)=0.

The first two equations are linear, and a second differentiation of the first together
with the second yields

IL—-1,1—-1I
Loy LTk o o, (4.5.12)

&, +n? =
x 1, I, x

Taking the Laplace transform of Eq. 4.5.12, we have

[sz+n2—lz_ly —I‘_Ix]wx(s):O = s2+82=0 with

I I
Iy I 1’r I I I\ (4.3.13)
SZ=_ zz_—._yg.z— 2 d =n[<l——z)(]__z> .
LT g° and B L)\"T,
For stability we need 8 to be real, which means that the conditions for stability are
L>1,I, or L<I,I,. (4.5.14)

In words, if a body is spinning about its axis of minimum (or maximum) moment of
inertia then the angular motion will be stable about these axes. But suppose that the
body is spinning about the axis with the intermediate value of moment of inertia and
so Eq. 4.5.14 is not satisfied. This means that

L>IL>1, or IL<I,<lI,. (4.5.15)

In this case 8 will be imaginary, so that one of the roots of the determinant of Eq.
4.5.12 will be positive and real (unstable), and the second will be negative and real
(stable).

These conclusions hold for the trivial case where the momentum of the body is
constant (no applied external moments on the body) and the rotational kinetic energy
is constant. In practical situations, these assumptions do not generally hold, as will
be explained in Section 4.6.2.

4.5.3  Solution of the Homogeneous Equation for Unequal Moments
of Inertia

In Section 4.5.1, the homogeneous equations were solved for the case where
two of the principal moments of inertia were equal. If these two moments of inertia
are not equal but do have close values then the solution may still be valid from an
engineering point of view, but care must be taken to avoid wrong conclusions.

An exact solution can be found for the case.of distinct moments of inertia. In this
case, the solution of Egs. 4.5.1’ will result in elliptic functions, which are not easy to
use for practical purposes. The complete solution for distinct moments of inertia will
not be pursued in this textbook; the reader is referred to Thomson (1986) for further
reading on the subject.
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Body cone

Figure 4.6.1 Body and space cones for I, < I,; adapted from
Thomson (1986) by permission of Dover Publications, Inc.

4.6 Characteristics of Rotational Motion of a Spinning Body

| 4.6.1 Nutation of a Spinning Body

As we saw in Section 4.5.1, if the body is in rotational motion caused by ini-
| tial conditions but not under the influence of external moments, then the norm of the
angular velocity remains constant, |w| = const (see also Eq. 4.5.4). Moreover, since
there are no applied moments on the body, M = h; =0, it follows from Eq. 4.5.1 that
h; = const; the momentum vector is constant in inertial space.

In this section the angular momentum and the angular velocity vectors will be re-
solved into two components, one in the Xg-Y plane and another along the Zz body
axis (assume once more that the body is symmetric, I, =/,): w = Wy tw,andh= °
I v,y +I,;. Since w and h have components in the same directions (w,, and ), it is
evident that h, w, and w, are coplanar. But since the momentum vector h is constant,
its direction is fixed in space. The vector w,, rotates in the X 3-Yg body plane, so the
angular velocity vector « must also rotate about h; see Figure 4.6.1.

We now define the angles 6§ and v as follows:

h Lw
. tan(f) = =2 = x_“l’ 4.6.1
i )= "= To, .60
tan(y) = %’SL; (4.6.2)

S 2

0 is called the nutation angle. From Eq. 4.6.1 and Eq. 4.6.2 it follows that

tan(f) = % tan(y). 4.6.3)

Z
From this we conclude that
0>y f I,>1,

(4.6.4)
o<y if I<I,

As is evident from Figures 4.6.1 and 4.6.2, the body cone “rolis” on the space
cone, which is fixed in space. The Zg-w plane rotates about the h vector, which is
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Body cone

Figure 4.6.2 Body and space cones for I, > I,; adapted from
Kaplan (1976) by permission of John Wiley & Sons.

also fixed in space. Whenever the body Zy axis deviates from the momentum vector
h, the body is said to nutare. This nutation forces the spin axis to deviate from the
nominal desired direction. Keeping the nutation angle small is one of the important
tasks of attitude control systems, to be discussed in subsequent chapters.

4.6.2  Nutation Destabilization Caused by Energy Dissipation

As seen in Section 4.4, the angular kinetic energy about any momentary axis
£ can be written as

2

T=Ty=05w= o.s’;—. (4.6.5)
4

With no applied moments on the spinning body, the momentum h will remain con-

stant. As already mentioned, the value of I; depends on the direction of the axis of

rotation in the body axes frame (Eq. 4.4.7). Since also 4 is constant:

2

Thax =0.5 h (at the minor axis); (4.6.6)
- min
h2

Thin = 0.5——  (at the major axis). (4.6.7)
Tnax

According to Eq. 4.6.6 with A constant, if the body spins about the minor axis and
there is some internal energy dissipation that tends to decrease the rotational kinetic
energy to its minimum, then the body will transfer the spin of rotation to the major
axis in order to satisfy Eq. 4.6.7. (This phenomenon was identified in the satellite
Explorer I, which became rotationally unstable; see Bracewell and Garriott 1958.)

From Eq. 4.2.8, for the symmetrical body case I, = I, and with no products of
inertia:

M = [+ )2+ w22, (4.6.8)
From Eq. 4.3.3,
2T = (w2 + il + W2, (4.6.9)

Multiply Eq. 4.6.9 by I, and subtract from Eq. 4.6.8 to obtain
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h?—2TI, = 2L, (I, - L. (4.6.10)
By definition, cos(8) = h,/h = I,w,/h; hence
-1
2TI, = h*—h? cos?(0)2—=. (4.6.11)
E4
Differentiating this equation with time yields
. . I
27T, = -h*2 cos(0)[-—sin(0)]0(l -]—")
k4
and finally we get
. h? . I,
= — cos(9) sin(8){ == —1)6. (4.6.12)
I, I,

Equation 4.6.12 is very important. It entails that:

(1) If T<0and I, > I, then 6 < 0, which implies nutation stability since an ini-
tial nutation angle, under the influence of the energy dissipation inside the
body, will decrease to zero under ideal conditions.

(2) If T<0 and I, < I, then § > 0, which implies nutation instability (!) since
an initial nutation angle, under the influence of energy dissipation inside the
body, will increase until the spin is transferred to the major axis.

These conclusions confirm our claim in Section 4.6.1 that, in the presence of energy
dissipation, a spinning body is in stable angular motion only if the spin is about the
major axis. R

As we shall see in future chapters, inertial stabilization by spinning the satellite
is common in many practical applications. The first Pioneer satellites were spin-
stabilized; this is a cheap and efficient solution. However, with further development
of space technology and sophistication of space instrumentation, the space com-
munity understood that more ingenious, and higher-quality, space tasks could be
achieved by using “three-axis-stabilized” satellites. Roughly speaking, this means
that the satellite is not spinning about one of its body axes for the achievement of at-
titude stabilization. In the following sections we shall develop the attitude kinematics
and dynamics equations of motion of nonspinning three-axis-stabilized satellites.

4.7 Attitude Kinematics Equations of Motion for a
Nonspinning Spacecraft

4.711 Introduction

It is useful to clarify some notions about attitude kinematics in space before
proceeding (in the next section) to the derivation of the attitude dynamics equations
of motion for three-axis-stabilized satellites.

The choice of an axis system is closely related to the satellite’s tasks. It is not un-
common for a s/c to be transferred from one reference coordinate system to another
system that is more appropriate for the particular tasks that are pertinent to a given
period of the satellite’s life. For instance, a spacecraft voyaging toward some planet




e

4.7 / Attitude Kinematics Equations of Motion for Nonspinning Spacecraft 101

in the solar system will begin its life in a reference coordinate system moving with the
initial orbit that circles the earth. Next, on the way toward the planet, an inertial co-
ordinate system will be used for its attitude definition in space. Finally, close to the
planet, a third reference coordinate system will be chosen, similar to the first one but
this time attached to the orbit circling the planet.

4.7.2  Basic Coordinate Systems

In this section we make use of the material presented in Appendix A con-
cerning methods of attitude determination in space. We must first define the refer-
ence coordinate frame in which the satellite is to be three-axis attitude-stabilized.
Different reference axis frames are chosen for different s/c tasks.

For planet-orbiting s/c, including the earth-orbiting craft, it is most convenient
to define the orbit reference frame as follows. In Figure 4.7.1, the origin of this orbit
reference frame moves with the cm (center of mass) of the satellite in the orbit. The
Zy axis points toward the cm of the earth (the subscript “R” stands for reference).
The Xy axis is in the plane of the orbit, perpendicular to the Zy axis, in the direc-
tion of the velocity of the spacecraft. The Yy axis is normal to the local plane of the
orbit, and completes a three-axis right-hand orthogonal system. The term wg; is the
angular velocity vector of this frame, relative to the inertial axis frame defined in
Section 4.7.3.

The inertial axis frame has its origin at the cm of the earth. The satellite’s axis
frame is defined by Xp, Yg, and Zg (where, as before, the subscript “B” denotes
body). The satellite’s attitude with respect to any reference frame is defined by a
direction cosine matrix [A], by its quaternion vector q, or by the Euler angles (see
Appendix A). In our treatment, the Euler angles are defined as the rotational angles
about the body axes as follows: ¢, about the Xg axis; 8, about the Y axis; and v,
about the Zg axis.

The direction cosine matrices can be expressed in terms of the Euler angles. Ac-
cording to the different order of rotation of the axes of the moving body with respect
to the reference frame, there may be as many as 12 direction cosine matrices ex-
pressed in trigonometric functions of the Euler angles. Some of these matrices are
detailed in Appendix A.

X, Y,

Figure 4.7.1 Definition of the orbit reference frame.

g as



102 4 / Attitude Dynamics and Kinematics

4.1.3  Angular Velocity Vector of a Rotating Frame

Two important factors in satellite kinematics are (1) the angular velocities
of the body axis frame with respect to the reference axis frame and (2) the velocity of
the body axis frame with respect to the inertial axis frame. In general, the angular
velocity vector of the body frame relative to the reference frame is denoted by wgg =
pi+gj+rk, and the angular velocity vector of the reference frame relative to the
inertial frame is denoted as wg; = wgyx 1+ wgyy 1, +wri.1,. When wg; is expressed in
the body frame, it takes the form wgp = wripxi+ wrisyJ + wrin K. With these defini-
tions, the velocity vector of the body frame relative to the inertial frame becomes

wp] = WgR + WR|B- 4.7.1)

The angular velocity vector wgg is of importance, because it allows us to calculate
the Euler angles of the moving body with respect to any defined reference frame in
space. To begin with, suppose that the initial body axes were aligned with the refer-
ence axes Xg, Yg, and Zz. We shall illustrate the procedure for calculating the Euler
angles from the body angular velocity vector for some common and useful orders of
attitude transformations.

Angular Velocities for the Transformation y— 0 — ¢

When we choose the order of axes transformation as y — 6 — ¢ (with axes
order of rotation 3 —» 2 — 1), [A ] is the first angular rotation about the Zg body axis
to be performed. The next rotation will be about the new Yy, axis by an angle 8, and
so on. Finally:

[Ayesl =[AI[AGI[AY]. ' 4.7.2)
Performing the matrix multiplications in Eq. 4.7.2, we find that
ccy clsy —s6
[As]l=[Ayps]l =| —cosY+sopsOcy copcy+sopsisy sochd (4.7.3)

sosy+cos@ey —socy+cosisy cocl

(see Appendix A), where ¢ and s denote cos and sin, respectively. Equation 4.7.3 is

a direction cosine matrix expressed in the Euler angles, and it shows the rotation of

the body axes relative to the reference axis frame.

In the process of angular rotation - for instance, rotation about the Zy axis - a
derivative of the ¥ angle, dy/dt, is sensed about the same axis. We shall next find the
relationships between the Euler angles and their derivatives as well as the angular
velocity vector of the body in its rotational motion.

The first rotation, about the Zp axis (axis 3), leads to the derivative dy/dt about
the Zy axis; this derivative is subject to three successive angular transformations: y,
0, and finally one about Xp, by the angle ¢. The second transformation, about the
Ypg; axis (axis 2) by the Euler angle 0, produces the derivative df/dt, which is subject
to two angular rotations: first about Yg, by an angle 6 and then about Xg; by the
angle ¢. The last rotation, about the axis X3 (axis 1), produces the derivative d¢/dt.
This derivative is subject to only one attitude transformation before final angular
position of the body coordinate system is reached relative to the reference coordi-
nate system.
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These derivatives are transformed to the body angular rates p, g, and r by the fol-
lowing equation:

p 0 0 é
q |=wpr =[A4)[AGIIA]] O [+IAL)AL| 6 [+[AL) O | (4.7.4)
r v 0 0

After performing the matrix multiplications we get
p=9¢—ysin(0),
g = 6 cos(¢)+ ¥ cos(8) sin(¢), 4.7.5)
r =y cos(0) cos(¢) — 0 sin(¢).

These equations can be solved for ¢, §, and ¥ as follows:

é = p+I[g sin(¢)+r cos(¢)]tan(d),
6 = q cos(¢p)—r sin(¢), (4.7.6)

¥ = [gsin(¢) +r cos(¢)] sec(f).

The first and last of Eqs. 4.7.6 show a singularity at 8 = 90°. This is the reason
why, in certain engineering situations, a special order of rotation might be preferred.
In some gyroscopic inertial systems, for instance, this singularity might cause the
phenomenon called gimbal lock. 1t will be shown in Section 4.7.5 that such singulari-
ties do not occur in quarternion terminology.

Measurements of the body axes angular rates p, g, and r relative to the reference
frame, together with knowledge of the initial conditions of the Euler angles, allow us
to integrate with time the set of Egs. 4.7.6. We thereby obtain the Euler angles v, 8,
and ¢ by which the body frame is rotated relative to the reference frame. It is also
important to note that p, g, and r are not necessarily inertial angular velocities. This
fact will be treated in future sections. Results similar to Egs. 4.7.5 and Eqgs. 4.7.6 can
be found for different orders of rotation about the body axes, as presented in Ap-
pendix A. Two such results will be described next.

Angular Velocities for the Transformation 0 — ¢ —
The results for the transformation with the order of rotations 8 > ¢ —y
about the axes 2 — 1 — 3 are as follows:

P = 0 cos(¢) sin(y¥)+é cos(y),
q =0 cos(¢) cos(y) — ¢ sin(y), 4.7.7)
r=-0sin(¢)+y.

From Egs. 4.7.7 we also find that
6 = [ p sin(y) + g cos(y))/cos(¢),
é = pcos(¥)—gsin(y), (4.7.8)
¥ =[psin(¥)+ g cos(y)] tan(¢) + .
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Angular Velocities for the Transformation ¢ — 0 —
Using the methods described previously generates the following results for
the angular velocities of the transformation order 1 -2 — 3:

P = cos(y) cos(8)é +sin(y)6,
g = —sin(y) cos(8) ¢ + cos(y)4, 4.7.9)
r=sin(0)d+y.

After some simple algebraic operations, we have also
6 = psin(¥)+g cos(¥),
é = [ p cos(¥) — g sin(y)}/cos(8), (4.7.10)
¥ =r—[pcos(¥)—qgsin(¥)] tan(h).

We should note that, for very small Euler angles, Egs. 4.7.6, Eqs. 4.7.8, and Egs.
4.7.10 show that p = ¢, ¢ = 6, and r = y (see Appendix A). These approximations will
be used in the derivation of the linearized attitude dynamic equations of the satellite.

4.1.4  Time Derivation of the Direction Cosine Matrix

Knowledge of direction cosine matrix elements is equivalent to knowing the
attitude of the s/c relative to the reference frame in which the transformation matrix
[A] is defined. In general, for a rotating body, the elements of this matrix change
with time. In Wertz (1978) it is shown that:

d
E[A] =[Q][A], (4.7.11)
with
0 W, —ay
Q=] —w, 0 wy | (4.7.12)
w, =—w 0

The terms w,, wy, w, are angular velocities about the body coordinate axes. The
preceding equations are used when the angular velocity vector of the body can be
measured (by inertial measurement instrumentation) to find the evolving direction co-
sine matrix. Numerical integration of Eq. 4.7.11 requires knowledge of the initial con-
ditions of [A(0)]. Integration of this equation system is excessively time-consuming
and hence seldom carried out. The integration of the quaternion vector (introduced
in Appendix A) is much more efficient and thus much more common.

4.1.5  Time Derivation of the Quaternion Vector

As with the previous case, a differential vector equation for q can be written
if the angular velocity vector w of the body frame is known with respect to another
reference frame. The differential equations of the quaternion system become

d

— 1 4
Z9=3[21a, (4.7.13)
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with [©'] defined as

0 w -w o
(2] = w, O W, W
w, —w, 0 w

—wy —w, —w, 0

In this case also, knowing the initial condition of q(0), the numerical integration of
the system of Eq. 4.7.13 will provide us with the time evolution of the quaternion
vector q.

4.7.6  Derivation of the Velocity Vector wg;

In deriving the attitude dynamics equations of a s/c, it is important to know
the inertial velocity vector wpg; of the satellite, which is evaluated by inertial measur-
ing instrumentation such as precision rate integrating gyros. In order to find the evo-
lution of the Euler angles of the satellite in the orbit reference frame, we must know
v wpr from the equality in Eq. 4.7.1: wpg = wp;— wgip. In this section we derive the
y angular velocity vector wg; of the orbit reference coordinate frame with respect to
; the inertial coordinate frame, as defined in Section 4.7.3 and in Figure 4.7.1 and Fig-

ure 4.7.2; we shall then express this vector in the body coordinate frame as wg;g.
! In Figure 4.7.2, the orbit reference frame is defined by the triad of unit vectors
; i, J, k. The definition of these unit vectors, based on the radius vector r and the veloc-
ity vector v of the orbit, is as follows:

! r
j k=——,
|x]
% j=xr (4.7.14)
. [vr|
: i=jxk.
f’ Next, we determine the angular velocities about the i, j, and k axes. As in Section
'] 2.4, for a positive clockwise rotation é about j we have
A di _di dé

T vy

T

Figure 4.7.2 Derivation of wg,.

|
3
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since obviously di/dé = —k. Finally,

dj dk
“=a* =T
di dk
=i _dk. 4.7.15
oy == k=" ( )
di . dj.
=g =g

Together with Egs. 4.7.14, we have

=Gk 1dr vXr
i ar ! |r| dt |vxr|

1
v (vxr)—mx—rlvxv-r—o (4.7.16)

(see Kaplan 1953 for relationships between vector and scalar products). In a similar
way, we can find

= Jrllvxr|

; o1 XX 1 [revr—(reny]
| YT T T exellel T el
. =——" _ye[(rev)r—(r?
= r2|vxr|v [(rev)r—(r<v)). 4.7.17)

For a circular orbit, v is perpendicular to r; hence |[vXr| = vr and rev = 0. Finally,
v2r? ’
r3v

L= =T =a, (4.7.18)

where w, is the angular orbital velocity of the s/c (see also Eq. 2.5.6).
In order to find wy, we calculate as follows:

dgi .1 d NS -
o=~ = Vr] dt(vxr)l— lvx4l'|[v><r+v)(r]|
_ 1 .. L1 (vXr)X(—T)
BT A i PP Lol v
1 -
=m[rxr]'[(vxr)xr]- (4'7'19)

In Keplerian orbits, there are no out-of-plane accelerations and so wy = 0. Finally,
for a circular orbit,

wr =[0 —jw, 01%. (4.7.20)
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4.8 Attitude Dynamics Equations of Motion for a
Nonspinning Satellite

4.8.1 Introduction

The attitude dynamics equations will be obtained from Euler’s moment equa-
tion (Eq. 4.5.1). In Section 4.5, the body was presumed to be rigid, with no moving
elements inside it. However, in the present derivations we will allow for the existence
of rotating elements inside the satellite - known as momentum exchange devices -
and for other kinds of gyroscopic devices. The most common momentum exchange
devices are the reaction wheel, the momentum wheel, and the control moment gyro.
In this textbook, only the first two will be used for attitude control. (These devices
will be described in Chapter 7.) Meanwhile, we must remember that these rotating
elements have their own angular momentum, which becomes a part of the momen-
tum of the entire system in Euler’s moment equations.

Returning to Eq. 4.5.1, M is the total external moment acting on the body, which is
equal to the inertial momentum change of the system. External inertial moments are
products of aerodynamic, solar, or gravity gradient forces, or of magnetic torques
or reaction torques produced by particles expelled from the body, such as hydrazine
gas or ion particles (see Appendix C).

4.8.2 Equations of Motion for Spacecraft Attitude
Equation 4.5.1 may be rewritten as follows:

T=h=h+wxh. (4.8.1)

For practical reasons, T was substituted for M. It is also understood that in this equa-
tion h denotes differentiation of h in the body frame. We shall break down the exter-
nal torque T into two principal parts: T., the control moments to be used for con-
trolling the attitude motion of the satellite; and T, those moments due to different
disturbing environmental phenomena. The total torque vector is thus T = T.+Tj.

The momentum of the entire system will be divided between the momentum of
the rigid body hg = [A, A, hz]T and the momentum of the moment exchange devices
hy, = [Auy Ayy hy,)". Finally, h = hg+h,,. With these definitions, the general equa-
tions of motion become

T =T+ Ty = [Ay+ Agx+ (@, 1 — 0, 8y) + (0 Aoy — w0y )i
+ Ay + By + (0 A — 0 hp) + (@ Ry — i hy)1]
+ (A + By + (wx By — 0y Be) + (0x Py — 0y Bgy) IK. (4.8.2)
Here, i, j, k are the unit direction vectors of the body axis frame. In Eq. 4.8.2, the
body momentum components A,, 4, h, are defined as in Eq. 4.2.8, and contain all
the moments and products of inertia. The terms Ay, Ay, A4, are the vector compo-
nents of the sum of the angular momentum of all the momentum exchange devices

(see Section 7.3). Equation 4.8.2 summarizes the full attitude dynamics that must be
implemented in the complete six-degrees-of-freedom (6-DOF) simulation necessary
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for analyzing the attitude control system. Care must be taken in deriving the vector
w, since it must be expressed in the correct coordinate frame.

4.8.3 Linearized Attitude Dynamics Equations of Motion

In the first phase of the design stage, it is important to transform Eq. 4.8.2
into a more easily treatable form. If the design problem at hand allows working with
principal axes, then the products of inertia may be eliminated from the dynamic
equations, thus simplifying them considerably. Moreover, the angular motion can be
approximated by infinitesimal angular motion, which means small Euler angles and
angle derivatives. With these assumptions, the dynamics equations can be Laplace-
transformed, thus gaining the important advantage of using linear control theory.

Gravity Gradient Moments

Before we can write the linearized attitude dynamic equations of motion, we
must state and analyze one important external moment, that is, the gravitational
moment. This moment is inherent in low-orbit satellites, and cannot be neglected
when dealing with passively attitude-controlled satellites. A short description of the
dynamics of these moments follows.

An asymmetric body subject to a gravitational field will experience a torque tend-
ing to align the axis of least inertia with the field direction. A full development of the
gravitational moments equations can be found in Greensite (1970). Only an outline
of the development, with the final results, is given here. For the following discus-
sion, we suppose that the moving satellite is at a distance R from the center of mass
of the earth.

The orbit reference axis frame is defined as in Section 4.7.2 and Figure 4.7.2. In
Figure 4.8.1, ig, jg, kg are the unit vectors of the reference axis frame. The origin of
the reference frame is located in the cm of the body. The attracting gravity force is
aligned along the kg axis; p is the distance between the cm of the body and any mass
element dm in the body; and ig, jg, kg are the unit vectors of the body coordinates
axis frame (not shown in the figure).

We can find the components of the vector R = —Ryky in the body axes by using
any one of the Euler angle transformations of Section A.3 - for instance, the trans-

211

Figure 4.8.1 Gravitational moments on an asymmetric spacecraft.
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formation [A;5,] of Eq. A.3.6. The components of the vector R in the body axes
will be labeled R,, R, and R,. We have

R, 0
R, [=[Ayp)] 0 | (4.8.3)
Rz _RO
It follows that
Ry= Rysin(0) =a3(—Ry),
Ry =—Rysin(¢) cos(0) = a»3(—R,), (4.8.4)

R; = —Rq cos(¢) cos(8) = az3(—Ry).

Define the gravity gradient vector as G =[G, G, G,]". The force exerted on a

- mass element due to gravity is dF = —[(x dm)/ |r|3]r, where r = R+ p is the distance

from the earth’s cm to the mass dm. Since p << Ry, the moment about the cm of the
body becomes

dm
dG=pxdF=—“|erxr, (4.8.5)
where p is the radius vector from the body center of mass to a generic mass element
dm. With p << Ry, 1/r? can be approximated as

1 1 3R-p
== F[1 __], (4.8.6)
Integration of Eq. 4.8.5 over the entire body mass, together with Eq. 4.8.6, leads to
3
=2 [ RepllpxR1dm. (4.8.7)
R} Iy

After calculating the scalar and vector products, a procedure similar to that of Sec-
tion 4.2 is used to obtain the final results:

3 : 3
Gy = —£5(I,~ L) sin(2¢) cos¥(8) = L~ L)ayay,
2R} R}

3 . -3 .
G, = g‘g‘guz—lx) sin(26) cos(8) = —3=(I, ~ Laax, (4.8.8)

3u . . =3u
G, = Ekg(lx—ly) sin(26) sin(¢) = R—g(lx—ly)auazs-

These are the gravity gradient moment components of G. As is easily seen, the grav-
ity moment vector G can be expressed not only in terms of Euler angles but also in
terms of elements of the direction cosine matrix, which is the transformation of the
attitude angles of the body axis frame to those of the reference axis frame.
Equations 4.8.8 can be simplified by linearization for a body in a circular orbit
using small-angle approximations for ¢ and 6. We have previously found that the
lateral velocity of a body in a circular orbit of radius Ry is v= /R, (see Section
2.4.2); thus the angular orbital velocity of the body (also called orbital rate or JSre-
quency) becomes w, = v/Rj = \/u/Rg. Hence Eqs. 4.8.8 take the approximate form
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Gy =3wi(I,— 1,)¢,
G, = 3wi(I,~ L), (4.8.9)
G,=0.

The linear components of the moment vector G in Eqgs. 4.8.9 are used for the deriva-
tion of the linearized attitude dynamics equations.

Linearized Attitude Dynamics Equations of Motion

In Eq. 4.7.1, wp; is the inertial angular velocity of the body. In order to sim-
plify the notation, set w = wp;. To find w we use Eq. 4.7.1 and Eqgs. 4.7.7. However,
wg is to be expressed in the body frame and so will be renamed wg;g. For small Euler
angles, the following relation exists:

WRIBx | 1 ¥ =04 0 —Yw,
wrigy |=| ¥ | ¢ || —w, [=] —w, | (4.8.10)
| @riBz | 6 -9 1 0 dw,
With known wgp (Eq. 4.8.10), w = wg; = wgg + wg;z becomes
[ Wy [ p —yu,
Wy |=1q |+ —w, | (4.8.11)
W, | 7 dw, ,

According to Egs. 4.7.5, Eqgs. 4.7.7, or Eqgs. 4.7.9, p, q, and r can for small Euler
angles be approximated as p = ¢, ¢ = §, and r = . With these approximations, Eq.
4.8.11 becomes

Wy ‘i’._ Va,
w, |=] 0—w, | (4.8.12)
Wz ¥+dw,
From Eq. 4.8.12 it easily follows that
@y =d—w,¥,
o, =0, (4.8.13)
Gy = lﬁ + ""04.5-

In future chapters, we shall also be concerned with momentum-biased satellites.
In this type of satellite, a constant momentum bias A,,, is applied along the Yp axis
to give inertial angular stability about the Yy axis of the s/c (see Chapter 8). With
this assumption, Eq. 4.8.2 - together with Eqs. 4.8.9, Eq. 4.8.12, and Eqs. 4.8.13 -
become the desired linearized attitude dynamics equations of motion:

- Tax+ Ty = Lb+ 402 (L, — Db+ wo (L, — L — LYY + Ay — wo b
=Y hyyo— Do o — Lyl — L — L, w2 + 21,000,
Tyy+ Ty = L6+ 3021, — 1,)0+ Ay,
— Ly (=20 — Z) + L (—¥ ~ 2,6 + w2¥),
Ty + T =L+ wo(l,+ L — 1) + 02 (L, — LW + Ay + o Py
+ hyyo — Vo hyyo— Iy 0 — Ly — 2w, I, 0 — 2, .

(4.8.14)
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In Egs. 4.8.14, Ay, Ay, hy; are the momentum components of the wheels with axes
of rotation along the X, Yg, and Zy body axes of the satellite; A, = I, 0y, hyy =
I 0y, + Ry, and Ay, = Iy, wy,, Where I, I, I, are the moments of inertia of
the indgvidu_al wpeels and wy,, Wyy, Wy are the angular velocities of the wheels. The
terms Ay, Ay, Ay, are the angular moments that the wheels exert on the s/c along
the body axes. If &, is the angular acceleration of the Xp axis wheel, then 4., =
I,x 0, is the negative of the angular moment that the Xy wheel exerts on the satellite
about its Xy axis. The same applies for the Yz and Zg axes wheel components. Atti-
tude control of a s/c can be achieved by controlling these angular accelerations, which
are internal torques exerted on the satellite. If, in addition, external (inertial) torques
such as magnetic or reaction torques are applied to the satellite, they are incorporated
in T,, the vector of control torques.

In general, as we shall see in later chapters, the rotation axes of the wheels are not
necessarily aligned along the satellite’s body axes. Moreover, there may be more (or
less) than three wheels in the satellite. In such cases, the momentum and the angular
acceleration of the wheels will be transformed to the body axes, so that they comply
with Eqgs. 4.8.14. If the body coordinate axes are principal axes then the products of
inertia are canceled, and Eqs. 4.8.14 are reduced to the minimum possible number
of terms.

4.9 Summary

The purpose of this chapter was to state and analyze the attitude dynamics
equations of spinning and nonspinning satellites. The equations were first written
and used in their nonlinear form, and then manipulated to their linear form in order
to simplify the analysis and design of the attitude control system in the following
chapters.

Satellites can be either three-axis attitude-stabilized or, by taking advantage of
the spin stabilizing effect, single-axis stabilized. Both cases will be analyzed in Chap-
ters 5-8.
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CHAPTER 5

Gravity Gradient Stabilization

5.1 Introduction

The present and remaining chapters deal with attitude control of spacecraft;
this section serves as an introduction to all of them. The expression attitude control
has the general meaning of controlling the attitude of the satellite. In practice, there

exist a multitude of variations to this simple and apparently straightforward expres--

sion. The following are some examples of primary control tasks for which the atti-
tude control system is responsible.

(1) Inorbital maneuvering and adjustments, the attitude of the satellite must be
pointed and held in the desired AV direction.

(2) A spin-stabilized satellite may be designed to keep the spin axis of its body
pointed at some particular direction in space.

(3) A nadir-pointing three-axis-stabilized satellite must keep its three Euler an-
gles close to null relative to the orbit reference frame; this is true of most com-
munications satellites.

(4) In earth-surveying satellites, the attitude control system is designed to allow
the operative payload to track defined targets on the earth’s surface.

(5) A scientific satellite observing the sky must maneuver its optical instruments
toward different star targets on the celestial sphere in some prescribed pat-
tern of angular motion.

The few examples listed and the many others not mentioned suggest a multitude of
different tasks and missions to be performed by the attitude control system. How-
ever, we shall see that some features are common to all such systems.

An impeortant distinction for attitude control concepts is between passive and
active attitude control. Passive attitude control is attractive because the hardware
required is less complicated and relatively inexpensive. Natural physical properties
of the satellite and its environment are used to control the s/c attitude. However, the
achievable accuracies with passive attitude control are generally much lower than
those that are possible with active attitude control, which uses sophisticated (and
much more expensive) control instrumentation.

Another important distinction is between attitude-maneuvering and nadir-pointing
(earth-pointing) stabilized satellites. The attitude control hardware and the appro-
priate design concepts used in these two classes are quite different. In fact, there are
many possible classifications of satellite control schemes. Our approach will be to
present the material following the basic line of advancing from the simpler to the
more elaborate attitude control schemes.

The attitude and orbit control of a satellite is performed with the aid of hard-
ware that can be classified as either attitude determination or control hardware. The

'
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attitude determination hardware enables direct measurement (or estimation) of the
s/c attitude with respect to some reference coordinate system in space. Examples of
attitude determination hardware are earth sensors, sun and star sensors, and inte-
grating gyros (see Appendix B). Control hardware provides translational and angu-
lar accelerations so that the orbit and the location of the satellite within that orbit,
as well as its angular attitude, can be varied at will. Control hardware includes reac-
tion and momentum wheels, control moment gyros, reaction thrusters, and magnetic
torquers (also called torgrods); see Appendix C.

5.2 The Basic Attitude Control Equation

Generally speaking, the satellite attitude dynamics equations (see Section
4.5) are three second-order nonlinear equations. Automatic control theory does not
provide exact analytical solutions and design procedures for such dynamic plants, so
linearization of these equations is necessary if the satellite control engineer wishes to
use standard automatic control techniques. Linearization for small Euler angles was
presented in Section 4.8.3. The attitude dynamics equations need not be based on the
Euler angles only, as in Eqgs. 4.8.14. Suppose that one of the body axes of the satel-
lite is to be aligned with the sun’s direction; in this case, the projection of the sun
vector into two correctly defined perpendicular planes in the satellite body are the
attitude errors to be controlled. The appropriate equations for this control task can
also be linearized.

In Eqs. 4.8.14 it is clearly shown that (in automatic control terminology) the
“plant,” with respect to a single satellite-body axis, consists of two integrators. To
control such a system, “control torques” are necessary. These torques can be pro-
duced actively with control hardware instruments, or by natural effects such as grav-
ity gradient moments. The control torques to be activated are always a function of
the attitude errors. Since we are dealing with second-order systems, some damping
control must also be provided for improved stability. This means that the control
torques will have to include a term that is dependent on the attitude rates to be mea-
sured or estimated. If, in addition, the steady-state error is to be nulled, then an inte-
gral of the attitude error can be added to the control torque equation.

Control torque equations can be written in the following form:

Te,= Kp,-(er)+Kdig;(er)+Ki,~ f end:, i=1,2,3, (5.2.1)

for each of the three body axes. These are the well-known PID controller equations
(for control gains that are Kp proportional, Ki integral, and Kd derivative). The
goal of controlling a satellite’s attitude is met by optimally defining and mechanizing
the physical errors for the different attitude control tasks.

In practice, the attitude dynamics equations of the satellite are more complicated
than those shown in Egs. 4.8.14. There may exist side effects such as structural dy-
namics of the body or of the appended solar panels, sloshing effects in the fuel tanks,
and sensor noise. Although the basic form of Eq. 5.2.1 remains unaffected, the con-
trol equations will need “filters” to handle these complicating effects.

R
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53 Gravity Gradient Attitude Control
5.3.1 Purely Passive Control

We shall first derive the linearized angular equations of motion and the sta-
bility conditions for purely passive gravity gradient (GG) attitude control. The dy-
namics of motion for GG can be derived from Eqs. 4.8.14; since the system is pas-
sively controlled, Ty, T¢y, Tczs Awxs Nuy, and Ay, do not exist. The equations thus
reduce to:

de = Ix$+4w§(1y_]z)¢—wo(lx+lz _Iy)\&’
Ty, = z$+“-’g(]y_lx)‘#+wo(lz+1x_1y)éa (5.3.1)
Tyy = L+ 3w2(I,— I)6.

In Egs. 5.3.1, angular motion can be activated only by disturbing torques and initial
angles of the Euler angles and their derivatives. For ease of notation, we define

o, = =D)L, oy=(, =)/, o=,—I)/I, (5.3.2)
Stability about the Yg Body Axis

By Laplace-transforming the third of Eqs. 5.3.1, the characteristic equation
for the motion about the Yg axis becomes

s2+3wl(I,—I)/1,=0. (5.3.3)
Equation 5.3.3 has one unstable root if I, < I, so the condition for stability becomes
L>1I,. (5.3.4)

There is no damping factor in this second-order equation, so it follows that for any
initial condition or nonzero disturbance T;,, the satellite will oscillate in a stable mo-
tion about the Yy axis with an amplitude proportional to the initial condition 6(0)
and the level of the disturbance T, about this axis. Note that the third of Egs. 5.3.1
is independent of the first two.

Stability about the Xy and Zy Body Axes
Using the definitions in Eq. 5.3.2, the first two of Egs. 5.3.1 become

" . T

$+aufocd—wo(1-0)Y =1,

T x (5.3.5)
V+wloy+w,(l—a)é = sz-.

z

It is important to keep in mind that the values of g, and o, are limited and that they
are smaller than unity. To show this we make use of the definition of moments of
inertia:

L-I, [(x*+z2))dm—[(x*+y*)dm _ [(z>—y*)dm

g. = = <1. (5.3.6a
L J(y*+2z%)dm [(z2+y*)dm ( )

In the same way, it may be shown that
6, <1 and o,<l. (5.3.6b)
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After taking the Laplace transform of Eqgs. 5.3.5, their determinant is found to be
s4+w3[3ax+axaz+1]sz+4wgaxoz =0. (5.3.7)
We shall next derive the stability conditions for Eq. 5.3.7. Its solution in terms
of s2is
2 =(30,+0,0,+1) £ \/(3ax+ 0,0, + 1)2—166,,0z
== 5 ) (5.3.8)
(74

If s, is a root of Eq. 5.3.7 then so is —s;. For s to be a root with no positive real part,
it is necessary that s, be imaginary (s? < 0) and also that the term under the radical be
positive. This means that the following three conditions must be fulfilled:

3o+ o0, +1> 4+\fo 0,

0,0, >0, (5.3.9)

30,+0,0,+1>0.

Remember also the first condition: I, > I,. From Eq. 5.3.6a it also follows that
L<I+1, (5.3.10)
The inequalities of Eqs. 5.3.9 may be translated to the a,-a, plane as in Figure
5.3.1, where the regions for stability (and instability) about the Xp and Zg axes are
displayed. To find these regions, we first multiply both sides of the inequality of Eq.
5.3.10 by (I,~I,). By simple algebraic manipulation, and remembering the condition
I, > I for stability of the Yy (pitch) axis, we find that R-1}>11, ~LIL or
L ~1) =L -7 > IL,—I? = I(I,— I,),
from which it follows that

O = (L, —L)/L,> (I, L)/I,=q,

or, finally,
0> 0, (5.3.1)
O
® N\ R \&
\\ \ "
\ V’A C.=0,
c,0,<0 @
Iy>I>lz ;1 <1,+1 ]
-1 13,0 c,0,> 0| 1
B Ox
(-1,-02) e
0,0, > 0,0,<0

11D | x>1,>ly
/ Soosapl @)

Figure 5.3.1 Stability regions for GG-stabilized satellites; adapted
from Kaplan (1986) by permission of John Wiley & Sons.
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Next, we find the regions on the g,-0, plane where the satellite is in stable attitude
conditions. The condition of Eq. 5.3.11 is the region below the line o, = g, in Fig-
ure 5.3.1, wherein the four quadrants are labeled I to IV. The second inequality in
Eqgs. 5.3.9 excludes regions II and IV as stability regions, because in these regions
g,0, < 0. We are left with half of the regions I and III, which lie below the line o, =
g,. However, in region III there is an additional forbidden area due to the first in-
equality in Eqgs. 5.3.9. Squaring both sides of this inequality yields

02(9+ 02 +60,)+ 0,(6—140,)+1> 0. (5.3.12)

The plot of the solution to this inequality is located in region III. Since |o,| < 1 and
also |o,] < 1, we shall look for the values of this function on the boundaries g, = —1
and ¢, = —1, and also on the o, axis, for which o, = 0. The results are:

(ax’ az) = (-1/39 0)9
(oy, 0;) = (—0.0505, -1),
(05, 0;) = (—1,—0.202).

These three points of the inequality function are also shown in Figure 5.3.1. The
region below this function pertains to the nonstable solution of the passive gravity
gradient attitude control. The remaining subregion B in III is permitted from the
point of view of stability, but is seldom used owing to practical structural difficulties.
Subregion A in region I is a stable region normally used in practical designs of GG-
stabilized spacecraft.

Constraints on the Moments of Inertia in Subregion A It is important to
translate the stable o,-0, regions into constraints on the moments of inertia of the
satellite. One of these constraints has already been stated: I, > I,. In region I, 0, > 0
and o; > 0. In subregion A, o, > 0,. According to the definitions in Eq. 5.3.2 and the
inequality in Eq. 5.3.4, it follows that

L>I1.>1I,. (5.3.13)

Remember that the inequality of Eq. 5.3.10 must also hold in the GG-stable region A.

Equation 5.3.10 and the inequalities of Eq. 5.3.13 are constraints on the moments
of inertia for which gravity gradient attitude stability can exist. At first it appears
that any arbitrary choice of moments of inertia satisfying these inequalities will re-
sult in an attitude-stable system. Unfortunately, the inequality I, < I, + I, of Eq.
5.3.10, which applies to the stability subregion A in Figure 5.3.1, is a difficult con-
straint to accommodate from a structural standpoint (see Runavot 1980, William
and Osborn 1987). The reason is as follows. Suppose that an angular motion with a
small amplitude is permitted about the Yg body axis, despite the existence of external
disturbances. In this case, I, — 7, must be as large as possible (see Eq. 5.3.17). Let I, =
100 kg-m” and I, = 10 kg-m?. In this case, the constraint on J, will be 110 > I, > 100,
which may be difficult to realize structurally.

Constraints on the Moments of Inertia in Subregion B In region III, 0, <0
and o, < 0. According to the definitions in Eq. 5.3.2 and the inequality of Eq. 5.3.4,
it follows that

L>1,>1,. (5.3.14)
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In subregion B we also have the inequality I, < I, +1I.. In the following section we
analyze stability conditions for some singular cases.

5.3.2 Time-Domain Behavior of a Purely Passive
GG-Stabilized Satellite

To find the attitude time response of a passive GG-stabilized satellite, we
shall use the linearized Eqs. 5.3.1. With this relieving condition, the time response is
easily found with the aid of Laplace transforms.

Time Response about the Yg Pitch Axis

The motion of the satellite about the pitch axis depends on the initial condi-
tions of the pitch angle 6 and its derivative, and also on the external disturbances
Tyy. In terms of the Laplace variable “s” we have

Ty, $6(0)+6(0)

0(s) = .
®) 1,5(s2+3wl0y)) ~ s2+3wla,

(5.3.15)

The value of g, depends on / and I,. We shall examine several cases.

Case A: For I, < I, o, will be negative and one of the roots of Eq. 5.3.15 will be
unstable. The pitch angle will diverge exponentially with time.

Case B: For I, = I, which is the neutral case of stability, o, will be zero and the
time response becomes

Tyyt?
0(t) = 6(0)+ 6(0) s + 22—, (5.3.16)
21,

CaseC: For I,> 1I,, o, will be positive, and an oscillatory motion is to be expected
for an external disturbance 7,,:

Tyy
1,3wio,

0(¢1) =

[1~-cos(wo 30, 1)] = C[1-cos(wyv3a, 1)), (5.3.17)

where C = Tyy/ [3w§(1x—lz)]. The time behavior is a biased harmonic motion, with
a constant average level of amplitude C. The frequency of oscillation depends on the
relative values of 7, 1, and I, and also on the orbital rate w,. The amplitude of
oscillation depends on the external disturbance T4y, and is inversely proportional to
the difference I, — I,. This means that the only way to limit the amplitude of oscilla-
tion is by choosing appropriate values for the satellite’s moments of inertia. The co-
efficient of the s' term is zero in the determinant of Eq. 5.3.15, so the harmonic mo-
tion will be undamped. In the design of a GG-stabilized satellite, it will be necessary
to add some passive or active damping.

Time Response in the Xy~Zg Plane

To solve Egs. 5.3.5 in the time domain, we take the Laplace transforms with
initial conditions. This leads to the following equations:

(Sz+4w¢270x)¢ —swo(l - Ux)l,b = ‘%+s¢o+ &0—'"’0(1 —Ux)¢o,
X

T (5.3.18)
(S +wZo )Y +5w,(1— 0,)¢p = %w‘,u —0,)¢0+S¥o+ Vo,
z
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where ¢, $o, Yo, ¥ are the initial conditions. The equations can be rewritten in ma-
trix form as

[sz+4w3a, —Swo(l—ax)] ¢(s)] _ [de/lx+s¢o+q§o—wo(l—ax)%o]. (5.3.19)
swo(l—0y)  s*+wlo, ||¥(s) Ty / I+ wo(1—0,) o+ s¥o+ ¥
The solutic;ns of ¢(s) and y(s) are
&(s) s2+wlo, swy(l—ay)
[¢(s)] A(s)[—swo(l—oz) s2+4wgox]
de/1x+s¢0+¢0_"’o(l_ax)¢0
[sz/lz"‘%(l-ﬂz)%"' s¥o+¥o ]’ 320

where A(s) = s* +5%w2[30, + 1+ 0,0,] + 4wio, 0.

Time-domain analysis in the Xg-Zg plane is more complicated because the deter-
minant in Eq. 5.3.20 is of the fourth order. Hence we shall first analyze some singu-
lar and simpler cases for stability; later we will attempt to solve the general case in
the time domain.

Symmetrical Case: I, =1, In this spec1al case g, =0, and the determinant
in Eq. 5.3.20 becomes simpler: A’(s) = s2[s? + w2(30,+1)]. The two integrators out-
side the brackets indicate neutral stability. However, for stability of the remaining
part of the determinant, the roots of the second-order term must be imaginary, which
means that 3o, +1=3(l,—1I,)/I,+1> 0. In terms of the moments of inertia (and
since, by definition, I, = I,), the condition for stability of the second term in brack-
ets becomes

I, I, 4 '
L=ltca 3.21
L~ 7% (5.3.21)
If the inputs are disturbances of constant magnitude, then
b(s) = de(s +"’oaz) Ty (1—0y)w,
Ls3[s2+ (3o, +1)w2]  I;s?[s2+ (30, +1)w?]’ (5.3.22)
o(s) = o Tax(1=0) T (s> +4wlay) -

Ls?[s24+ (3o, +1)w2]  Is3[s2+ (30, +1)w?2]

Both ¢(¢) and y(¢) will have divergent and oscillatory terms in their time response.
Hence, the symmetrical satellite with 7, = I, cannot be passively stabilized.

Symmetrical Axis in the Direction of Satellite Motion: I, = I, In this sin-
gular case, o, =0 and A(s) = s2[s? +w; 2]. As in the previous case, for constant-value
disturbances about the X and Zy axes, the yaw and the roll Euler angles will have
divergent and oscillatory motions in their time responses.

General Case: Time Behavior of a GG Stable Spacecraft in Region I or III
As stated in Section 5.3.1 and as shown in Figure 5.3.1, both o, and o, are positive in
region 1. Because there are no damping factors in the determinant of Eq. 5.3.20 (the
coefficients of s' and s are null) and since the inequalities of Eq. 5.3.13 or Eq. 5.3.14
must be satisfied for stable gravity gradient attitude control, the determinant will
consist of two oscillatory roots:
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A(s) = (52 + w})(s® + w}) = s*+ (0} + wd)s? + wiwd; (5.3.23)

w; and w, can be found by equating terms in the determinant of Eq. 5.3.20.
For constant disturbances 7, and T, and in accordance with Eq. 5.3.20, the time
responses of ¢(¢) and ¢¥(¢) can be derived from the inverse Laplace transforms of

o(s) = Tx(s* +wloy) Taz 001 — 0x)
Ls(s*+ud)(s2+w)) | L(s?+w))(s2+wd) (5.3.24)
¢(S) = —dewo(l -G'x) sz(sz+4wgax) -

T L2+ o2+ wd) | Ls(s2+wP) (st +wd)’

The time responses of both y(#) and ¢(¢) will consist of two harmonic terms with
natural frequencies w; and w, superimposed on a bias of constant magnitude. The
value of this bias will be calculated in the next section.

Equations 5.3.24 hold for small disturbances and initial attitude conditions, be-
cause they emerge from the linearized Egs. 4.8.9. In practice, for the exact physical
model, the time-domain simulation will use a set of nonlinear equations for which,
in general, a closed-form solution does not exist.

EXAMPLE 5.3.1 In this example, a small satellite is assumed with moments of
inertia I, =6, I,=8, ,=4 kg-m2. The s/c is moving in a circular orbit of altitude
h =800 km. In order to achieve small attitude errors despite external disturbances
about the Yy axis - which is the primary disturbance acting on the satellite owing to
aerodynamic forces in its direction of motion (see Example 2.7.1) - a mechanical boom
has been extended along the Zy axis, so that the moments of inertia about the Xy
and Yy axes are increased to I, = 80, I, = 82 kg-m2. The time response for an initial
condition of {(0) = 5° is shown in Figure 5.3.2. For this orbit, w, = 0.00104 rad/sec.

0.5 1 1.5 2 25 3 35 4 4j5 5
Time[sec] X 10*

Figure 5.3.2 Time behavior for the initial condition y(0) = 5°.
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From Egs. 5.3.2 we have o, = (82—4)/80 = 0.975 and o, = (82 —80)/4 = 0.5. We
can compute w; and w, from Eq. 5.3.20 and Eq. 5.3.23 to find that: w; = 1.9784w, =
0.002054 rad/sec, with a time period of T} = 3,059 sec; w, = 0.7058«w, = 0.0007327
rad/sec with T, = 8,575 sec. From Eq. 5.3.20 with T, = T, = 0, for an initial con-
dition of y(0) only we have

$(s) = —wlo (1 -, )Y (0)/A(s),
¥(s) = s[s? + wi(1+ 0,0, + 30, — 0;,) ] ¥ (0) /A(s).

As we will see in the next section, achieving a low sensitivity to disturbances about
the Yy axis requires that we choose I, >> I,. In Egs. 5.3.24, we immediately perceive
that the sensitivity of y to disturbances about the Zg axis is greater than its sensitivity
to disturbances about the Xp axis, by a factor of I,./I, (about 10 to 20). (Because of
the inequality of Eq. 5.3.10, this is not true for the sensitivity of ¢.)

Another important fact concerning GG stability about the Zy axis can be deduced
from Eqgs. 4.8.8 and the linearized Eqgs. 4.8.9: the gravity gradient moments about
the Zpg axis are almost null for a nadir-pointing satellite (6, ¢ =~ 0). This means that
it is very difficult to GG-stabilize the Zy axis against initial conditions in ¢(0) and
¥(0) without active damping.

Returning to Eqs. 5.3.25 with the data of our present example, we find:

(5.3.25)

1 1
#(5)=0.003 66""’[s2+ (1.97840,)2 s2+(0.7058wo)2]¢(0)’
s[s?+3.912502]y/(0) _sW(0)

V) = (197840, 71157+ (0.70580,)7] ~ 2+ (0.7058, %

The time responses become
(1) = [0.001849sin(1.978w, ) — 0.005186 sin(0.7058w, )1y (0),
¥(2) = [cos(0.7058w,1)]1y¥(0).

The time-domain behavior of the system expressed by Eqgs. 5.3.1 is shown in Figure
5.3.2. They agree fairly well with Egs. 5.3.26.

A complete 6-DOF simulation has been carried out to show the time responses of
the Euler angles due to constant disturbances Ty, or T,,. The results are shown in
Figures 5.3.3 and 5.3.4, respectively. According to Egs. 5.3.24, with T, = 0 we have

(5.3.26)

() = Ty (52 +0.502) _ Ty
T ILs(s2+1.9784242) (s +0.70582w2)  I,s(s2+1.9784202)°
¢(s) —dew,,O.S

T T.(s2+1.9784202) (s + 0.7058202)

Taking the inverse Laplace transform for T, =10~ N-m gives the following time
responses:

& (r) =1.699{1 —cos(1.9784w, )] deg,
V(1) = 0.4917 sin(1.9784w, t) —1.378 5in(0.7058w, t) deg.

The time responses for the complete 6-DOF simulation are shown in Figure 5.3.3.
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Figure 5.3.3 Time behavior of ¢(¢), 6(¢), and y(¢) for T,.

For disturbances 7, about the Zy axis (and with T, = 0), we find:

= (5) = Teo (80—82+4)
i I(s%+1.9784202)(s2 + 0.70582w2) 4 ’

T 2

< 4 56 T (s +4030.975) y P

= I,5(s2+1.9784202)(s2+0.70582w2)  I,5(s?+0.7058202) °

The time response of ¥(f) is of importance in this case, because I, is comparatively

much smaller than the other moments of inertia. Hence, a much larger sensitivity

to disturbances is to be expected. It is easily found that, for a disturbance of T, =
i 10~3 N-m, the time response will be

o (1) = 267[1— cos(0.7058w, /)] deg.

We conclude that GG stabilization does not provide enough immunity against dis-
turbances about the Zy axis. Moreover, a large change of the Euler yaw angle leads
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Figure 5.3.4 Time behavior of ¢(¢), (1), and y(?) for T,.

to a slow interchange of the I, and 7, between them: I, becomes larger than 1, and
instability of the GG system follows. This phenomenon is seen in Figure 5.3.4, which
shows the time responses for this example. Fortunately, disturbance torques about
the Zy axis are generally smaller than those about the other two body axes.

5.3.3 Gravity Gradient Stabilization with Passive Damping

As we have seen in previous sections, the gravity gradient stabilizes the s/c
in the sense that there remains an amplitude-bounded harmonic angular motion
about an average bias value. In order to obtain a useful system, the harmonic oscil-
latory angular motion must be damped and reduced to a minimum. The existence of
external disturbances initiates the oscillatory motion and, with passive damping, the
time to appreciably decrease the oscillatory motion might be very long. However,




PO R A

ro el YT 4 leems

(PRI

Cebeban T e e N

5.3 / Gravity Gradient Attitude Control 123

since passive damping equipment is comparatively inexpensive, it is still occasionally
used (Clopp and Osborn 1987, Hughes 1988).

Passive Dampers
Several kinds of passive dampers are mentioned in the literature (see Fleeter
and Warner 1989, Hughes 1988). A short description of each kind follows.

Point-mass damper: The principle of this very simple damper is to use a mass-
spring/dashpot damper mounted inside the satellite. The energy dissipated in the
damper helps to damp the oscillatory motion of the satellite. For a complete analyti-
cal treatment of this damping system, see Kaplan (1976) and Hughes (1988).

Dampers mounted on external spring’s boom: The extended boom that increases
the moments of inertia in order to achieve desired GG stabilization can be mounted
on a large external spring. On the tip of the spring, which has a helical form, a fluid
damper can be mounted to increase the internal energy dissipation inside the satellite
so that a damping effect is produced. The analytical treatment of this kind of damper
is quite complicated because of the nonlumped character of the spring.

Magnetic hysteresis rod damper: If a rod of magnetically permeable material is
located inside the satellite, then the angular motion of the satellite with respect to the
earth’s magnetic field will induce magnetic hysteresis losses. Magnetic hysteresis rods
have been used on many satellites. Unfortunately, the strength of the earth’s mag-
netic field is proportional to 1/R?, so this mode of damping is effective only for rather
low orbits (see Fleeter and Warner 1989).

Damping by boom articulation: Many GG designs are based on a suitable mech-
anism at the hinges that join the augmenting booms to the satellite’s body (Fleeter
and Warner 1989). This mechanism usually has two degrees of freedom and so pro-
vides damping about two axes; this enables damping of both the pitch and the roll
angles. Damping of the yaw axis is much more difficult to achieve.

Wheel damper: A wheel, immersed in a container holding a viscous fluid, can be
effective in damping the angular motion of a satellite. If we align the axis of rota-
tion of the free wheel with (say) the Yg axis then the pitch oscillatory motion can be
damped. Likewise, for a wheel whose axis of rotation is aligned with the Xp, axis, the
roll oscillatory motion can be damped.

Design of a GG-Stabilized Satellite Based on a Wheel Damper
In order to understand the effectiveness of such passive dampers, a com-
plete analytical treatment of the wheel damper follows.

Dynamic Equations of the Damper First, we shall write the dynamic equa-
tions for a satellite with a GG control system that uses a passive wheel for damping
purposes (see Bryson 1983). The third of Egs. 5.3.1 can be augmented with the ex-
pression for the rotational dynamics of the wheel damper (Eq. 4.8.14b) as follows:

01, + 30i(I,— 1Yo + oy Iy, = Ty,

5.3.27
I, 04 = D(0 - w,) = DQ,, ( ‘

where D is the damping coefficient of the fluid in which the wheel is immersed, I, is
the moment of inertia of the wheel, and Q,, is the angular velocity of the wheel relative
to the body of the satellite. The system of equations can be written in matrix form as
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s2+3wia, s(u/L)1[ 0(s) 1_ [ Tuy/L,+56(0)+6(0) (5.3.28)
-Ds  sl,+D J{o,)] —-D6(0) : "
The characteristic equation is
A(s) = 1,83 +D(;—‘" + l)sz+31wwgoys+3Dwgay, (5.3.29)
, )
and the solution for a step disturbance Ty, is
0s) 1_ 1 [skw+D —s(I,/1) Td,/(Iys)+50(0)+0(O) (5.3.30)
wu($)| T AG)| Ds  s*+3wlo, —D6(0) ) "
The solution for the pitch angle becomes
6 I
B(s) = (sly+D)[ Ty, /(1,5)+50(0)+6(0)]+s( W/Iy)DO(O), (5.3.31)
A(s)
and the steady-state error for the constant disturbance Ty, is
. 8Ty, (sly+D) T,
B, = lim — = L. 5.3.32
¥ o LsSAG) 3wi(l,—1,) ( )

Equation 5.3.32 shows that the steady-state error in the pitch angle is inversely
proportional to the difference I, —I,. For known maximum external disturbances,
given a specified acceptable error in 6, and an orbital rate w,, the needed difference
in moments of inertia is easily calculated. Satellites are generally built with homo-
geneously distributed masses, which means that the three principal moments of iner-
tia are of the same order of magnitude and differ by a factor of only two or three. In
order to achieve a large difference I, — I, in a GG-stabilized s/c, I, must be much
larger than I,. Consequently, a moment of inertia-augmenting boom must be added
to the satellite.

EXAMPLE 5.3.2 A basic satellite has the following moments of inertia: I, =6,
I,=8,I,= 4 kg-m?. For a circular 800-km-altitude orbit, w, = 0.001038 rad/sec.
According to Eq. 5.3.32, for an expected constant disturbance of 10~°> N-m the error
in pitch will be 8, = 88.67°, which of course is unacceptable. The only way to de-
crease the steady-state error in pitch is to increase I,. If a boom augmenting 7, (and
also, inevitably, 7,) by AI=74 kg-m? is appended to the satellite, aligned with the
Zj axis, then I, will increase to I, = 80 kg-m? (=201I,). The steady-state error will
decrease to 6, = 2.33°, which is an acceptable error.

In Example 5.3.2, without the damping wheel discussed previously, an initial har-
monic motion (due to initial conditions and transients) will oscillate constantly about
the steady-state pitch error.

Design of the Damper The characteristic equation of the system, Eq.
5.3.29, can be arranged as follows using the root-locus design method (see Bry-
son 1983):
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Figure 5.3.6 Damping of the oscillatory angular motion
about the Yy axis.

5.3.4 Gravity Gradient Stabilization with Active Damping

We have seen in the last section that stabilization about the Zy axis is quite
difficult owing to the absence of adequate gravity gradient moments about this axis
(see also Figure 5.3.4). Some sophisticated boom structures have been proposed to
magnify the GG moments about the Zy axis, but they did not fulfill expectations. A
more logical way to obtain a better stabilization of the Zy axis against external dis-
turbances is to use magnetic torgrods, which - by interacting with the earth’s mag-
netic field - can produce the needed moments to counteract the disturbances. If B
is the earth’s magnetic field vector and if M is the magnetic dipole value produced by
energizing the current-carrying coils inside the satellite, then the mechanical moment
exerted on the body will be .

ik
T=MxB=|M, M, M,| (5.3.34)
B, B, B,

Suppose we wish to achieve a control torque vector T,. The vector product of
Eq. 5.3.34 can be put in the form .

Ty 0 B, -B][M,
T,|=|-8, 0o B | M} (5.3.35)
T,, B, -B, 0 || M,

The value of T, is computed according to Eq. 5.2.1, assuming that the attitude errors
can be measured. The problem we are left with is finding the magnetic control dipole
to be produced in the satellite with the three magnetic torgrods M,, M,, M,. We need
to find the inverse of Eq. 5.3.35, but the inverse does not exist because the matrix is
singular. This means that it is impossible to achieve control of the three body axes by
means of the created magnetic dipole vector in the satellite. (See also Section 7.4.)
The physical reason is that Eq. 5.3.34 is a vector product, so no moment can be
achieved about the direction of B. Control about two body axes should, however,
be possible. In our case, the Yg axis will be controlled by the gravity gradient mo-
ments about the Yj axis, and the satellite can be stabilized about the X and Zy axes
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. p(L+L sz+ﬂ90’—> D L+i)(sz+s§)
My b WhiL) o \L L =14L(s) (5.3.33)
i s(s2+3wZa,) B s(s2+s2) - ’ e

g where s, = jw,+30, and s, =s,/V1+1,/1,. It follows immediately that s, > s,. In
i Eq. 5.3.33, the root-locus gain is K = D(1/1,+1/1)). The complete feedback system
consists of one integrator, two imaginary zeros, and two imaginary poles, all on the
imaginary axis. The root-locus plot is shown in Figure 5.3.5.
! Even for a very large moment of inertia of the wheel (compared to the moments
f of inertia of the satellite body only) of I,, = 1 kg-m?, and with I, =82 kg-m? for the
! example at hand, the imaginary zeros and poles are located quite close to each other.
This means (see Figure 5.3.5) that the maximum achievable damping factor £ will be
very low, with no dependence on D. The value of D must be chosen such that, for
the given moments of inertia I, and /,, the maximum damping coefficient may be
obtained. A fast “cut-and-try” procedure using the root-locus method allows finding
the damping factor D that will maximize the damping coefficient of the GG attitude
control system. The intermediate results are shown in Table 5.3.1, with the selected ¥
1, = 82 kg-m?, for which w, = 1.91x10~3 rad/sec.
i Table 5.3.1 shows that, with a moment of inertia of the wheel J, = 1 kg-m?, the
(e maximum obtained damping coefficient is £ = 0.0031 with D = 0.002. This is a very
! low damping factor. Let us designate as T, ; the time needed to damp the initial oscil-
S lation to 1/10 of its value; we can write e ~¢“s701 = 0.1 and EwpyToy = &wo\/37y Tos=
! 2.3. In the case of Example 5.3.2, g, = (80—4)/82 = 0.9268. Since T, = 27/w,, We
: have £271.677(Ty 1/ To) = 2.3, so that T,/ T, = 70.4. In other words, about 70
orbit periods are necessary to damp initial oscillatory motion to 1/10 of its value. A
6-DOF simulation of this design example is shown in Figure 5.3.6.

: Table 5.3.1 Design stages of the passive damper !
¥ [[°D 2.0 10 | 075 | 1.0 20 | 3.0 £
-.-“’ b ke-m| o4 04 | 04 | 10 10 | 10 4
10° K 5.02 2.51 1.88 1.01 202 | 3.04
10° £ 0.75 1.1 1.2 2.6 3.1 2.6
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with the aid of two magnetic torqrods aligned along the Xy and Zg body axes. In
this terminology, T, = —B,M, and T, = ByM,. Finally,

M,=-T,/B, and M,=T,/B,. (5.3.36)

Using Egs. 5.3.36, we can actively control the Xy and Zp axes while the Y axis is
purely GG-stabilized. Unfortunately, calculation of T, and T, necessitates attitude
measurements or estimation of the roll (¢) and the yaw (i) Euler angles. For this
simple control law, the earth’s magnetic field must be known or measured with the
aid of a magnetometer. As discussed in Martel, Pal, and Psiaki (1988), it is possible
to estimate the three Euler angles with the aid of a three-axis magnetometer, and this
equipment is quite simple and comparatively cheap.

EXAMPLE 5.3.3 Using the same satellite as described in Example 5.3.1, a gravity-
gradient stabilization of the satellite is ameliorated by using two magnetic torgrods.
Figure 5.3.7 shows the attitude errors. The s/c is well stabilized about the Zg axis,
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Figure 5.3.7 Euler angle responses to a disturbance about the Z axis.
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Figore 5.3.8 Magnetic moments about the three body axes
induced by T,.

despite the high disturbance about this axis of T, =10~° N-m. Figure 5.3.8 shows
the moments produced with the magnetic torqrods. However, a part of the T, has
been transferred to the Yy axis (see Eq. 5.3.35). The magnetically induced moment
is Ty = —B M, + B, M. In steady state, M, = T,,/B, and M, = T;,/B,. Hence,
Topy = —B,T4,/B,+ B, T;,/B,. This is an additional disturbance that must be taken
into consideration when designing the Y axis damper and calculating the needed
boom moment of inertia. In spite of the disturbance about the Zy axis, the yaw and
roll Euler angles are now well controlled. However, the Yy axis, which is only pas-
sively damped, responds to this produced moment as in Figure 5.3.7. The additional
moment 7, is shown in Figure 5.3.8. Because the earth’s magnetic field compo-
nents are harmonic with the orbital frequency (see Section 7.4.2), the induced dis-
turbance about the Yg axis is not constant and so cannot be damped very efficiently
with a passive damper: the disturbance periodically induces oscillations about the
Y;g axis, and there is not enough time to damp them between orbital periods. Martel
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et al. (1988) have suggested a novel control technique to alleviate this problem; this
technique is described in the next section.

5.3.5 GG-Stabilized Satellite with Three-Axis Magnetic
Active Damping

There is a possibility, despite the theoretical difficulties treated in the pre-
vious section, of damping all three body axes by active control with three magnetic
torgrods aligned along the principal body axes. In this scenario, the principle of per-
pendicularity is used (see also Section 7.5.2).

As already mentioned, Eq. 5.3.35 has no inverse, and M,, M,,, M, cannot be found
exactly. Let us return to the basic magnetic moment equation (Eq. 5.3.34), and mul-
tiply (using vector product) both sides by B. Using the scalar identity for the vector
product, we have

BxT.=Bx(MxB)=(B-B)M—(B-M)B. (5.3.37)

Suppose that the magnetic dipole vector M, applied inside the satellite, it always per-
pendicular to the earth’s magnetic vector B (this is not actually true). If this condition
is satisfied, then the scalar dot product BeM equals zero and Eq. 5.3.37 reduces to

M =(BxT,)/B? (5.3.38)

where B is the norm of B. The basic stability is achieved by the gravity gradient attri-
butes of the extended boom, with damping provided by the active damping scheme
described here. Since this control law is not exact, any potential design must be care-
fully checked by numerous simulations under different disturbance conditions. More-
over, since the earth’s magnetic field characteristics for variously inclined orbits might
be quite different, the design of the active magnetic damper should reflect these dif-
ferences. Accuracies of the order of 2° are achievable with this technique.

EXAMPLE 5.3.4 In this example, the satellite has the following moments of iner-
tia: I, =50, =52, I,=3 kg-m?2. The satellite must be capable of withstanding ex-
ternal disturbances of the order of Ty, = Ty, =10~* N-m and 7,;, = 10~° N-m. A sim-
ple PD (proportional-derivative) controller is used for all axes to achieve for each a
basically second-order closed loop with a natural frequency w, = 0.05 rad/sec and a
damping factor £ = 0.9. The time responses of the attitude errors are shown in Fig-
ure 5.3.9, and those of the activated magnetic dipole vector M inside the satellite in
Figure 5.3.10.

54 Summary

In this chapter we explored gravity gradient stabilization. The attitude accu-
racy that can be achieved is quite poor with purely passive damping, on the order
of 10°-30°, but can be improved to the order of 2°-10° by adding active damping.
Gravity gradient stabilization is feasible for relatively low-orbit satellites.
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CHAPTER 6

- Single- and Dual-Spin Stabilization

6.1 Introduction

As discussed in Chapter 4, a body spinning about its major or minor axis

will keep the direction of its spinning axis fixed with respect to the inertial space. This
direction, according to Euler’s moment equations of angular motion, will change
only if external moments are applied about its center of mass and perpendicularly to
the spin axis.

Almost all spacecraft employ the spin effect during part or all of their lifetime in
space. Many satellites are spin-stabilized during the orbital maneuvering stage (e.g.,
in the transfer from the initial orbit to the final mission orbit) so that parasitic torque
disturbances, produced by the high thrust of the apogee boost motor, do not appre-
ciably change the nominal direction of the additional vector velocity AV imparted to
the satellite. The dynamic attributes of spinning bodies are used also to stabilize sat-
ellites’ attitude within the final mission orbit. Spin stabilization was used in the first
communications satellites in the early sixties, and in a large number of modern satel-
lites (see e.g. Fagg and MacLauchlan 1981, Fox 1986).

Single-spin attitude stabilization is a very simple concept from the perspective of
attitude control, but it has some crucial drawbacks with respect to communication
efficiency. Dual-spin three-axis attitude stabilization, which is an extension of the
single-spin stabilization principle, alleviates the communication deficiency. We shall
find conditions under which passive nutation damping is feasible for dual-spin sta-
bilized spacecraft.

6.2 Attitude Spin Stabilization during the AV Stage

As already mentioned, a common way to stabilize the attitude of a s/c dur-
ing orbital maneuvering (the AV stage) is to spin-stabilize the axis along which the
propulsion thruster is aligned. Unfortunately, the direction of the applied thrust
does not pass exactly through the center of mass (cm) of the satellite, and a parasitic
torque results that tends to change the nominal attitude of the spin axis. Since the
thruster is fixed to the satellite’s body, change of the attitude of the satellite will in-
duce an error in the application of AV, with the result that the required new orbit
parameters will not be achieved (see Section 3.4.3). Moreover, the existence of a dis-
turbing torque on the spinning body will induce a nutational motion about the spin
axis, so that the added vector AV will have a time average that is different from the
required nominal change in the velocity vector.

Suppose that the thrust F in Figure 6.2.1 is not aligned exactly with the nominal
Zy axis, so that an alignment error 8 remains between the thrust vector and the Zy
axis during the firing. Consequently, a transverse thrust component will induce a
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X8
Figure 6.2.1 AV direction dispersion due to torque disturbances.

parasitic moment about the cm of the satellite, depending also on the distance dp,
between the cm and the intersection of the thrust vector with the Zy axis. The level
of the disturbing torque will be

Ty = Fd . sin(B). (6.2.1)

Because of this torque, a nutational motion will be excited, and an average com-
ponent ¢AV will be produced in a direction normal to the motion of the satellite. This
eAV component will be lost for the linear increase in the velocity of the satellite in
the desired nominal direction. The loss in velocity (with a consequent loss of fuel)
will amount to:

AVioss = AV[1—cos(6,,)]. 6.2.2)

The average nutation angle 8,, depends on the disturbing torque 7, (Eq. 6.2.1) and
also on the initial angular momentum 7, w, = h, imparted to the satellite. To compute
0., we use Euler’s moment equations of motion, Egs. 4.5.1'. To linearize these equa-
tions, some practical assumptions are in order. With no moments about the Zy axis,
w, may be assumed to be constant during the entire AV period. To simplify the analy-
sis, suppose also that the disturbing torque 7, acts only about the Xp axis and that
the satellite is axisymmetric about the Zy axis, I, = I,. With these assumptions, the
third of Eqgs. 4.5.1' leads to w, = n = w,(0) = const, and the solution of the first two
of Egs. 4.5.1' results in

L (t) = he(t) = % sin(A1), (6.2.3)

Loy (1) = L (t) = h,(1) = —T/\i[l —cos(Af)], (6.2.4)

where A = w,(0)(I, - I,)/I,.
The amplitude of the momentum component in the lateral Xz-Yp plane of the

satellite is
V2T,

Ry (t) = h2+h2 = V21 VI=cos(Ar) =

A w,(1,/1,—1)

To find the nutation angle # we use Eq. 4.6.1, which becomes

VI=cos(A?). (6.2.5)
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tan(f) = hﬂ = ﬂd—-s/l —cos(At) = ——?—Td—— sin(ﬁ) (6.2.6)
h, — WiL(I,/I,—1) w2l (I,/I,—1) 2/l -

We can also find the average value of the nutation angle. For small values of & -
which is a logical assumption, since we are interested in keeping a small nutation
error in the AV stage - the nutation angle can be approximated as

= —————ZTd sin ﬂ)
w2l (I,/I,—1) 2/

From Eq. 6.2.5, 6 is always positive because of the square-root radical; see also the
nutation angle in Figures 6.2.2 and 6.2.3. After averaging |sin(A?/2)| over one cycle,
we obtain the final result for the averaged value of the nutation angle:

Yoo 2L/ -1)

From Eqs. 6.2.6-6.2.8 it is apparent that 0 is inversely proportional to w2, an impor-
tant result that is demonstrated in the following example.

0

6.2.7)

(6.2.8)

EXAMPLE 6.2.1 A satellite has the following moments of inertia: I, = 1, = 100
kg-m?; I,=40 kg-m?. Suppose that a disturbance torque of 10 N-m acts on the satel-
lite about the X body axis. Using Eq. 6.2.8, we find that if w, = »,(0) = 10 rad/sec
then 8,, = 0.304°, which is in good agreement with the time-simulation results shown
in Figure 6.2.2.

If we decrease the spin velocity to w, = w,(0) = 4 rad/sec, Eq. 6.2.8 predicts an
average nutation angle of 8,, = 1.9°, also in good agreement with the simulation re-
sults in Figure 6.2.3.
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Figure 6.2.2 Time histories of w,(¢), w,(?), w,(¢), and 6,,(?) for
w,(0) = 10 rad/sec.
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Figure 6.2.3 Time histories of w,(?), w,(?), w,(), and 6,,(¢) for
w,(0) = 4 rad/sec.

EXAMPLE 6.2.2 The linear velocity of a spin-stabilized satellite has been aug-
mented with an ABM capable of T=400 N. The thrust may deviate by 8 =0.8°
from the nominal Zy axis, thus causing a transverse torque disturbance of T;=
400d,, 5in(0.8°). If d_, =1 m, then 7; = 5.58 N-m. The moments of inertia of the
satellite are I, = I, = 500 kg-m? and I, = 200 kg-m2. The loss in the increase of veloc-
ity due to the torque disturbances must be less than 0.5% of the nominal AV. What
is the spin angular velocity w, to be imparted to the satellite in order to prevent the
loss from being greater than 0.5%? '

Solution From Eq. 6.2.2, limiting losses to less than 0.5% of AV requires
maintaining a 6,, < 5.7° during the AV stage. Using Eq. 6.2.8, we find that w, >
0.766 rad/sec is necessary.

The angular velocity w, cannot be increased arbitrarily, because providing the sat-
ellite with a large angular momentum is accompanied by a larger quantity of fuel
expenditure. Moreover, if the satellite is to be three-axis attitude-stabilized in its mis-
sion phase, the same angular momentum must be removed at the end of the AV
phase, with an additional quantity of fuel to be provided for that task. As we shall
see in the following section, removing the initial angular momentum could consume
a lot of fuel.

6.3 Active Nutation Control

Owing to geometrical constraints, a satellite in the transfer orbit stage spins
about its minor axis (the axis with a minimum moment of inertia). As discussed in




{

136 6 / Single- and Dual-Spin Stabilization
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Figure 6.3.1 ANC system: (a) basic control system;
(b) bandpass nutation filter.

Section 4.5.2, a body spinning about its maximum or minimum moment of inertia is
dynamically stable in the absence of internal energy dissipation. However, if such
dissipation does exist then a body spinning about its minor axis becomes dynami-
cally unstable (Section 4.6.2). Active nutation control (ANC) is necessary in order
to ensure attitude stability of the spinning satellite during the velocity vector change
phase (AV).

Assuming that the body is spinning about its Zg axis, a very simple and effective
control logic for accomplishing ANC is to measure the components of the nutational
angular motion and then to apply torques about the transverse axis Xy (or Yg, or
both) proportional to the signs of w, or w, as shown in Figure 6.3.1.a. A filter is gen-
erally used to extract, from the measured angular rate components w, and/or w,,
that part belonging to the nutation frequency: wpy, and/or wyy,,. The basic charac-
teristics of such a filter are shown in Figure 6.3.1.b.

The ANC bandpass filter must be designed so that, despite the changes inherent in
the nutation frequency wg,,, the filter remains effective during the entire AV stage.
The nutation frequency may change appreciably during the apogee boost stage, be-
cause fuel consumption causes the moments of inertia of the satellite to decrease and
hence the nutation frequency changes also. At least one differentiation is imperative
in this filter in order to prevent constant biases, like those of the rate gyros measur-
ing the angular velocity of the satellite, from causing augmentation of the nutation
angle. The control law becomes:

T, = —FA sign(wgyx), (6.3.1

T, = —FAssign(wyy,).
In this equation, F is the level of the reaction thrust and A is the torque arm of the
thruster. ’

Moreover, existing time delays and nonlinearities (such as dead zones) of the en-
gineering hardware complicate the dynamics of the ANC system, and must be care-
fully taken into account in the final design stage. See Grasshoff (1968), Devey, Field,
and Flook (1977), and Webster (1985).

EXAMPLE 6.3.1 A satellite has the following moments of inertia: 7, =100, 1, =140,
I, =40 kg-m?2. The s/c spins about its minor axis with a frequency w, =10 rad/sec.
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Figure 6.3.2 Nutational destabilization due to energy dissipation.

Because of energy dissipation (or for whatever physical reason, as explained in Sec-
tion 4.6.2), the system is nutationally unstable. Equations 4.5.1’ have been adapted
to exhibit energy dissipation dynamics due to fuel sloshing (see Grumer et al. 1992).
The simulated unstable nutational motion is shown in Figure 6.3.2. An ANC system
must be designed in order to prevent nutational destabilization of the spinning satel-
lite. Rate gyros are used to measure the angular rates of the satellite. The thrust level
is F=12 N, with a torque arm of A=0.5 m.

Solution First, the nutation frequency must be computed. According to
Eq. 4.5.13, w,, = 6.445 rad/sec, so a bandpass filter around this frequency will be
incorporated into the ANC system. Using the control law of Eq. 6.3.1 together with
the bandpass filter, a simplified ANC system can prevent nutational destabilization.
In order to have an effective filter despite uncertainties in w,,,, we select w, = 3 rad/
sec and w, =10 rad/sec, as defined in Figure 6.3.1.b. Hysteresis is included in the
relay to prevent unnecessary activation of the reaction pulses when the nutation level
reaches an acceptable amplitude level.

In this example only the T, control was implemented, in order to emphasize the
fact that nutational angular motion can be controlled by activating control torques
about only one of the lateral axes of nutation. The time histories of the actively con-
trolled spin motion are shown in Figure 6.3.3 (overleaf). The ANC also damps the
initial nutational motion of w,(0) and w,(0).

6.4 Estimation of Fuel Consumed during Active Nutation Control

One of the important causes of energy dissipation during the apogee boost-
ing stage with liquid fuel is the sloshing of the liquid. The energy dissipation level de-
pends on the angular spin velocity of the satellite and on many other geometrical
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Figure 6.3.3 Effects of ANC system for preventing nutational
destabilization and decreasing the initial nutational motion.

parameters of the spinning system; see Garg, Farimoto, and Vanyo (1986). In the
following analysis, we assume that the energy dissipation rate 7" has already been
estimated.

We use the energy sink equation presented in Section 4.6.2:

_ 2I:IsT
~ sin(20)(Is— I h?’
where I5 and I are the spin and the transverse (I, I,) moments of inertia, respec-
tively, assuming a symmetrical body in which I, = I, = I and I = I,. The term 6 de-
notes the nutation angle, and # is the amplitude of the angular momentum of the
spinning satellite:
h? = Wi IE + (02 + o)) 1} = hi+tan®(0) h} = h3[1+tan?(9)). (6.4.2)

However, sin(8) = h7/h, so it follows that 6 cos(#) = A/h. With the assumption that
h is constant, we have

(6.4.1)

hr
=, 6.4.3
0 h cos(0) ( )
Inserting this equality into Eq. 6.4.1 leads to
hr 27 LT (6.4.4)

hcos(0)  sin(20)(Is—Iph?

In order to counteract the produced angular moment 47, we need to apply a thrust
that will produce a torque FA, where F is the force and A is the torque arm. Accord-
ing to Appendix C and Eq. C.2.3,

hr=FA = mgl,A. (6.4.5)
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Equation 6.4.5 expresses the transverse torque needed to control the nutation angle.
Inserting Eq. 6.4.5 into Eq. 6.4.4, for small nutation angles § we obtain

e IrIsT
(ls - 11') sin(0)g15phA ’
where A2 = h3[1+ tan?(8)] with A5 = Isws. With the last equality, Eq. 6.4.6 becomes
I IgT _ 1 T

(Is— I sin(0) gL, A(Jsws)V1+tan2(8)  [Is/Ir—11glpA tan(f)ws
Equation 6.4.7 is the final equation sought. For a given s/c with known moments
of inertia, spin velocity, torque arm, and (most important) a roughly estimated in-
ternal energy dissipation rate, this equation enables us to compute the amount of
fuel necessary to keep the nutation angle below some predetermined maximum level.
Equation 6.4.7 clearly shows that the rate of fuel consumption is linearly propor-

tional to the rate of energy dissipation, which in turn is a complex function of the
nutation angle # and the spinning frequency wg (see Garg et al. 1986).

(6.4.6)

(6.4.7)

m=

EXAMPLE 6.4.1 A satellite has the following physical characteristics:
Ir=50kg-m?, I5=100kg-m?, I, =200 sec,
A=0.5m, dT/dt=10"2W, ws=2rad/sec.

What is the rate of fuel consumption required to ensure that the ANC will maintain
a nutation angle smaller than 1°?

Solution Inserting the listed data into Eq. 6.4.7, we find that
102
2 tan(1°)

In these conditions, one hour of ANC control will cost 1.046 kg of fuel, which is not
negligible.

r =1.0194 x 1073 =2.91x10~* kg/sec.

In practice, evaluation of dm/dt with Eq. 6.4.7 is more complicated, because
dT/dt is a function of wg, 6, and other geometric parameters of the fuel tank. The
time constant 7 of nutational stability is expressed as 1/7 = 8/6. For small nutation
angles, Eq. 6.4.1 leads to the following approximate value:

2
T= Is(;—s - l)wg%. (6.4.8)
T

6.5 Despinning and Denutation of a Satellite

A significant number of today’s satellites are three-axis attitude-stabilized in
their final mission orbit. The primary benefit in spinning the satellite is to achieve an
efficient orbit transfer in the presence of parasitic external disturbances during the
velocity augmentation phase. However, once in the final mission orbit, the satellite
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Figure 6.5.1 Simple reaction control system.

must be “despun” in order to become three-axis-stabilized. In fact, a spinning satel-
lite always has some nutational angular motion resulting from initial attitude condi-
tions or external disturbances produced by misalignment of the thruster’s axis. In
this section we develop a control law for despinning and denutating a satellite. Al-
though not optimal from the perspective of fuel consumption, this technique mini-
mizes the time of denutation.

Figure 6.5.1 depicts a simple but complete reaction control system that can pro-
vide both positive and negative moments about the three body axes. Thrusters 2 and
5 can provide negative and positive torques respectively about the Xy axis. Thrust-
ers 1 and 6 provide positive torque about the Yg axis, while 3 and 4 provide nega-
tive torques about the same axis. Thrusters 1 and 4 provide a positive torque about
the Zg axis, while 3 and 6 provide the necessary negative torque. A combination of
thrusters 1, 3, 4, and 6 can provide the necessary simultaneous torques about both
Yg and Zg axes.

We shall again make use of Euler’s equations. For a satellite that is symmetric
about the Zg axis, the third of Egs. 4.5.1' can be separated from the first two. In this
way, the denutation and the despinning processes can be analyzed individually.

6.5.1 Despinning
The third of Egs. 4.5.1" can be written as

h, = —2FAz, (6.5.1)
where F is the thrust level and Az is the torque arm of the spin axis. The solution is
simply

h,(t) = h (0)—2FAzt. (6.5.2)

The thrusters are stopped when the angular momentum decreases below some pre-

determined level - the “dead zone” (DZ in Figure 6.5.2). It is assumed that the angu-

lar rates of the satellite are measured or estimated with some adequate sensors. The

spin velocity about the Zy axis is maintained within the desired (or practically achiev-

able) dead zone by activating short positive or negative pulses from the thrusters,

depending on the direction of the residual angular momentum about the spin axis.
The time required to remove the initial angular spin momentum is simply

h.(0)
N,FAz’

IpESP = (6.5.3)




et 8 AR g

e, e’ L AR ik 4

A i gl G AR o Ao el

ettt alpile ot 5

LR

[N

o v wed

o0 ditwatrbonens 7 " a

6.5 / Despinning and Denutation of a Satellite 141

hz(o) A

Figure 6.5.2 Time domain history for despinning of a satellite.

where N; denotes the number of operational thrusters about the Zy axis. In Figure
6.5.1, N;=2. The time for despinning the body is also inversely proportional to F
and Az. Figure 6.5.2 displays the time behavior according to Eq. 6.5.2.

To compute the fuel mass expended during the despinning phase, remember that
F=mgl,=(dm/dt)gl,. If N; thrusters are used in the despinning process, then
dm = (N;Fdt)/gl,. For small changes of the overall mass of the satellite system, in-
cluding the fuel, we find that

N;iFtpesp _ NiFh,(0) _ h.,(0)

= = 6.5.4
gl N;FAzgly, gl,Az ( )

MEpygL =

(cf. Eq. 3.3.8).

EXAMPLE 6.5.1 Assume a satellite with I, =100 kg-m?, w,(0) =10 rad/sec, I, =
200 sec, and Az =1m. Let F=5 N and N; = 2. In this case, tpgsp = (100 X 10)/
(2 x5 x1) =100 sec. The consumed mass of fuel becomes

meyeL = (100X 10)/(9.81 X 200 x 1) = 0.51 kg.

6.5.2 Denutation

The denutation control will be based on the bang-bang principle, which in
this case will not be optimal for conserving fuel. To simplify the analysis, we sup-
pose that the satellite is axisymmetrical, I, = I,; according to Section 4.5.1, there is a
phase delay of 90° between the Xp and Yp axes’ nutation rates. See also Figure 6.5.3.

In this simple control system, the angular rates are first measured; then torque
commands that are proportional to the signs of w, and w, are applied about the Xp
and Yp axes, respectively:

Tox = —sign(w,)FAx,

. (6.5.5)
T, = —sign(w,)FAy.

As in our treatment of the despinning phase, we shall compute the time to cancel the
initial nutation of the spinning system as well as the mass of fuel consumed.

To compute the denutation time, let us first define the four regions designated in
Figure 6.5.3. In region I, both w, and w, are positive; in region II, w, is positive and
wy is negative; and so on. Consequently, in region I we need negative torques about


moshaver10
Text Box


142 6 / Single- and Dual-Spin Stabilization

Figure 6.5.4 Torque control in the
lateral X-Y} plane of the satellite.

both the Xp and the Yy, axes. Since these torques are perpendicular to each other (see
Figure 6.5.4), the net torque, which is the vector addition of both, has the value of
T, = T2+ T;2. Also, the direction of T, isinclined 45° to both the X and Yy axes.
In Figure 6.5.4, w,, is the nutation angular velocity vector revolving in the Xp-Yp
plane (see also Section 4.6.1). The denutation process is 100% effective only when
T,, and w,, are collinear, which happens for only an infinitesimal period of time. If,
for simplicity, we let 7, = T, then T, = V2T,. The denutation efficiency depends on
cos(a), where a is the angle between T,, and w,,. We can speak of an average torque
in any one of the four regions in Figure 6.5.4.
For instance, in region I we have

%/4 x/4
T, =— cos(a)T,, da = 2 cos(a)V2FAxda. (6.5.6)
w2 J o4 TJ g
After integration,
T, = %ﬁFAx sin(a)|™4, = ;—FAx. (6.5.7)
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The same results can be obtained in any one of the remaining three regions of Figure
6.5.3 and Figure 6.5.4. The meaning of Eq. 6.5.7 is that by simultaneously activating
two thrusters - one producing a torque about the Xp axis and the other about the Yy
axis - we achieve a torque not of 2(FAx) but only of (4/7)(FAx). This is the loss in
torque due to the way in which denutation control is realized. To minimize fuel con-
sumption, the denutating torques must be activated only when a =0, but then the
denutation time period will increase accordingly.

The denutation can also be performed with one thruster only, albeit with the detri-
mental effect of increasing the denutation time. If N; denotes the number of thrusters
taking part in the denutation phase, then

hy,(0) hyy(0) (2 )
t = = —, 6.5.8
DENU = T T T (4/mFAx\N; (6.5.8)
where h,,(0) is the initial momentum in the lateral plane of the satellite.
To compute the mass of fuel needed to denutate the satellite, once again we use
N;F = N;(dm/dt)gl,. Since dt = tpeny and A,,(0) are already known, the expended
fuel amounts to

whyy(0) [ 2
N;Fdt=N;dmgly, = N;Ftpeny = Nimpenu8ls, = MF#(—AT,.)’
from which it follows that
0
M (6.5.9)

m =m N; = .
DENUTOT DENU/N: = 5 gl,Ax

In Eq. 6.5.9, mpeny is the mass of fuel expelled by one thruster and mpgnytoT iS the
total fuel expelled while denutating the satellite.

EXAMPLE 6.5.2 Suppose that, for the satellite in Example 6.5.1, «,(0) =2 rad/
sec and 7, = 200 kg-m?. Evaluate the time of denutation and the mass of fuel neces-
sary to denutate the satellite. Two thrusters are used, one each for the X and Yp
body axes.

Solution Equation 6.5.8 gives tpeny=(mXx200x2)/(4x5x1)=62.83 sec.
Equation 6.5.9 yields mpenyTor = (200X 2 X 7)/(4%9.81 x200x 1) = 0.16 kg.

A complete simulation is shown in Figure 6.5.5 (overleaf). This is an idealized sit-
uation, in which different time delays in the control loop have been ignored. More-
over, rate measurements in realistic applications are accompanied by noise, which
must be taken into consideration; a noise filter will cause additional delays in the
control loop. A good open-loop transfer function can be achieved by use of stan-
dard classical control techniques in the frequency domain. As in the ANC system of
Figure 6.2.1, a dead zone is added to prevent “chatter” and unnecessary fuel consump-
tion. For the simulation in Figure 6.5.5, w,(0) = 5 rad/sec and w,(0) = 0.5 rad/sec;
only the w, and w, rates are measured. The remaining angular rates after denutation
and despinning are 0.02 rad/sec, as expected in light of incorporating a dead zone of
0.02 rad/sec.




144 6 / Single- and Dual-Spin Stabilization
5 2 0.5 wx
T 3
3 AN 3, I
£ 2 AN E
8" 1 \\ e“
% 10 15 2w 25 2 o s 10 15 2 2
Time [sec] Time [sec]
0.6 wy s L
== 04
«?3 0.2 ’n‘ l\ ’E‘
E 0 v ‘ &, ollH
s>.-o.z I ;»—- + Sy
y|In ‘ |
Lo ] L
s 10 15 2 25 S5 10 15 2 25 3

Time [sec] Time [sec]

Figure 6.5.5 Despinning and denutation with an angular rate control
dead zone of 0.02 rad/sec.

6.6 Single-Spin Stabilization

In the previous sections, spin was used to attitude-stabilize the satellite dur-
ing its linear velocity augmentation in the transfer between orbits. In this section, the
satellite will be spin-stabilized in its final, lifetime “mission” orbit. In Section 6.5, the
satellite spin axis was in the direction of motion. If the same spin is to be utilized in
the mission orbit, the spin axis must be first precessed until it becomes perpendicular
to the orbit plane. With no external disturbances acting on the satellite, the satellite
spin axis will be inertially stable. Any external disturbances acting perpendicularly to
the spin axis will initiate an angular nutation motion, which may be damped in a
number of different ways. As with the passive gravity gradient control of satellite
attitude, we can use point-mass dampers, magnetic hysteresis rod dampers, boom
articulation, and so on (see Section 5.3.3),

6.6.1 Passive Wheel Nutation Damping

In this section, we demonstrate one passive way to damp the nutation of a
single-spin-stabilized satellite. Figure 6.6.1 shows a s/c spinning about its Zg body
axis. A nutation angle 8 is to be damped by use of a wheel damper (immersed in vis-
cous liquid) whose axis of revolution is aligned with the Yy axis (see Bryson 1983).

In the configuration of the system in Figure 6.6.1, there are two free bodies that
can be in angular motion. The total angular momentum is composed of the individ-
ual momentum of the wheel and that of the spinning body: h = hg+h,,. The angu-
lar rates of the body about the three orthogonal axes Xy, Yg, Zg are (respectively)
wy, wy, w,. The angular velocity of the wheel about its spin axis, qnd relative to the
body, is 2. As there is only one wheel in the satellite’s body, h,, = j(w, +Q)J,, where
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i Figure 6.6.1 Wheel damper for a spin-stabilized satellite.

I, is the moment of inertia of the wheel and i is the unit direction vector along the

i Y; body axis. The total angular momentum of the system becomes

; h=iw J +jlw, (], +1,)+ 1,Q]+ ke, . (6.6.1)
i If we assume that I, >> I, I, = I, = I, and I, = I5, then

b =~ fw Lo+ §lwy I, + I, @) +ka, I,. (6.6.2)

: Next, we use Euler’s equation (Eq. 4.5.1) and obtain

hie=0=a Ir+oyu(Is—I7)—w 1,9,

by =0 = Gy Ir + QL+ w . (Ir = Is), (6.6.3)
iy =0 = @, Is+wew, (I, — L)+ 0 1, Q.

USRI

%
j Since I, = I, and w, = wg, Eqs. 6.6.3 become
Is—Ir I
; Qx+wywz—sﬁl—wzﬁﬂ=0,
3
i I~ .
p @y + w,wzl—ﬁ +0 ¥ =0, (6.6.4)
. ; Ir Iy
U3 I
i @, +w—Q =0.
]i I

From Egs. 6.6.4 we conclude that , = wg = const, since w,Q(J,,/Is) is negligible.
Then we write the angular equation of motion of the wheel:

Ty = (0, + I, +2D =0, (6.6.5)

where D is the damping coefficient of the liquid in which the wheel is immersed. Be-
cause no external torque is applied on the wheel, T;, = 0. The first two of Egs. 6.6.4,
together with Eq. 6.6.5, can be put in the matrix form

PRIV
PINCRORLT.TYL b

] —wsl(Ir=Is)/IT) —ws(Iy/I7) || wx
. wsl(I7—1Is)/I7] [ s(1,/17) w | = 0. (6.6.6)
3 0 s s+D/I, Q

e

\
R SRS TP o - -

|
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Figure 6.6.2 Stability of the damped system from root-locus considerations.

Define ag = [(I7 — I5)/IT]ws as the nutation frequency in the body frame, and set € =
I,/Ir and o = D/I,,. With these definitions, the matrix in Eq. 6.6.6 takes the form:
S —Qg —Ewg Wy
as S €S w, |=0. (6.6.6")
0 s s+o Q
To assure stability, we must check the determinant A(s) = 0. We find that

A(s)=s (l —E)+S(as—asfa)s)+08 +asa = 0, or
2
s(1—e)[s2+&(1-ﬂ)]+(s2+a§)a=o.
l—e¢ Qg

This characteristic equatlon can be arranged in root-locus form (Bryson 1983) as
follows:
2, 2
1+-2 S"tag —1+-9 s+as'
1—e LI, ]} 1-€ s(s?+aj)

2 2
s{s +°‘s[l+ Us=TIn) (7 —To)

J1+ Ish
o =a .
1= (Is—I7)Ir-1,)

It follows easily that

(6.6.7)

where

IS>IT = o) > ag,

Is<17' = o) <C¥s.
The stability conditions may be analyzed in the root-locus plane of the configura-
tion in Figure 6.6.2. From these root-locus considerations it is easily seen that, for
Is > I, the roots are in the stable region with ¢ < 0. The system becomes nutation-

ally unstable for /5 < Ir. The conclusion is that passive damping with a damper wheel
is possible only if the spin axis is the major axis. See also Section 4.6.2.

6.6.2  Active Wheel Nutation Damping

It is also possible to damp a spinning spacecraft about its minor axis with
an actively commanded wheel, where the damper wheel is torqued by an electrical
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Figure 6.6.3 Dynamics of a DC electrical motor, in
conjunction with the satellite.

motor. For such a system, we must first write a linear model of the electrical motor-
satellite system. _

In Figure 6.6.3, a direct current (DC) motor is used; R is the armature resistance
of the motor on whose rotor the flywheel is aligned, Ky is the torque coefficient, and
I, is the total moment of inertia of the rotor. The i term is the current in the motor, and
Ty = iKy, where Ty, is the torque produced by the motor on the rotor axis. The same
torque, but opposite in sign, is applied on the satellite’s body. The angular velocity of
the damper wheel relative to the body is £2.

The dynamic equations of the electrical motor are

Ty = Kyi — L(&y + ),
ey = iR + KyQ,

where ey, is the input voltage to the electrical motor. Equations 6.6.8 can be combined
to yield (N = Ky = Ky in MKS units) ’

=N, (6.6.9)

(6.6.8)

I (o, +D)+

This equation is now added to the first two of Egs. 6.6.4 to yield the final system:

Is—Ir I,
Ir SIr

d:x+wyws

I-5S40 %=y, (6.6.10)
N? N
+EE ——le (YD

Define ¥ = N%/RI, and 8 = N/RI,; as before, as= ((Ir=I5)/ITlws and € = L, /I.
With these definitions, Egs. 6.6.4 can be put in matrix form as follows:

Q+a,

s —ag —ews || wx 0
ag S €S wy |=]| 0 |esm. (6.6.11)
0 s s+v || @ B

From Eq. 6.6.11 we can find the transfer functions w,(s)/ex(s) and w,(s)/ep(s). If

one of the lateral angular velocities (e.g. w,) can be measured, then a proportional
error signal can be applied to the electrical motor (ey = Kwy) in order to provide
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Figure 6.6.4 Root locus for Eq. 6.6.12: L(s) = K’s/[(s*+ a2) (s +7)].

nutational stability also for the case in which the spin is about the axis with mini-
mum moment of inertia, Is < I.

With the assumption that I, << I (which is normally the case in a practical sys-
tem), it is easily found from Eq. 6.6.11 and the equality e,, = Kuw, that the open-loop
transfer function of the nutation controller will be

‘*’x(s) ~ lews § =K’ s
ep(s) RIZ (s2+ad)(s+7) s>+ ad)(s+7)’

where K’ = KNIsws/(RIZ).

The roots of the characteristic equation of the closed loop are the roots of the
polynomials in the numerator of 1+ L(s). From root-locus considerations (see Fig-
ure 6.6.4), we conclude that the roots of the closed loop will be stable for any oag,
which means for g > I'r and also for Iy < Ir.

L(s)=K (6.6.12)

6.7 Dual-Spin Stabilization

The communication efficiency of a single-spin-stabilized satellite is very low.
In fact, since the communications antenna spins together with the satellite body, the
communications beam scans the earth globe for only a short time in one spin cycle.
Most of the time the beam is directed toward outer space, where no use is made of
the emitted communication energy.

A much better technique involves using a dual-spin stabilization concept. This is
based on the principle that one part of the satellite is spinning fast in order to provide
the necessary stabilizing angular momentum, while the second part revolves once per
orbit so that the communication payload is constantly pointing toward the earth.
The communication payloads are placed in the part of the satellite called the Dplat-
Jorm, and the rotating part is called the rotor. The attitude control of the Hughes
INTELSAT VI, which is one of the largest communications satellites ever built, is
based on the dual-spin principle.

6.7.1  Passive Damping of a Dual-Spin-Stabilized Satellite

The fuel needed to stabilize the s/c in its different life stages may be located
in the platform or the rotor part of the satellite. Since both platform and rotor will
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Figure 6.7.1 Dual-spin-stabilized satellite; reproduced
from Agrawal (1986) by permission of Prentice-Hall.

generally exhibit some kind of energy dissipation, destabilization due to nutation
should be expected and hence nutation damping control is imperative. In this section
we will specify the conditions under which passive damping can be effective (see also
Iorillo 1965, Likins 1967, Agrawal 1986).

To find the conditions for nutational stability, our analysis begins with the expres-
sions of rotational Kinetic energy 7 and the angular momentum H. For the special
configuration of a dual-spinning s/c (see Figure 6.7.1), these expressions take the form

T={Uro}+ gk +Ipwp,
H? = {Ipwp+Igag)* + Urorl’,

where the subscript 7 denotes momentum in the transverse plane and P and R de-
note platform and rotor, respectively. With no external disturbances, H =0, so

2HH= 0= Z[Ipwp"l"IRwR][Ip(bp'i'IRG)R]+2172-O)T(0%-;

(6.7.1)

hence,
Irwror= —ﬂp—;’rlk—wllllptbp‘l'llgd)k] = —wylIpap+ Il (6.7.2)
Differentiation of T with time leads to
T=Tp+Tp=Irwror+Igwrig+Ipwpp. 6.7.3)
Substituting Eq. 6.7.2 into Eq. 6.7.3 yields
T = —Iplw, — wplap—Iglwy—wrlor = —IpAp@p — IgARGg- (6.7.4)

From Eq. 6.7.2 and Eq. 6.7.3 it follows that Ipd’p= —TP/)‘P and IR‘;’R = —TR/AR'
Together with Eq. 6.7.3, we have
Tp  Tr
I DT = —+—, 6.7.5

TWOTOT ﬁ’n[)‘P + AR] ( )
where w, = (Ipwp + Igwg)/IT, Ap = wy — wp, aNd Ag = Wy — Wgr. On the other hand
(see Section 4.6.2), for Hr defined as Hr = It wr, we have sin(0) = Iy wy/H. Differ-
entiating yields

6 cos(6) = I TF‘I;’T . (6.7.6)
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Usjng Eq. 6.7.5, we finally obtain

_ ITG’T wr — Irwrd)r _ 2]1- w E_‘-&
" Hcos(6) wr  Hcos(8)[Hsin(0)(1/I)]  HZ?sin(26) °" Ap A
Nutational stability requires § < 0, which implies - using Eq. 6.7.7 - that
i Tp , Tx
g —+—=<0. 6.7.8
A + Y <0 ( )
: (

+ This means that, for stability, the sum of the energy dissipation in the rotor and in
the platform must be negative. This is a necessary condition, but it is not sufficient.
\{ Obviously, Ip wg >> Ipwp. This leads to

I Iz

]. (6.7.7)

L Ap=wp—wp= N wp—wp=Kuwp.
; P=Wy—wp TR TP TR
In the same way,
Ipwp+ Iz I
5 AR=wn—wR=M—sz[—R—l]wR-
| Iy Iy

Given the two last approximations, the condition in Eq. 6.7.8 becomes
E+£=L[ o Tr ]<0
/\p AR wp IR/IT IR/IT—I
(obviously, for energy dissipation both 7, » and Ty must be less than zero.) Two dis-
tinct cases must be checked for stability.
(" Case A: Ip > Iy, In this case, Eq. 6.7.9 is always satisfied. The satellite part in
which the energy dissipation takes place is of no importance. This means that the
passive nutation damper can be placed anywhere inside the satellite.
Case B: Ig < Ir. In this case, the second term on the right-hand side of Eq. 6.7.9
is positive. In order to effect nutational stability, the energy dissipation must take
place in the platform. Moreover, we can find by what factor the energy dissipation

rate in the platform must be larger than that in the rotor part of the satellite. From
Eq. 6.7.9, the result is

TrUg/I7)
In/Ir—1

(6.7.9)

|Tp| >

. (6.7.10)

This means that, in order to stabilize the nutational motion, the dissipation capacity
of a platform-mounted passive damper must satisfy Eq. 6.7.10.

6.7.2  Momentum Bias Stabilization

Dual-spin stabilization is closely connected to momentum bias stabiliza-
tion. For nadir-pointing spacecraft (e.g., communications, meteorological, earth-
scanning, etc.), this form of attitude stabilization is most effective. There are many
variations on attitude control concepts associated with momentum-biased satellites.

Chapter 8 will be dedicated to this important class of attitude control stabilization
schemes.
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6.8 Summary

Owing to its simplicity and efficiency, single-spin stabilization has been used
extensively. For higher attitude accuracy, some passive or active nutation stabiliza-
tion is necessary, especially if energy dissipation is part of the dynamics of the satel-
lite. Attitude control and stabilization of a single-spin-stabilized spacecraft usually
need some angular rate measurements. From the perspective of communications,
however, dual-spin stabilization is notably superior.
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CHAPTER 7

Attitude Maneuvers in Space

71 Introduction

In the previous chapters dealing with satellite attitude control, the primary
task of the control system was to stabilize the attitude of the satellite against external
torque disturbances. Such disturbances are produced by aerodynamic drag effects,
solar radiation and solar wind torques, parasitic torques created by the propulsion
thrusters, and so on. We discussed gravity gradient stabilization, which succeeds be-
cause such torques tend to align the axis of least inertia with the nadir direction. Atti-
tude controls that are based on spin have similar features: the spin principle tends to
keep one axis of the satellite inertially stabilized in space. However, even for space-
craft that in their final mission stage are to be stabilized to some constant attitude
relative to a reference frame, a number of prior tasks must be performed in which
the satellite’s attitude is maneuvered (see the introductory example in Chapter 1).

The primary mission tasks of some satellites require attitude maneuvers through-
out their lifetime. Two well-known examples are the Space Telescope (Dougherty
et al. 1982) and the Rosat satellite (Bollner 1991), scanning the sky for scientific ob-
servations. The capability to attitude-maneuver a satellite is based on using control
torques. Control command laws using such torques are the subject of this chapter.

12 Equations for Basic Control Laws

In this section we shall write and analyze the control law equations, ex-
pressed in different attitude error terminologies. The most common include Euler
angles for small attitude commands and, for large attitude maneuvers, direction co-
sine error and quaternion error terminologies.

7.2.1  Control Command Law Using Euler Angle Errors

The simplest torque control law is based on Euler angle errors. Suppose that
the Euler angles, as defined in Section A.3, can be measured by the s/c instrumenta-
tion. As can be seen from Eqgs. 4.8.14, for a satellite with a diagonal inertia matrix
and small Euler angle rotations, the attitude dynamic equations can be approxi-
mated as

Tyx+Tex = 1,4,
T+ T, =10, (7.2.1)
Ty+ T, =Ly

For such a simplified set of equations, the three-axis attitude dynamics can be sepa-

rated into three one-axis second-order dynamics equations.
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The simplest control law for stabilizing and attitude-maneuvering such a system
may be stated as follows:

Tex = Kx(dcom _'75)'|'1(xd¢z = Kx¢E+de¢’
Ty = Ky (Ocom —0)+ K0 = K, 0 + K, 46, (7.2.2)
Te: = K;(Yeom "'\”"'sz‘ﬁ =K, V& +sz¢»

where $coms fcoms Yeom and @g, O, ¥ are the Euler command and error angles, re-
spectively; @, 8,y are the Euler angular rates.

Designing such a second-order control system is a trivial automatic control prob-
lem, treated in many basic texts on linear control theory (see e.g. D’Azzo and Houpis
1988 and Dorf 1989). All we need do is determine K|, K4, K,, ... so that the three
one-axis control systems about the Xg, Yg, Zg body axes have the desired dynamic
characteristics, such as natural frequency w, and damping coefficients £, which will
preferably be equal for all axes.

The problem is less trivial when large attitude maneuvers are considered, for three
principal reasons. First, the simplified dynamics model of Egs. 7.2.1 does not hold
for large attitude maneuvers (see Eqgs. 4.8.14). For attitude control systems requiring
high accuracies and very short settling time, such terms as I,,§ and wo(l,—1I, —-L)Y
cannot be ignored; they must be taken into account in the design stage. Second, there
is a control problem with regard to saturation - that is, the maximum achievable
torques and angular velocities that the control driver can deliver to the satellite. These
control difficulties necessitate the application of nonlinear automatic control design
procedures (Junkins and Turner 1986); see Section 7.6.

The third reason is that, for large Euler attitude angles, the attitude kinematics
equations can become singular. For example, in the Euler angle rotation 8 > ¢ — ¢
(see Egs. 4.7.8), the Euler kinematics equations become singular as ¢ approaches
90°. As we shall see, this drawback can be alleviated by using more effective kine-
matics expressions for the attitude control laws.

7.2.2  Control Command Law Using the Direction Cosine
Error Matrix .

Suppose that the attitude of the satellite is expressed in terms of the direc-
tion cosine matrix [Ag] relative to the reference frame in which the attitude ma-
neuver is to be commanded and achieved (see Appendix A). It is of no importance
whether the reference frame is inertial or rotating with the orbit, so long as all
the measurements and matrix transformations are performed in the same reference
frame. Suppose then that a vector a has the components a,, a,, a; in the reference
frame a ={q, a, a3]T, and that the satellite is to be maneuvered so that its final direc-
tion cosine matrix will coincide with a known and defined matrix [A], called the
target matrix.

According to the analysis in Appendix A, the vector a can be expressed in the sat-
ellite frame and in the target frame as ag and a (respectively) in the following way:

ag =[Ag]a, (7.2.3)
at =[Ar]a. (7.2.49)
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Combining both equations, we have
as = [As][Ar]'ar = [As][A7]Tar = [Ag]ar. (7.2.5)

The matrix [Ag], as defined in Eq. 7.2.5, has the following meaning: if the com-
ponents of two noncollinear vectors a are identical in both the satellite frame S and
the target frame T, then it is obvious that these frames coincide and that the satellite
body axes have reached the desired target attitude in space. Hence, [AEg] is the direc-
tion cosine error matrix. When this matrix becomes the unit matrix, [Ag] = [A1] and
the satellite has reached the desired attitude in space. To clarify the meaning of this
statement, let us write explicitly the matrix multiplication of Eq. 7.2.5:

ays dpps  aups anyr axt  ayr due A4Ape G4
[Agl=| ans axs ays || @1 @1 aur |=| Gup aypp arg | (7.2.6)
s Q4yps dis || At AT Ayt az;E 4ypE A33g

For the last matrix to become diagonal, the off-diagonal elements must be zeroed
and the diagonal elements must become unity.

To understand the meaning of zeroing the off-diagonal elements, let us examine
Figure 7.2.1 and interpret correctly the meaning of the elements ag;;e in Eq. 7.2.6. For
example, @)z is the scalar dot product between the Xg and the Yr axes; in Eq. A.2.2,
ai2e = Xs+Y1. Hence, ay,e = 0 is equivalent to making the X axis perpendicular to
the Yy axis by increasing the angle « in Figure 7.2.1. This may be achieved by rotat-
ing the satellite about the Zg axis until the following equality is satisfied:

apg = XS .YT =0. (7.2.7)

In the same way, it is easily seen that zeroing ay3g is equivalent to the scalar dot
product

ape=Xs+Z1 =0, (7.2.8)
which means geometrically that the satellite is to be rotated about its Y; axis until the
X satellite axis becomes perpendicular to the Z target axis. Finally, rotation of the
satellite about the X axis will make the Y axis perpendicular to the Zt axis, thus
zeroing ayag:

ayg = YS'ZT =0. (7.2.9)

By similar reasoning, it can be shown that if both the target and the satellite axis
frames coincide, then the elements of [Ag] that lie below the matrix diagonal are

Figure 7.2.1 Geometrical interpretation of
zeroing the off-diagonal elements of [Ag].
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also zeroed. Thus, with the completion of the maneuver, the error matrix becomes
the unit diagonal matrix.

Simultaneous satisfaction of Eq. 7.2.7, Eq. 7.2.8, and Eq. 7.2.9 tends to rotate the
satellite axis frame so that it coincides with the desired target axis frame, thus achiev-
ing the desired attitude maneuver in space. Since the basic attitude dynamics of the
satellite consists of two integrations per axis, rate terms must be used in order to sta-
bilize the three axes, as in Eqs. 7.2.2. Finally, similarly to Eqs. 7.2.2, the following
control laws can be written:

Tex= K, a3+ Kyap,
Ty =K,ape+K,q4q, (7.2.10)
T;.'Z = Kzam; + szr.

In Egs. 7.2.10, a;; can be replaced with —aj; to obtain the same control results. The
terms p, g, r are the angular velocities of the body axes in the reference axis frame,
used for damping purposes.

In the beginning of the maneuver, the error elements may be quite large, depend-
ing on the initial attitude orientation of the satellite relative to the target reference
frame. At the final stages of the attitude maneuver, when the s/c axes are closely
aligned with the target reference frame axes, the error elements a;,g, @35, and @,
approach the errors of the Euler angles. As mentioned in Appendix A, all the Euler
transformations in Eqs. A.3.6-A.3.12 can be approximated to the transformation
Eq. A.3.13 for small Euler angles. Therefore aj;g ~ ¥, @13 = —0g, and @53 — ¢ as
expected. Hence, at the final stage of the large attitude maneuver in space, the small-
angle approximation (Eq. 7.2.1) is justified. As in Section 7.2.1, the control gains
should be devised so that, at the end of the large maneuver in space, the time re-
sponses will be well behaved. Also, sufficient stability margins in the frequency do-
main must be procured. These gains are dependent on the physical characteristics of
the satellite (the inertia matrix).

72.3 Control Command Law about the Euler Axis of Rotation

The direction cosine matrix can be used in a similar way as in Section 7.2.2
to achieve a large attitude maneuver about the Euler axis of rotation (as defined in
Section A.4). Using Eq. A.4.6, we can find the Euler angle about this axis with re-
spect to the initial error matrix [Ag]; namely,

cos(a) = t{trace([Ag])—1}. (7.2.11)

Using also the results in Egs. A.4.10a-A.4.10c, we derive the following control com-
mand law:

T.x = — 3K (a3 —a235) + KyaD,
T,y = —3K,(ape— a3e) + K49, (7.2.12)
T, = —3K,(ayg— )+ Kyar.

Since the initial and final attitude orientations of the satellite are known in advance,
using Eqs. 7.2.12 will enable rotation about the Euler axis of rotation, thus minimiz-
ing the angular path that will be traversed by the satellite in its angular motion.
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This control law does have one shortcoming: the six off-diagonal elements of the
error matrix must be computed continuously. This is done by integrating Eq. 4.7.11
in order to find [Ag]. At least six elements must be found by any integration algo-
rithm in the onboard computer. The matrix [Ar] is known by definition and so,
finally, the error matrix (Eq. 7.2.6) must be computed. All these calculations result
in a large number of operations for the onboard computer to perform in real time.
However, the computational burden can be reduced by making use of quaternion
terminology (see Section A.4).

1.2.4  Control Command Law Using the Quaternion Error Vector

In the previous section we defined the direction cosine matrix and gave con-
trol laws in terms of the elements of this matrix. There exists an equivalent guater-
nion error vector that expresses the attitude error between (i) the satellite attitude
direction in space and (ii) the target direction toward which the satellite is oriented
at the end of the attitude maneuver. To find this quaternion error vector we refer to
Section A.4.4 as well as Glaese et al. (1976), Schletz (1982), and Wertz (1986).

According to Eq. A.4.20, we can write

[A(gp)] = [A(qD)I[A(s)] ™' = [A(@D)][A(g5)]. (7.2.13)
In quaternion notation, Eq. 7.2.13 leads to

dra dr3 —4912 4m —(qs)

—4dt3 414 adn 49tz —dqs:2 , (7.2.14)
dr2 —9d11 4914 4T3 —gs3

—dm1 —d4912 —4913 dqT14 dss

Os'lar=qp =

where qg, q1, and g are (respectively) the error, target, and spacecraft quaternions.

As explained in Section A.4.3, there is a one-to-one equivalence between the di-
rection cosine matrix elements and the elements of the quaternion vector. The rela-
tions are given in Eqs. A.4.16. Inserting these relations into Eqgs. 7.2.12, we obtain
the following attitude control laws:

T;‘x = 2qulEq4E+dep’
Ty =2K,q:eq4e+ Kyuq, (7.2.15)
T.:=2K,q:eqse+ Kpqr.

As in Section 7.2.3, the spacecraft quaternion vector is obtained by integrating
Egs. 4.7.13. Only three elements need to be integrated - namely, g5, g5, and ¢35 -
since g,5 is known from the relation |a| = 1. Performing the computation of qg in Eq.
7.2.14 requires fewer algebraic operations than computing the elements in [Ag). This
is one reason why the control law of Egs. 7.2.15 is preferred to that of Egs. 7.2.12,
although they are equivalent from a physical point of view. See also Wie, Weiss, and
Arapostathis (1989).

1.2.5 Control Laws Compared

In order to compare the qualities of the different torque control laws, a 6-
DOF (six-degrees-of-freedom) time-domain simulation has been carried out for each
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law. Since the control error definitions for the compared laws are different, some
common variables need to be chosen. The Euler angles are the most natural physi-
cal variables to be compared where attitude control of the satellite is concerned. The
evolution of the error angle « in Eq. 7.2.11 about the Euler axis of rotation is an-
other indication of the quality of the control laws, because it shows the overall angle
path that the satellite traverses during the maneuver. Its integral, named EULERINT
(=fadt), is shown in the figures to follow as the definitive criterion for comparing
the different attitude control laws.

We present a simulated case for which the moments of inertia of the satellite are
I,=1,000, I,=500, I, =700 kg-m?. There are no control torque limits. The con-
trol gains are assumed to be identical for all the control laws compared. The open-
loop transfer functions of the three axes are designed to obtain closed-loop natural
frequencies of w, =1 rad/sec and closed-loop damping factors of ¢ =1. Given the
listed moments of inertia, the proportional and derivative gains become: K, = 1,000,
K.s = 2,000, K, = 500, K,; = 1,000, K, = 700, and K,; = 1,400. The satellite is
submitted to step angular commands, starting at o =1 sec.

Figures 7.2.2 show time-domain responses for the Euler angles error control law
as explained in Section 7.2.1 (Eqgs. 7.2.2) - namely, responses of the Euler angles and
also of the integral of the Euler axis rotation error (Figure 7.2.2.d). For comparison,
the time-domain responses for the quaternion error control law explained in Section
7.2.4 (Egs. 7.2.15) are shown in Figures 7.2.3. In these time-domain responses, the
attitude commands are: Yo = —6°, Oom = —4°, and ¢, = 4°. For these compar-
atively small attitude commands, the time responses for the two control laws are
almost identical: EULERINT = 16.2 deg-sec (cf. Figures 7.2.2.d and 7.2.3.d). As
explained in Section 7.2.2 and Appendix A, this results because, for small attitude
changes, the direction cosine attitude errors approach the Euler angle errors.
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~
3
= 2,
> 4 D
5 3
P a 4 b.
(] 5 10 15 20 0 5 10 15 20
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e
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Figure 7.2.2 Euler angle step responses using the Euler angle error
control law: Yo, = ~6°, O.om = —4°, and ¢, = 4°.
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Figure 7.2.3 Euler angle time responses using the quaternion error
control law: ., = ~6°, 6o, = —4°, and @, = 4°.

This approximate identity does not hold for large attitude maneuvers. The same
simulations were repeated for the much larger attitude commands Yeom = —60°,
Ocom = —40°, and ¢, = 40°. Comparison between the time responses for the Euler
angles control law (Figures 7.2.4) and for the quaternion control law (Figures 7.2.5)
shows the clear superiority of the latter. In the first place, with the quaternion con-
trol law, the Euler attitude angles are well behaved and resemble their time responses
for small attitude commands. Moreover, an oscillating behavior is observed for the
Euler angles control law, where also the angular path of the Euler axis of rotation
angle a is much larger.

The criterion factor EULERINT, which is the integral of the Euler axis-of-rotation
error, is shown as part of Figure 7.2.4 and Figure 7.2.5 for large attitude maneuvers.
For the simpler Euler angles control law, EULERINT = 262; for the quaternion con-
trol law, EULERINT = 157. This underscores the quaternion efficiency with respect
to minimizing the length of the total angular path followed by the s/c in space.

7.2.6  Body-Rate Estimation without Rate Sensors

The three angular rates about the body axes of the spacecraft are included in
the torque control laws of Egs. 7.2.2, Egs. 7.2.10, Egs. 7.2.12, and Egs. 7.2.15. In
general, these rates can be obtained from rate gyro measurements or other equiva-
lent instrumentation. Sometimes, in order to simplify the hardware of the attitude
control system (ACS), such instrumentation is unavailable or, if it does exist, may -
in order to prolong the life of the gyroscopic hardware - be reserved for those cases

-where (for example) highly accurate measurement of the attitude rates is mandatory

in order to obtain the precise attitude of the s/c by integrating those rates.
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Figure 7.2.4 Euler angle step responses using the Euler angle error
; control law: ¥, = —60°, 0o = —40°, and o, = 40°.
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Figure 7.2.5 Euler angle time responses using the quaternion error
control law: Yon = —60°, O = —40°, and o = 40°.

When the angular rates are not measured directly, they can be estimated from
knowledge of the quaternion vector or the direction cosine matrix, which are ob-
tained from attitude position measurements using horizon, sun, or star sensors. In
this section we estimate the body rates p, ¢, and 7 from the quaternion vector qs. We
will use Egs. 4.7.13, which can be rewritten in the slightly different form
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p
gi=3Ql q | i=1,...4 (7.2.16)
r
(see Glaese et al. 1976).
With the definition

dssa —qds3 (gs3

[Q] = ds3 dssa —dgs)
—ds2 (s dsa

—dsy —qs2 —gs3

, (7.2.17)

Eqgs. 7.2.16 describe four equations with three unknowns. The matrix [Q] is not
square and has no conventional inverse. But there does exist a left pseudoinverse
matrix [Q, ] that can solve the problem. First define whg = [ p, q,r], where p, q, r are
the body rates relative to the chosen reference frame. From Eq. 7.2.16, the solution
for wgg becomes

wpr = 2[QL]4q;, (7.2.18)
where [Q, ] is the left pseudoinverse matrix:
[QuI={[QI"[Q]}'[QI™. (7.2.19)
Since {[Q1T[Q} = [1), it follows that [Q, ] = [Q]T, so
p dss ds3 —qs2 —gs Z:;
g (=2 —qs3 qss gsi —(qs32 dss | . (7.2.20)
r ds2 —4s1 dss —(gs3 .
dss

In Eq. 7.2.20, the spacecraft quaternion elements need to be differentiated. Since the
calculated quaternion elements - obtained from position measurement sensors - are
always noisy, their differentiation must be performed with adequate noise filters that
are compatible with the bandwidth of the automatic control loops about the three
body axes.

73 Control with Momentum Exchange Devices

The control torque laws of Section 7.2 assume the existence of control hard-
ware that can generate the commanded torques. There are at least four distinct means
of producing torque for the attitude control of spacecraft, based on:

(1) earth’s magnetic field;

(2) reaction forces produced by expulsion of gas or ion particles;
(3) solar radiation pressure on spacecraft surfaces; and

(4) momentum exchange devices (rotating bodies inside the s/c).

The first three techniques listed are inertial controllers, in the sense that they change
the overall inertial angular momentum of the satellite. Such controllers produce
torques labeled T, in Eq. 4.8.2.
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Magnetic techniques provide continuous and smooth control. However, the level
of torques that can be achieved with magnetic torqgrods is normally low (in the range
of 1-10 mN-m) and generally insufficient for fast attitude maneuvers (see also Section
7.4). Magnetic torques are also dependent on the chosen orbit inclination, on the
altitude above earth of the satellite, and so on. Moreover, magnetic control is ex-
cluded for spacecraft not revolving about the earth, since it is based on the earth’s
magnetic field.

Reaction controllers are not linear, in the sense that they provide reaction torques
of constant amplitude and modulated time duration. The level of control torques
that can be achieved with reaction pulses is almost unbounded. However, no smooth
control can be achieved owing to the inherent impulsive nature of reaction thrusters
(see Chapter 9).

Torques obtained from solar pressure cannot be used for attitude maneuvering
since the level of torques that can be produced (when the s/c sees the sun) are of
the order of tens of uN-m only, which are clearly insufficient for attitude maneuvers.

: Moreover, they cannot produce torques about the three s/c axes. However, solar
} torques are sometime used in geostationary satellites to counteract the parasitic solar
disturbances acting on the s/c and to provide active nutation damping to momentum
bias-controlled satellites (see Section 8.6).

I The remaining option is based on rotating masses inside the spacecraft body, so
that angular momentum is transferred between different parts of the satellite without
changing its overall inertial angular momentum. The resulting torque control devices
are called momentum exchange devices, and include reaction wheels, momentum
wheels, and control moment gyros (CMGs).

For very accurate attitude control systems and for moderately fast maneuvers,
the reaction wheels are preferred because they allow continuous and smooth control
with the lowest possible parasitic disturbing torques (see Appendix C). The level
of torque that can be achieved with reaction wheels is of the order of 0.05-2 N-m.
With control moment gyros (used in manned spacecraft), torques of 200 N-m are
achievable. However, such CMGs are very heavy and are seldom used in the ACS
of ordinary-sized satellites. (For more about the use of CMGs see Kaplan 1976 or Oh
and Valadi 1991.) In this section we will focus on reaction wheels.

731  Model of the Momentum Exchange Device

: Inside a spacecraft, a symmetrical rotating body produces angular torque
'-;" when accelerated about its axis of rotation. The rotating body may have an initial
; constant momentum A,,. Since this momentum is internal to the spacecraft, its in-
crease does not change the overall momentum of the system but instead merely trans-
fers the momentum change (with negative sign) to the spacecraft (see Eq. 4.8.2). This
is the principle of conservation of angular momentum.

The reaction wheel can be mounted in the satellite with its rotational axis in any
B direction relative to the satellite’s axis frame. The momentum vector of all the mo-
7 mentum exchange devices inside the satellite body can be expressed with reference to
the axes of the spacecraft body frame as hy, = [Ayy Ayy hwz]T. For controlling the
attitude in space, at least three reaction wheels are required. With this modification,
Eqs. 4.8.14 were obtained for the general case of a satellite containing any number
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Figure 7.3.1 Basic model of a momentum exchange device.

of momentum exchange devices whose axes of rotation are not all coplanar and at
least three of whose axes are noncollinear. In those equations, any device’s momen-
tum change (e.g. Ay,) will produce an equal angular torque on the body about its X
body axis, but opposed in direction.

In the simplified Eqs. 7.2.2 of Section 7.2.1, for instance, the following control
torque commands will be applied:

};wx =Tx= Kx(¢clom _¢)+deqs’
ﬁwy =Ty= Ky(ocom_o)"'Kydé’ (7.3.1)
huz = Top = K, (Yeom— V) + Kea¥.

The required angular torques can be achieved by accelerating the rotor of electrical
motors whose axes of rotation are aligned with the body axes X5, Yg, Zg; on their
rotating axes are assembled flywheels having moments of inertia labeled 1,,,, Iy, Iy;-
Of course, reality is not so simple, as will be seen in the analysis that follows. A com-
plete dynamic model for the electrical motor to be used as the torque controller is
shown in Figure 7.3.1. See also Section 6.6.3 for a similar, but incomplete, analysis.

In Figure 7.3.1, V is the input voltage to the electrical motor, R,, is the electrical
resistance of the motor armature, and K, is the torque coefficient of the motor. The
term I, denotes the overall moment of inertia of the rotor including the flywheel,
the task of which is to produce the desired torque, and J5 is the moment of inertia
of the satellite. Finally, wgrg; is the angular velocity of the rotating part of the motor
relative to the stator and (equivalently) to the satellite body, since the stator is fixed
to the body of the spacecraft.

The primary task of the electrical motor is to provide the necessary angular torque
to the satellite. Assume there are no external disturbances T, and no inertial control
torques acting on the satellite. With this assumption, according to Euler’s moment
equation of angular motion we have

hs+h, =0. (7.3.2)

This means that, in order to apply a torque on the body about some axis, a torque in
the opposite direction must be produced by the rotor of the electrical motor. Thus,
I’;S = ‘—,iw.
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The block B in Figure 7.3.1 is the viscosity damping coefficient sensed by the
rotor, and the damping torque is proportional to the angular velocity of the rotor
relative to the satellite body frame. The block describing the coulomb and dry fric-
tion will be omitted in the analysis so as to enable a linear transfer function of the
complete dynamical model, including the satellite dynamics. With these assumptions
it is easily found that

S(KM)

ho _ Tyow _ Ry

=y = s+(1 N 1>(KVKM +B). (7.3.3)
I, Is/\ Rum

Equation 7.3.3 indicates that a step in the input voltage to the electrical motor does
not produce a pure angular torque, because there is a time constant in the denomi-
nator and a differentiator in the numerator. With the valid assumptions that B—0
and I, << Is, Eq. 7.3.3 reduces to

) L
Ay, Ky
V- " . 7.3.4
v 1+s I Ry 739
KyKy

Our true interest is in obtaining an immediate torque h,, as a response to a torque
command T,. The set-up in Figure 7.3.2 helps to achieve this characteristic: there is a
feedback path from the motor current, which is proportional to the torque provided
by the electrical motor. The transfer function between the torque command 7, and
the achieved angular torque A,, becomes:
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Figure 7.3.2 Use of a momentum exchange device in the
torque command mode.
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Ay, 1
T, ~ 14+s(Ry/K)’ (7.3.6)
This is the basic equation that converts an electric motor into what is known as a
reaction wheel (RW) or a momentum wheel (MW). The added electronics complete
the reaction wheel assembly (RWA). See Appendix C for technical information on
iy reaction wheels.
e In Eq. 7.3.6 there is still a small time constant, which for a good RWA may be of
the order of milliseconds and thus can be neglected for practical purposes. Equation
7.3.6 gives a linear model for the momentum exchange device. Technically, such a
device has torque and velocity limitations; when the attitude control of a satellite is
designed, these limitations must be taken into consideration. The first stage in the
design process is to size the wheel correctly, which means, first of all, deciding about
the maximum torque and momentum that the wheel should be able to provide (see
Section 7.7). In a later stage we will see that there is another characteristic deserving
special attention: the inherent torque noises, cogging and ripple torque, that are due
E to the nonlinear physical components (e.g. stator and rotor poles) that compose the
" wheel. In future analysis, it will be explicitly stated if the linear model used for the
wheel is sufficient or if additional disturbing elements must be added to it.
In the linearized dynamic model of the satellite, Eqs. 4.8.14, the linear model of
the momentum exchange device is used with the additional assumption that the small
time constant of the wheel assembly in Eq. 7.3.6 can be ignored, so that A, = T,.

* 7.3.2

Basic Control Loop for Linear Attitude Maneuvers

.. The simplest attitude maneuver control loop is shown in Figure 7.3.3. For
<mall attitude maneuvers around y =0, 8 = 0, and ¢ = 0, the quaternion, direction
cosine, and Euler axis error control laws reduce to the simplest Euler angle error
control law, Egs. 7.2.2. With K; = K, =0 in Figure 7.3.3, the transfer function be-
tween the error e and the attitude command 6., is easily found to be

(7.3.7)

Figure 7.3.3 Basic one-axis attitude control loop with null steady-state
error for position, velocity, and parabolic input commands.
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For a step command 0.4, (S) = |0coms| /s, We find that

: : Iocomslsz(Kd/IS)
=1 )=lim—=222___ % = =
& = Jim e(1) = o == K715
However, if a velocity input is expected then, with this control configuration, the
steady-state error will not be null. For a velocity input 6(?) = |0.om v|?, the steady-state
error will become

(7.3.8)

lime(t) = lﬂcomvl—ll((“—'. (7.3.9
11—

There are two ways to decrease this steady-state error to zero: (1) we can incorpo-
rate an electronic integration in the loop; or (2) we can also add a feedforward com-
mand that is proportional to the differentiation of the input command 6, and to X;
in Figure 7.3.3. This latter approach is preferred because 0.y, is a known function of
time, the differentiation of which (f.p) is also known analytically. Moreover, no
noise is added to the input of the control loop. The error response for the velocity in-
put Oeom(s) = |0comv| /s becomes

K,;— K,
Igs?(14 =41 ‘)
e Ss<+ slg

Ocom = Iss?+ K;s+ K

(7.3.10)

Using the final-value theorem of the Laplace transforms in Eq. 7.3.10 with X, = K,

we have

IOCOmVl 53

2 ST KstR) " .

However, for a parabolic command input, the steady-state error will still remain
finite. Another feedforward command can be added in order to eliminate this steady-
state error. As in the previous discussion, we can feedforward an input proportional
t0 f.om(#) With a gain K,. An analysis similar to the foregoing shows that if K, = Is
then the steady-state error for a parabolic attitude command will be null.

At this point we should mention the error due to the nonlinear characteristics of
the wheel. The wheel remains at rest so long as the commanded torque does not over-
come the coulomb friction level; hence, an angular error will appear because the
wheel does not react until the torque overcomes the friction. Therefore, the addi-
tional steady-state error will be: ey, = Ty /K, where Ty is the friction torque of the
wheel at zero angular velocity.

In this section it was assumed that the attitude input commands were small, so
that the reaction wheel assembly works in its linear region. A time-optimal control
solution will be analyzed in Section 7.6 for large attitude maneuvers in which torque
and velocity saturation levels of the wheel assembly are reached. Saturation by mo-
mentum accumulation will be discussed next.

(7.3.11)

e () =lim e(f) =lim
t—o s—0

71.3.3 Momentum Accumulation and Its Dumping

One drawback of a momentum exchange device is that it cannot indepen-
dently remove the angular momentum that accumulates, owing to external distur-
bances, in the satellite system. As we know, according to Euler’s moment equations,
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eﬁ om

Figure 7.3.4 Momentum saturation and dumping of the reaction wheel.

any external torque disturbance acting on the body augments the angular momen-
tum of the whole spacecraft system. With no active attitude control, the body accu-
mulates an angular velocity as the angular momentum of the s/c increases, changing
the attitude of the spacecraft. However, if reaction wheels are used to stabilize the
s/c attitude, then the accumulated angular momentum will be transferred to the
wheels. With harmonic external disturbances, the stored momentum will also be har-
monic; as long as its level stays well inside the momentum saturation limits of the
wheels, no control problem arises. However, with constant external disturbances,
the momentum of the wheels will increase without limit, thus saturating them and
precluding their ability to provide the necessary control torques. The unwanted accu-
mulated momentum in the wheel must be removed from the momentum exchange
device, a process called dumping of the momentum.

In the present analysis, we assume that the time constant in Eq. 7.3.6 is close to
null, so that the controlling torque A,, equals the commanded control torque T,.. The
set-up for the simplified dynamics of the spacecraft, the external disturbances, and
the wheel controlling torque are shown in Figure 7.3.4. In this figure, with K, =0
(i.e., without the dumping control), an error control torque 7, will be required to
counteract a constant disturbance 7;. But, as assumed and as shown in Figure 7.3.4,
h,, = T.. If the open-loop transfer function is defined as

[Kys+ K] [s+K,]

Lin(s) = IS 82 S y
then )
b _ Lin(s)  _ [Kqs+K]s (7.3.12)
T; 1+4Ly(s) Is3+[Kys+K1s+K,1° -
Hence, for a constant disturbance T, =|Ty|/s,
. KdS+K
= . 7.3.13
) = T S K s+ KIs + K] (7.3.13)
Also,
ho(s) |T4l K s+K
= = . 7.3.14
ha(s) s s Iss*+[Kys+K][s+K,] ( )

\ To find the steady-state value of A, (#), we apply the final-value theorem:

. . S|Tyl [Kys+K]
=lim .
}Tlh‘”(t) s—»0 S8 IsSP+[Kis+K]}[s+K,]

(7.3.15)
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If K, =0, which means that the momentum of the wheel is not actively controlled
and consequently not limited, we find that A, (t), =lim,_ . Ay(f) = ; that is, the
momentum accumulating in the wheel will increase infinitely. To be more specific,
as t —oo;

hy (1) = | Tylt. (7.3.16)

However, if we choose K, # 0 then

hy(8)ss = lim Ay () = |—T‘d. (7.3.17)
t—e0 Kw

The gain coefficient K, requires some explanation. The variable A,, is measured
and an external torque to the spacecraft, proportional to 4, is applied about the
axis of rotation of the wheel. This external torque can be produced by reaction or
magnetic means (see also Section 7.5). There must be applied an external inertial
torque that cannot be supplied by the reaction wheel itself, as explained previously
with regard to Euler’s moment equations of motion. This is also observed in the
block diagram of the control system in Figure 7.3.4: note that the dumping torque
hy K, is apphed dxrectly to the dynamics of the satellite. If the commanded torque
hy K, were erroneously applied via the wheel itself, then the transfer function of Eq.
7.3.14 would be different and the added A, K, term would no longer be effective for
dumping the excess momentum in the momentum exchange device.

7.3.4 A Complete Reaction Wheel-Based ACS

/ Three reaction wheels, with each one’s rotational axis parallel to one of the
satellite’s body axes, make up the simplest control system. As the three body axes’
dynamics are separated, the design can be carried out independently for each axis.
However, if one of the assemblies becomes damaged then the satellite’s attitude can
no longer be adequately controlled. For this reason, a fourth RWA is installed in
order to increase the reliability of the entire system (Fleming and Ramos 1979, Jun-
kins and Turner 1986). The additional wheel is installed with its axis “off”” the three
principal s/c axes, enabling (reduced) torque control about any one of those axes.
Thus, the incapacity of any one of the RWAs aligned with the satellite’s principal
axes can be compensated by the torque capabilities of the fourth wheel.

In this section we will analyze one possible geometrical configuration of a control
system based on four reaction wheels; see Figure 7.3.5. The rotational axes of the

cy

Figure 7.3.5 Attitude control system with four reaction wheels.
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four wheels are inclined to the X-Yp plane by an angle 8. Because of this inclina-
tion, each wheel can apply torques and momentum in the Zy direction also. The
torques delivered by the wheels are called 7; (i =1, ...,4). The torques produced
along the three body axes are T;x, f'cy, f"cz. Thus we have the following relations:

. T,
T, T../c8 10 -1 0 T’ ;‘

Ty |=| Ty/eB |=]0 1 0 -1 T2 =[A.]| % | =[AWT. (1.3.18)
7 3

T., T../sB 11 1 1 T, Tz

Here, ¢ = cos(B) and sB = sin(B), with 8 the inclination angle of the wheel axes to
the Xp-Yg body plane.

The control vector 'i‘c is computed by any one of the control laws described in Sec-
tion 7.2. We need to calculate the components T;, which are the control torques to be
applied by each one of the four wheels. Unfortunately, the matrix [A,] in Eq. 7.3.18
is not square, and cannot be inverted. To find the vector components of 7}, we must
assume some optimizing criterion. For instance, we might wish to minimize the norm
of the vector T = [T; T» T3 T,]", for which we define the Hamiltonian H as

4
H=Y T2 (7.3.19)
i=1
By definition,
f;:x =T— Ts’
T.,=T,~T,, (7.3.20)

To=T\+Th+ T3+ T,.
Let us define the functions
a=N-T;-T,,
g:=T-T,—T,, (7.3.21)
& =T+ D+ T+ T~ T,

The Lagrangian will be

L =H+/\1g1+)\2g2+A3g3+A4g4, (7.3.22)
and the conditions for minimizing H will be:

oL

E =2T1+A+A; =0,

-ai = 2T2+A2+A3 = 0,

a7,

oL (7.3.23)
ﬁ = 2T3—A1+/\3 = 0,

oL

5774 = 2T4—A2+A3 =0,
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From Egs. 7.3.23 we derive the final condition:

AT=T,—T,+T3—T,=0, (7.3.24)
so that Eq. 7.3.18 may be rewritten in the following matrix form:
[ T, 1 0 -1 o][m
T,] |01 0 -1||T
A PR T | (7.3.25)
| 0 1 -1 1 1|7
The square matrix in Eq. 7.3.25 has an inverse, which is easily found to be
[T, 1 0 § 3T«
T2 _ 1 0 1 ';' —% Tcy
n|=2z|-1 0 L 1 i, | (7.3.26)
L T4 0 -1 ‘%’ -1 0

Equation 7.3.26 provides the needed transformation between the three body axes’
command control torques and the four wheels’ command control torques. The same
result can be obtained by a right pseudoinverse transformation (see Wertz 1986).
This transformation is defined by: [Awr] = [A,JT{[AL1[A,]17}7! and leads to the
same minimization of H in Eq. 7.3.19.

For the case where only three reaction wheels are used, with their axes of rotation
not parallel to the three body principal axes, the body-to-wheel torque transforma-
tion is a 3 X 3 matrix. Assuming that the wheel axes are not collinear and not all in
the same plane, the transformation matrix has the form

Tl Ayl Qw21 Qw3 Tcx
T, |=| awm2 w2 ausn2 || Tey |
T, wiy Ays auis J| Te:

In this matrix, the a,,; elements are the direction cosines of the wheel axes with refer-
ence to the body frame.

Some clarification of Eq. 7.3.26 is needed. When an attitude maneuver is per-
formed, the body axes command torques are divided between the four reacfion
wheels. Equation 7.3.19 assures that the norm of the wheel torque commands is min-
imized. The torque produced by a reaction wheel is proportional to the current in the
stator of the motor. On the other hand, the power consumption in the RWA is pro-
portional to the square of the current in the motor of the RW. Thus, our division of
the control torque among the four reaction wheels also assures minimization of the
electrical power consumption of the four RWAs. Unfortunately, this is not the entire
story; we must also determine what happens to the momentum of the four wheels.
As we shall see, it is important to minimize also the norm {h,| =% hZ,. Can we mini-
mize both norms simultaneously? The answer will be given in the next section.

13.5 Momentum Management and Minimization of the |h, | Norm

Viscosity torques produced on the constantly rotating rotor of the wheel
increase power consumption of the RWA electronics. Of course, saving electrical
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power in all spacecraft subsystems is of utmost importance. Moreover, for satis-
factory operation of a reaction wheel, under normal conditions its angular velocity
should be as far as possible from saturation. These considerations dictate that, at the
end of any attitude maneuver, the norm of the wheel angular velocities should be
minimized.

If the four wheels are activated in their linear range - which means that no torque
or momentum saturation levels are reached - and if no coulomb friction exists, then
the angular velocities of each wheel at the end of any attitude maneuver will remain
null (if they were so at the beginning of the maneuver). However, depending on the
character of the attitude maneuver, if one of the foregoing conditions does not hold
then the angular velocity norm of the four wheels will not be null at the end of the
attitude maneuver.

Instead of controlling the attitude of the satellite with control torques as com-
puted in Eqs. 7.2.2, we can control its attitude with angular momentum commands
(see Fleming and Ramos 1979). In this case, instead of minimizing the norm of the
control torque vector, we should minimize the norm of the control momentum vec-
tor. The results of the previous section will hold also for this control momentum
case. In Eq. 7.3.25 and Eq. 7.3.26, 1., Tcy, 1.1, T3, T, T, can be exchanged with
hexs hey, By, By, ha, hs, By, Tespectively, where oy = Iywg, fyz = Iyp @y, and so on.
As for the control torque law, here again minimization of the momentum norm re-
quires the following condition:

Ahw = hwl _hw2+ th —hw4 =0. (7.3.27)

Our task now is to measure Ah,, and to feed this error back to the commanded T;s,

so that AT of Eq. 7.3.24 and Ah,, of Eq. 7.3.27 are simultaneously satisfied. See Fig-

ure 7.3.6 for the control set-up of the four-wheel configuration. The analysis to fol-
low is due to E. Zemer (MBT, Israel Aircraft Industries).

It is important that the control of Ah,, not produce any change in the commanded

body control torques 7,,, Tcy, Tcz, which means that the following additional condi-
tion must be fulfilled:

AT AT, Ahy K,
Pl AT, Ah, K.
AT, = ¢ =[A w2 . 3.
Aify [Ay] AT [Ay] Ak K, 0 (7.3.28)
“ ATy Ahy K,
T I + 1 O wi
f \",\,\ - v
] 50 1 Dy N
Ty _S{iag) | 15 o ¥ 1 0
Te, __T4 +) 1 Dy g
o\ Iw S
SB + w
- i <
<A1, =11 kan, [<

Figure 7.3.6 Momentum management control of the four reaction wheels.
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Using the definition of [A, ] in Eq. 7.3.18, we obtain
AhyK | —Ahy K, =0,
AhyKy—Ah, Ky =0, (7.3.29)
Ah K+ Ah, Ky +Ah K3+ Ahy, K, = 0.

These equations are satisfied for

K=K, K,=-K, K;=K, K;=-K. (7.3.30)
This is our final result, which can also be put in the form
AT, =[-1)YKAh,, i=1,...,4, (7.3.31)

with Ah,, as defined in Eq. 7.3.27.

In the present analysis, the wheel configuration of Figure 7.3.5 was taken as a de-
sign example. The same analysis could be carried out for any other “skewed” four-
wheel configuration, in which no three wheel axes are coplanar and no two axes are
collinear (see e.g. Azor 1993).

It remains to determine the value of K. Suppose that there is a nonzero initial con-
dition in one of the wheel’s angular velocities. The response of Ah,, to that initial
condition will be:

wm® 1 _ ol
s 1+4K/(I,s) s+4K/I,”

Ah,(s) = (7.3.32)
We must choose the time constant I,/4K so that it will be slower than that of the
slowest attitude control loops.

A 6-DOF simulation was carried out to demonstrate the practicability of the mo-
mentum management control. In these simulations, the quaternion error control law
was used (Egs. 7.2.15). The moments of inertia [kg-m?] of the satellite were chosen
to be I, = 1,000, I, = 500, I, = 700, and /,, = 0.1. The maximum torque that the reac-
tion wheels can deliver is 0.5 N-m. The attitude control of the system was checked
for the step angular inputs of: Ycom = 1% Ocom = 2° and deom = —5°. The results are
shown in Figures 7.3.7-7.3.9.

Figure 7.3.7 shows the Euler angle time responses for the system without torque
saturation (Figure 7.3.7.a) and the response for the same commuand inputs with torque
saturation of 0.5 N-m (Figure 7.3.7.b). Because of the limited torque capabilities of
the reaction wheels, the time to reach the desired steady-state response increases dras-
tically; see also Section 7.3.6.

Figure 7.3.8 shows the norms of the angular momentum of the four wheels, both
without and with the momentum management feedback loop. Without momentum
management (Figure 7.3.8.a), the norm of the angular momentum of the four wheels
at steady state is 9.63 N-m-sec. With the momentum management feedback loop
(Figure 7.3.8.b), the same norm is decreased to 0.182 N-m-sec after 55 sec. The min-
imizing factor Ah,, is also shown. With no momentum management (K, =0), it
is seen that Ah,, =1.93 N-m-sec at steady state (Figure 7.3.8.a). With momentum
management (K,, = 0.2), Ah, is reduced practically to zero (Figure 7.3.8.b).

The individual angular velocities of the four wheels, without and with momen-
tum management, are shown in Figure 7.3.9.a and Figure 7.3.9.b, respectively. It is
important to emphasize that the wheel momentum vector in Figure 7.3.9.a has not
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Figure 7.3.7.a  Attitude time responses without torque limitations.

changed, since no external torques were applied on the satellite. Only the division of
the angular momentum between the wheels on the same axis was altered.

1.3.6  Effect of Noise and Disturbances on ACS Accuracy

For accurate attitude control systems and moderately fast maneuvers, reac-
tion wheels are well suited because they allow continuous and smooth control with
comparatively low parasitic disturbing torques (see Appendix C). However, such
disturbances have a strong influence on the quality of the attitude control, so we
must take care to minimize their influence. The quality of the momentum exchange
device is not the only factor that determines the capacity of the control design to

e . . . o1 R

S achieve the desired attitude accuracy and stability. Attitude sensors are no less re-
‘ _ sponsible for the quality and attitude accuracy of the ACS. Noise that is inherent in
; the various system sensors also influences the attitude accuracies that can be achieved.
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Figure 7.37.b Attitude time responses with torque limitations.

In this section we analyze the influence of disturbing torques and sensor noise on the
overall behavior of the ACS, and examine some of their conflicting implications for
the control loop bandwidth.

Principal Types of Attitude Control Sensors

Extremely accurate attitude control is required in spacecraft whose payloads
are, for example, observation telescopes that operate in different light spectra (Boorg
1982, Dougherty et al. 1982). For such telescopes, attitude stability of several arc-sec/
sec and positioning accuracy of 0.01° (or less) are commonly required. These stan-
dards must be achieved in spite of parasitic disturbances and sensor noise.

Figure 7.3.10 (p. 178) shows a block diagram of the basic scheme of the attitude
control feedback system, including the inherent parasitic noise sources that render
the control engineer’s life difficult. In this figure, it is easily perceived that there are
actually two dynamic states that must be controlled: (1) the attitude angle ; and
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Figure 7.3.8.a Time histories of the norm of the angular momentums
of the four wheels without momentum management.

(2) its attitude stability §, which in some cases may be the more important variable.
In order to control attitude and its stability, two principal types of attitude deter-
mination hardware are used: attitude sensors and angular velocity sensors (see also
Appendix B).

Attitude Sensors The most common attitude sensor for earth-orbiting sat-
ellites is the earth sensor, which optically senses the globe contour and uses this in-
formation to calculate the attitude of the s/c with respect to the earth. Expected ac-
curacies of these instruments are of the order of 0.02° for expensive versions and
0.5° for cheaper ones. Earth sensors have the drawback of being noisy, with RMS
noise levels of about 0.03° or higher.

Sun sensors also are quite common on earth-orbiting satellites. For such satellites
they are more accurate than earth sensors because they are based on measuring the
angular distance from the sun disc, which is smaller than the earth disc. Sun sensors
are also very efficient for spacecraft that are not orbiting the earth. Accuracies of
about 0.01° can be achieved with very expensive instruments. The statistical noise
level is quite low, of the order of 0.01° (RMS), depending also on the dynamic range
of the instrument’s output.

The star sensor is currently the most accurate attitude sensor, allowing accuracies
of the order of 1 arc-sec. Unfortunately, star sensors are very expensive and less reli-
able than earth and sun sensors. The instrumentation is quite complex and difficult
to handle, and their operation depends on complicated algorithms. For these rea-
sons, star sensors are used as a last resort (see Pircher 1989).
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Figure 7.3.8.b  Time histories of the norm of the angular momentums
of the four wheels with momentum management.

Angular Velocity Sensors Rate integrating gyros (RIGs) are commonly
used and very accurate; integrating the rate sensor output enables precise estima-
tion of satellite attitude (Dougherty et al. 1982). Moreover, use of this instrument is
not dependent on the s/c orientation in space. This is an advantage over horizon,
star, and sun sensors, whose signal source must be within their optical fields of view
(FOV), thereby reducing the spacecraft envelope of useful attitudes.

Conventional rate sensors are in principle less accurate than RIGs. They are used
for rate sensing in various control tasks, including rate control (see Section 6.3) and
damping in the ACS (Section 6.6.3). In general, the choice of particular sensors for
attitude control will depend on the required accuracy and also on the specific tasks to
be fulfilled by the spacecraft.

Conventional Attitude Control Configuration -

Statistical Error Analysis

Figure 7.3.10 (p. 178) shows a control configuration using an attitude sensor
of any kind together with a rate sensor. The parasitic noises pertaining to the sensors
are indicated as WNRgg for the rate sensor noise and WNps for the attitude position
sensor noise. In this case, the reaction wheel introduces its inherent torque noise,
WNgw (see Bosgra and Smilde 1982).

In the following analysis, it is theoretically possible to deal with ideal white noise,
whose power spectral density (PSD) function is uniform and of amplitude WN_. In
nature, white noise does not exist; likewise, the noise existing in engineering prob-
lems is colored. We will assume a colored noise, which is the output of a first-order
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Figure 7.3.9.a Angular velocities of the four wheels without
momentum management.

filter with corner frequency of w, at whose input was incorporated a white noise
source. With this definition, the relation between the amplitude WN_ of the white
noise source and the mean square (MS) value x2 of the colored noise at the output
of the filter is x? = 0.5 X WN_x w.. With this definition, x is the root mean square
(RMS) value of the filter’s output.

As discussed in Section 7.3.1, A,, is the idealized output of the reaction wheel as-
sembly. In order to simplify the analysis, the torque disturbances, which generally
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Figure 7.3.9.b Angular velocities of the four wheels with
momentum management.

have harmonic characteristics (Bosga and Prins 1982, Bosga and Smilde 1982), have
been modeled here as colored noise with a corner frequency w,; sensor noise is also
modeled as colored noise. The corner frequencies for the three noise sources are not
: equal, but for convenience have been designated by the general term w.. The RMS
4 values of the colored noises will be labeled RWT), (reaction wheel torque noise), PSy
4 (position sensor noise), and RSy (rate sensor noise).

Sensor noise and torque disturbances induce statistical errors in both the position
‘ attitude @ and its stability, the time derivative 6. These errors are functions of the
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Figure 7.3.10 Conventional attitude control configuration with
sensor noise and torque wheel disturbances.

bandwidth of the attitude control system, which can be represented in terms of the
natural frequency w, and the damping coefficient ¢ of a second-order pole. We make
use of standard principles of statistical design for computing the RMS amplification
from random sensor noises and parasitic control torques to the position and attitude
outputs of the ACS (James, Nichols, and Phillips 1955, Solodovnikov 1960). The
amplification of sensor noise to the input of the torque control command T in Fig-
ure 7.3.10 is also important. Exaggerated amplification of sensor noise may saturate a
physical torque actuator (controller), thus precluding normal operation of the feed-
back control loop.

Let us deal first with noise amplification of the rate sensor (RS) noise. Given a
white noise of amplitude WNgs, the RMS value RSy at the output of the coloring
filter can be obtained from the relation RS, = 0.5(WNgg w;). The procedure for cal-
culating the mean square (MS) value of amplified noise at different outputs of the
feedback control system of Figure 7.3.10 is as follows.

Amplification of RS Noise First, compute the transfer function:

] 2¢ s
=5 . (7.3.33)
WN 2 2 .
RS ©n [1+—E-s+—53][1+i]
Wy wh c
We find (see also James et al. 1955, Solodovnikov 1960) that

62 = _WNrswnf  _ 2RS{iwn§ 1 (7.3.34)

1+2£°’“+°’—'§ @ 1+2£w"+°’—‘3

We wWe We we

where WNgs is the amplitude of the rate sensor white noise, §2 is the mean square of
the amplified colored noise at §, and RSy, is the RMS value of the RS colored noise.

For noncolored white noise, w. — . Hence Eq. 7.3.34 reduces to
0% > WNgsw,t. (7.3.35)

To find the amplification of the RSy to the attitude position 6, one integration is
added in Eq. 7.3.33, yielding
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Z8% 14 25%
2 _ WNgsé + we 2RS§,E * W
05 = . (7.3.36)
Wn 28wy We Gy 2£‘l’n wi
1+ +2 — —+—
We wc We wg

Once more, for white noise we have

WN
63— WNast (7.3.37)

Amplification of PS Noise Next we ascertain the statistical amplification
of the PS (position sensor) noise. In this case,

0 _ 5 ) (7.3.38)

WN
ps [l+§s+ ][l+i]
W w? W,

n

The mean square of the amplified colored noise in 6 will be

WNps w3 1 PS}w? @ 1
03 = —ES°n =_—N"n_"n ) 7.3.39
NTTRE | ZEes o 2 ) dta, & (733
-2 +— -2
We wc We We

For noncolored white noise, the mean square of the amplified noise becomes

WNpg w3
2 PS%Wn
== 7.3.40
f=—p : (7.3.40)
Also, for the amplified noise in the angular position 6, we have
1+ —= 28wn 1+ 28wy
03 = WNeswy v _ PSken @ . (7.3.41)
N 2w of 2o 260, ol
) Y]
wWe “’c W “’c
For white noise,
WNpsw
2 PS“n
=—, 7.3.42
N at ( )
Amplification of the PS noise at the control torque input T will lead to
T3 = WNpsl3wp  wnt+2fw.  _ PSRI3wn  wnt2fwc (7.3.43)
€ 4f 1+ 2Ew,, w,, 2fw, 1+ 2£w,, w,,
We wcz We wg

Amplification of RWT Noise Finally, we treat the reaction wheel parasitic
statistical disturbance torques:

6 _ 1 s

WNpw  Igw? [ 2¢

. (7.3.44)
1+ s+ ] [1 + —s-]
Wy wn We
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As in the previous case, the amplified RW torque noise at § will be

, WNrw 1 _ RWT} 1
0= 124w 2w, w2 20,0 2bw, w2 (7.3.45)
ST+ —+—= 1+ +—
wc wc wc wc
With noncolored white noise,
WN
2= RV 7.3.46
N 15245“’" ( )

To find the statistical amplification of the RWTy disturbances to the position 8, we
use the same procedure as in the previous stages of this analysis:

+ 28w, , 1+ 2twy
g2 = WNew @ _RWIy i (7.3.47)
NT 124803 T w_,z 1328030 || 2k w_z :
c C W wg
Finally, for white noise:
WNrw
0% = — KW 7.3.48
NTT24t03 A )

Design Tradeoffs in Choosing the ACS Bandwidth

Various engineering realities and physical constraints influence the choice of
the natural frequency w, of the attitude feedback control system. Four such factors
are listed as follows.

(1) The bandwidth frequency of the attitude tracking control system is generally
determined by the speed required of the satellite’s payload in response to a
defined attitude command. Consequently, a high corner frequency w, of the
attitude control loop is desired.

(2) Asseen in the preceding equations, sensor noise tends to spoil the quality of
the attitude 8, and also of its stability 8, by factors of w, and w3, respectively
(see e.g. Eq. 7.3.40 and Eq. 7.3.42). This means that, if we wish to be less
sensitive to sensor noise, a lower bandwidth (w,) of the attitude control loop
is imperative.

(3) According to Eqgs. 7.3.46-7.3.48 and taking into account the statistical torque
disturbances of the reaction wheel, the quality of the attitude and its stabil-
ity are inversely proportional to the corner frequency w, of the attitude con-
trol loop. This means that, in order to decrease the influence of the disturb-
ing torques, the bandwidth of the attitude control loop must be increased.

(4) Structural “bending” modes and liquid slosh dynamics, to be analyzed in
Chapter 10, also tend to limit the bandwidth that can be achieved for the
attitude control loops.

Such contradictory demands on the bandwidth w, of the attitude control loop will
necessitate some tradeoffs in devising an optimal ACS. For example, suppose our
goal is to maximize the quality of 8, despite the known (or expected) position sensor
noise WNps and the torque noise disturbances WNgw of the reaction wheel assembly.
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Figure 7.3.11 Tradeoff for achieving minimum
noise level at the position output 8.

Suppose also that the noises are quasiwhite when compared to the corner frequency
of the attitude control transfer function, w, > w,. Figure 7.3.11 shows Oﬁ/wups and
or%l/Wan- The total mean square output amplitude of the disturbing noise will be
0% /tor = 04/WNps + 0%/ WNgy- The minimum value of 8%, ot will occur for some op-
timizing value of w,.

ACS without a Position Sensor

As we have seen, attitude accuracy depends very much on the accuracy of
the attitude position sensor. For instance, the accuracy of a good earth sensor is of
the order of 0.03°-0.2° (RMS). However, continuous use of an earth sensor is pre-
cluded if the satellite is to be aimed at objects located in geometrical configurations
for which the earth is outside the sensor’s field of view. Use of the star sensor is not
practical when fast and large maneuvers are performed in space. For such situations,
precise inertial measuring units (IMUs) are used.

Integrating the measured body rates by any one of the techniques described in
Sections 4.7.3-4.7.5 allows us to obtain the position of the spacecraft in terms of
Euler angles, a direction cosine matrix, quaternion vectors, or any other attitude
presentation. Even with perfect RIGs, we still need some attitude position sensor to
measure accurately the initial conditions required for use of the gyros’ rate integra-
tion algorithm. Star sensors, if available, can be used for this purpose. For fast and
large attitude maneuvers, it is common to use earth sensors together with some addi-
tional accurate sensor, such as a digital sun sensor (see Appendix B), to compute the
initial attitude conditions required by the angular rate integration process. From here
on, the ACS relies on the rate integrating gyros only, as shown in Figure 7.3.12.

In the following derivation, the only sensor noise is RIG noise. The accuracy
of the satellite’s attitude position is a function of this noise and of the RW torque
disturbances.

Amplification of RIG Noise According to Figure 7.3.12,

1+2‘fs
sz _ e (7.3.49)
RS s[1+i][l+ s+—57]
We Wn Wy
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Figure 7.3.12  Attitude control system based on rate integrating gyros
(the subscript m denotes “measured”).

It follows that

2
144524 259
62 = WNrs % (7.3.50)
N="4¢ 2tw, w2 -
+—=+—=
We wc
For white noise, w,— o and
2
63— WNrswall +4671 (7.3.51)

4

Computation of the mean square amplification of the RS noise with respect to the
attitude position 0 is not straightforward. The reason is as follows. Because

n
= (7.3.52)
2
Wi s[l +—§—} [l +&+s—2}
We wp wh

we have 6% — o, since the transfer function in Eq. 7.3.52 contains an integration.
This phenomenon is due to (finite) sensor noise at very low frequencies. The physi-
cal interpretation is that, at such low frequencies, the sensor noise becomes the drift
factor of the sensor. The lack of a true (physical) attitude position sensor causes the
drift to be integrated by the kinematic integrator, and the attitude position error aug-
ments without bound. In order to obtain a reasonable useful model for the analysis
at hand, the constant drift term of the sensor’s noise must be eliminated by intro-
ducing a differentiator - accompanied by an additional first-order filter - into the
model. The sensor noise model then becomes

_ WNRsS
T [+ s/wgl1+s/w,]

RSy (7.3.53)

From this model we obtain the required transfer function:
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) [1 + fs]
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= . (7.3.59)

WN 2

RS [1+—S- [1+ > ][1+3§5+32-

Wey Wea wWp wg

EXAMPLE 7.3.1 So far, the control system of Figure 7.3.10 has been simulated to
show the dependence of the variables 6, 4, and T on statistical noise of the sensors
and of the torque controller. For the example at hand:

I =600 kg-m?, w, = 0.15 rad/sec, w =100 rad/sec,
PSy =0.1° (RMS), RWTy =0.2 N-m (RMS).

The time-domain results are given in Figures 7.3.13-7.3.15. They agree well with
the relevant Eq. 7.3.39 for Figure 7.3.13, Eq. 7.3.41 and Eq. 7.3.43 for Figure 7.3.14,
and Eq. 7.3.45 and Eq. 7.3.47 for Figure 7.3.15. The results are summarized in Table
7.3.1. The difference between the analytical and the simulation results is due to the
finite simulation time 7 = 400 sec and to the finite integration time of 0.001 sec.
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Figure 7.3.13 Response of the rate state 0y and its RMS value
to position sensor noise.
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Figure 7.3.14 Responses of the position state 8y, the control
torque 7y, and their RMS values.

Table 7.3.1 Comparison between analytical and
time-simulation results

ONRMS) | BN(RMS) |7.n(RMS) [ 6y(RMS) | On(RMS)
PSn(RMS) |PSn(RMS) |PSn(RMS) |RWx(RMS) |RWN(RMS)

q(..) [ 4.110° 0.03 135 [3.04310¢ [ 20210° |
[simulation | 3.94 10° 0.02 13.49 | 2726 10* | 1.8210° ||
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1.4 Magnetic Attitude Control
7.4.1 Basic Magnetic Torque Control Equation

B

" s et

Interaction between a magnetic moment generated within a spacecraft and
the earth’s magnetic field produces a mechanical torque acting on the spacecraft:

Tp=MxB, (7.4.1)
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where M is the generated magnetic moment inside the body and B is the earth’s mag-
netic field intensity. Equation 7.4.1 can be written in matrix form as

L, 1, 1,
Te=|M, M, M, | (7.4.2)
B, B, B,
Equation 7.4.2 can be rewritten as
Tgy 0 B, -B, || M,
Ty |=| -B, O B, M, |. (7.4.3)
TBz By —B, 0 M,

For a desired torque Tp =T, to be applied on the spacecraft, we must generate the
magnetic moment vector M = [M, M, MZ]T. However, we cannot invert the matrix
in Eq. 7.4.3 because this matrix is singular (see also Section 5.3.4). The solution to
our problem lies in replacing one of the magnetic torqrods with, for instance, a reac-
tion wheel. By exchanging the Yp magnetic torqrod with a RW, Eq. 7.4.3 is accord-
ingly changed to

[ 7, ] 0 0 -B|[M]
Tay [=| =B, 1 B, || huy |- (7.4.9)
| T3, | B, 0 0 | M, |

The matrix in Eq. 7.4.4 does have an inverse, so

[ M, ] 0 o0 B [T,

M
hw |=33| BxBy B} BB, || T, | (7.4.5)

M, ’L-B, 0 0 || T.

L

Equation 7.4.5 is the basic equation for magnetic attitude control. In this equation
B, B,, B, are the three components of the earth’s magnetic field intensity, measured
in the satellite body axes frame.

There is also the possibility of replacing the Xy or Zy axis magnetic torqrod with
a reaction (or momentum) wheel. For the second option, a reaction wheel with its
axis aligned along the Zy body axis, the control equations become ’

M, : 0 -B, O T,
{Vl, =357 B, 0 0 T, | (7.4.6)
he| "¢\ BB, BB, B| T,

A simple model of the earth’s magnetic field approximates it as a dipole, passing N-S

through the center of the earth’s globe but deviating from the Z axis by 17° (see Mc-
Elvain 1962). More sophisticated models are based on series expansions (Wertz 1986).

1.4.2  Special Features of Magnetic Attitude Control

The earth’s magnetic field intensity is proportional to m/R3, where R is the
distance from the center of the earth and m is the magnetic dipole strength (m =
8.1x10' Wb-m in 1962, but m = 7.96 X 10”* Wb-m in 1975). Thus, the strength of

T
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the magnetic field decreases strongly with the altitude of the satellite. In order to
compensate for this loss in magnetic field intensity, the maximum obtainable mag-
netic dipole moment of the magnetic torqrods must be increased accordingly, with
an inevitable increase in dimension and weight. To get an idea of the level of mag-
netic moment required to achieve a defined mechanical torque, Eq. 7.4.1 may also
be written in the following form: Tz = MB sin(a), where a is the angle between the
earth’s magnetic field and the artificial magnetic dipole moment produced inside the
satellite. Assume an average angle of a = 30° during the attitude control stage. In
this case, T = 0.5Mm/R>. At an altitude of 400 km, the mechanical torque on a sat-
ellite from a magnetic torqrod capable of a magnetic moment M = 100 A-m? will
be only 7 =1.28 X10~? N-m. The same magnetic torqrods will provide only T =
5.23x107% N-m at a geostationary altitude of # = 35,786 km. To obtain a torque
of about 10~3 N-m at this high altitude would require a magnetic torqrod capable
of 24,474 A-m?, which is obviously not a practical possibility. Fortunately, geosta-
tionary satellites encounter disturbances of only about 15 X 10~ N-m, so magnetic
torgrods capable of 350 A-m? are sufficient for stabilization. (See also Chapter 8.)
These numbers show clearly why an attitude control system based on magnetic con-
trol torques cannot achieve fast attitude maneuvers, especially at very high altitudes.
With low-orbit satellites, it it still possible to achieve moderately fast attitude maneu-
vers using magnetic control.

Another drawback in magnetic attitude control is the dependence of the earth’s
useful magnetic field on orbit characteristics, and also on the location of the satellite
within the orbit. A simplified model of the earth’s magnetic field, as related to the
orbit reference frame (see Section 4.7.2), is given in McElvain (1962). For the con-
venience of the reader, this model is reproduced here:

on cos(a—17,,) Sin(sm) )
By |=o3 cos(,,) . (1.4.7)
By —2 sin(a —n,,) sin(€)

InEq.7.4.7, a =w+ 6 of Figure 2.6.2, 7,, is a phase angle measured from the ascend-
ing node of the orbit relative to the earth’s equator to the ascending node of the orbit
relative to the geomagnetic equator, and £, is the instantaneous inclination of the
orbit plane to the geomagnetic equator. The functions %, and £, are both time-
varying, but if w, >> w, then they can be assumed as constant over a small number of
orbits (w, and w, denote the orbital and the earth’s rotation frequencies). For equa-
torial orbits, £, is constant (17° in 1962) and 73,, = w,?. In Eq. 7.4.7, it is clearly seen
that the X and Z components of the earth’s magnetic field intensity in the orbit refer-
ence frame are harmonic functions of the orbital period, whereas the Y component
is a slowly varying function that can become negative for £,, > 90° or for orbits with
inclination greater than 90° —17° = 73°. This is important when we consider Eq. 7.4.5
and Eq. 7.4.6. For the control equation (Eq. 7.4.5), M, =T,,/B,. If B, does not
change sign then there are no singularity problems in computing M,; the same is true
for M,. On the other hand, using the control configuration defined by Eq. 7.4.6, with
the reaction wheel axis aligned with the Zg body axis, a singularity problem arises
periodically when computing M, and M, since B, changes sign, thus complicating
the control algorithm. Moreover, according to Eq. 7.4.7, for an orbit inclined 40°
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the maximum amplitudes of the harmonic components of M, and M, vary by a fac-
tor of at least 2, which renders the attitude magnetic control laws time-varying. In
any case, a three-axis magnetometer is necessary when the magnetic control law is
implemented.

As already mentioned, the magnetic field intensity is strongly dependent on the
inclination of the orbit. For a dipole model of the earth’s magnetic field, the magni-
tude of the field intensity is given by:

|B| = '1% 1+3sin2(A), (1.4.8)

where A is the elevation angle with respect to the plane that is perpendicular to the
magnetic dipole axis. From Eq. 7.4.8 it is evident that the magnetic field for a polar
orbit can be twice as strong as that of an equatorial orbit.

7.4.3 Implementation of Magnetic Attitude Control

The achievable levels of torques using magnetic torqrods are very limited.
Saturation limits are easily attained, thus rendering the control law strongly non-
linear. The bandwidth of the control loops must be chosen accordingly, in order to
prevent saturation of the controller. But since it is impossible to preclude saturation
of the magnetic controllers entirely, it is advisable to scale down the inputs to the
magnetic torqrods and the RW according to the level of the saturated one, which will
at least keep the controlled Euler rotation axis unchanged. See Section 7.2.3.

EXAMPLE 7.4.1 A satellite in a circular orbit of 800-km altitude has the follow-
ing moments of inertia: I, = 30, I, = 40, I, = 20 kg-m?. Saturation level of the mag-
netic torqrods is 150 A-m?2, and the reaction wheel has a torque capability of 0.2 N-m.
The closed-loop bandwidths of the three axes were chosen to be w,, = 0.1, w,, = 0.3,
and w,, = 0.1; the damping coefficient ¢ = 1.0.

The time-domain results following Euler angles command inputs of y.om =1°,
Bcom = —4°, and ¢y, = 3° are given in Figures 7.4.1-7.4.3. Figure 7.4.1 shows the
Euler angle outputs. Figure 7.4.2 shows the control command inputs to the three sat-
ellite controllers - two magnetic torqrods aligned with the Xz and Zy axes and one
reaction wheel whose rotation axis is aligned with the Yg body axis. As shown in the
figure, the commanded torque on the Xy axis amounts to more than 10 mN-m, which
the magnetic torqrods cannot provide. A saturation of the Zy axis magnetic torgrod
is present, as expected; see Figure 7.4.3. The X axis magnetic moment command M,
has been decreased proportionally to about 40 A-m?, so that the direction in space
of the commanded Euler axis of rotation remains constant (see Section 7.2.3). As
expected, the torque produced by the magnetic torgrods is also saturated, to about
3.0 mN-m about the X body axis. The same proportional reduction is also per-
formed on the reaction wheel torque command.

The time histories described in Example 7.4.1 show that satisfactory attitude con-
trol can be achieved by using magnetic torques, albeit with slower time responses.
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Figure 7.4.1 Euler angles attitude responses to angular step commands.

Assuming that this response is acceptable, such a configuration has the advantage of
being much cheaper than an ACS incorporating three reaction wheels, since the cost
of a magnetic torqrod is typically one tenth that of a reaction wheel.

It is important to realize that, as seen in Eq. 7.4.3, M, and M, produce also a para-
sitic torque about the Y axis. This disturbance torque on the Yp axis is easily handled
by the torque capabilities of the reaction wheel, which are greater than those of the
magnetic torgrods by at least one order of magnitude.

15 Magnetic Unloading of Momentum Exchange Devices

7.5.1 Introduction

As explained in Section 7.3.3, external disturbances acting on the body of
an attitude-controlied s/c induce accumulation of momentum in the momentum ex-
change devices. This excess momentum might bring the wheels to improper working
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Figure 7.4.2 Control torque commands to the two magnetic torqrods
and the reaction wheel.

conditions. Moreover, the existence of angular momentum in the satellite causes con-
trol difficulties when attitude maneuvers in space are executed, because this super-
fluous momentum provides the spacecraft with unwanted gyroscopic stability. For
this reason, three-axis stabilized attitude-maneuvering spacecraft are basically zero-
bias-momentum systems.

Excess momentum must be unloaded when it exceeds some predetermined lim-
iting value. The two primary control hardware items used to dump the wheels are
magnetic torgrods and reaction thrusters. We will focus our attention on the first of
these options.

15.2  Magnetic Unloading of the Wheels

Magnetic torgrods generate magnetic dipole moments whose interactions
with the earth’s magnetic field produce the torques necessary to remove the excess
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Figure 7.4.3 Magnetic dipoles produced by the magnetic torqrods.

momentum. This momentum unloading strategy is quite simple in principle, and
was first proposed in the sixties (see McElvain 1962, Stickler and Alfriend 1976, Leb-

sock 1982).
The basic control equation for momentum unloading is

T =—k(h—hy) = —kAh. (7.5.1)

In this vectorial equation, k is the unloading control gain, h is the wheel’s momen-
tum vector, h, is the desired and nominal wheel momentum vector, and (h—hy) =
Ah is the excess momentum to be removed.

The magnetic torque equation was previously stated to be T = M xB. Together
with Eq. 7.5.1 this yields

—kAh =M XB. (7.5.2)

However, the control magnetic dipole vector M cannot be computed from Eq. 7.5.2
(see Section 7.4.1). Using vector product by B on both sides, Eq. 7.5.2 becomes

CeEER e
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B X (—kAh) = B X (M xB) = BZM—B(M-B). (7.5.3)

With some simplifying assumptions, we can find M from Eq. 7.5.3. Suppose that
the applied M happens to be perpendicular to the earth’s magnetic field B. In this
case M+B (which is a scalar product) is zeroed, and from Eq. 7.5.3 we have

M= —%(BxAh). (1.5.4)

This control magnetic moment produces a magnetic torque that is not exactly pro-
portional to the excess momentum:

= —%[BZAh—B(B-Ah)]. (7.5.5)

Physically, Eq. 7.5.2 states that no torque can be obtained about the earth’s mag-
netic field B and, moreover, that if the excess momentum to be dumped is parallel to
this vector then the wheels cannot be unloaded. Fortunately, for most inclined orbits
this condition does not continue indefinitely: both the direction and the amplitude of
B with respect to body axes will vary during an orbit, and an average removal of the
€xcess momentum takes place. In any case, the effectiveness of momentum unloading
depends very much on the specific orbit in which the satellite is moving. For equa-
torial orbits, the efficiency is quite low.

Equation 7.5.4 can be put in more explicit form:

M, o [ Brah.—B.an,
M, |=~33| B.AR~B.Ah, |, (7.5.6)
M, B,Ah,—B,Ah,

where B,, B,, B, are the measured earth magnetic field strength components in the
body axis frame. Hence, a three-axis magnetometer is imperative. The excess mo-
mentum Ah is known from measuring the wheel’s angular velocities and transform-
ing their components to body axes, so that the components of the magnetic dipole
moment M can be computed also in body axes using Eq. 7.5.6. The saturation level
of the magnetic torqrods must be such that they can provide torques larger than the
external disturbing torques causing the momentum loading of the wheels; this was
discussed in Section 7.4.2. Our remaining task is to evaluate k.

1.5.3  Determination of the Unloading Control Gain k

The control system is time-varying, because the components of the earth’s
magnetic field in the orbit reference frame are also time-varying and depend strongly
on the orbit parameters. Moreover, the control law expressed by Eq. 7.5.6 was ob-
tained under the dubious assumption that the commanded magnetic dipole moment
M is always perpendicular to the earth’s magnetic field B. Hence, an analytic pro-
cedure to obtain the correct value of k¥ does not seem to be feasible. In our analy-
sis, k is obtained by the often useful “cut-and-try” method. Several simulations with
different ks are performed until an acceptable steady-state excess momentum re-
mains, with limited control magnetic dipole moments. We note that excessive mag-
netic torques are accompanied by larger power consumption and larger dimension and
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weight of the magnetic torgrods, and might also interfere with the primary task of
achieving good attitude control.

EXAMPLE 7.5.1 A satellite has the following physical specifications: I, =1,000,
I,= 500, I, =700 kg-m?. The satellite is in a circular orbit at an altitude of 400 km,
and an inclination of 40°, with its Y axis perpendicular to the orbit plane. External
disturbance torques of 10~ N-m are foreseen about the Yy body axis. The overall
excess momentum in the satellite must not exceed 3 N-m-sec. The satellite’s attitude
is stabilized with the aid of three reaction wheels, whose rotational axes are aligned
with the principal body axes.

Solution According to the discussion in Section 7.4.2, magnetic torqrods
that produce 100 A-m? are sufficient at this low altitude. For a constant disturbance
about the Yp axis, the excess momentum of the wheel aligned with the Yy axis will in-
crease indefinitely (k = 0; see Figure 7.5.1). The excess angular momentum of the
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Figure 7.5.1 Increase of the excess momentum in the Yy reaction
wheel due to Ty, k= 0.




194 7 / Attitude Maneuvers in Space

CASE B. MAGNETIC DESPIN
PSIDEG

6.9

v [deg] x 10°*
2

~10.

0. 2. 4. €. . 10, 2. 14 10, J@. 2w
Time [sec] x 10?

0 [deg] x 10*
-2.

~10.

0. 2. 4. €. 6. 10 120, 0. 1@ i@ 2.
Time [sec] x 10?

FIDEG
1 AN A
=t : N N N
> : : M N M :
— g .
o0 4
=) :
— :
g : : : : : : : : :
'o. 7 @ 4. ®. . 1w 12 1€ o, i@ .

Time [sec] x 10?

Figure 7.5.2 Attitude disturbances due to the momentum unloading control.

remaining wheels is obviously null. With a momentum dumping control gain k =
0.001 and the same disturbance of 103 N-m about the Yy axis, Figure 7.5.2 shows
that no noticeable attitude disturbances are developing. On the other hand, the excess
momentum of the Yy axis wheel is well controlled, and limited to less than 2 N-m-sec.
The average momentum about the two remaining wheels is null, as expected, since
there is no disturbance about the Xy and Zy axes (see Figure 7.5.3). The magnetic
dipole moments of the magnetic torqrods are shown in Figure 7.5.4.

Figure 7.5.5 shows the excess momentum in the three reaction wheels when an
additional disturbance about the Xy axis is applied, 7;;, = 0.001 N-m. In this figure,
average excess momentums of about 0.5 N-m-sec in the Xp reaction wheel and about
0.8 N-m-sec in the Zg reaction wheel are perceived. Because of the assumptions made
in Section 7.5.2, an excess momentum accumulates also in the Zg wheel, although
no disturbance about this axis was applied.
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Figure 7.5.3 Limited excess momentum achieved with k = 0.001.

1.6 Time-Optimal Attitude Control

7.6.1 Introduction

Time-optimal control is used in spacecraft attitude control to minimize the
time of attitude orientation of the satellite in space. For a sky observation satellite, it
is important to be able to reorient the satellite from one to another part of the sky in
minimum time, so that a maximum quantity of observations can be performed when
the satellite is favorably located. The same criterion holds for earth-observing satel-
lites; low-orbit s/c stay in the region to be observed for a short period of time and, in
order to collect the maximum quantity of data, the satellite must be maneuvered in
the shortest possible time. For a one-axis reorientation, the time-optimal control is
a bang-bang control (Elgerd 1967, Bryson and Ho 1969). For a three-axis reorienta-
tion, the time-optimal control is not an eigenaxis rotation about a chosen control axis
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Figure 7.5.4 Magnetic dipoles produced by magnetic torgrods to counteract 7,.

(Bilimora and Wie 1993). A complete treatment of time-optimal reorientation in
space, based on optimal control theory, can be found in Junkins and Turner (1986).

The transfer function methods that are so indispensable in linear system analysis
cannot be used for time-optimal control systems, where the controller is drawn into
heavy saturation in order to deliver to the satellite the maximum physically obtain-
able angular accelerations. The satellite dynamics equations in time-optimal control
are characterized by a linear second-order plant and a nonlinear maximum-effort or
on-off controller. The resulting control problems are most efficiently analyzed in the
phase plane.

Time-optimal control theory cannot in itself provide a practical time-optimal ori-
entation without taking into consideration some practical physical constraints, such
as control time delays, uncertainty in the levels of the maximum control acceleration
and deceleration, additional time constants existing in the satellite hardware, struc-
tural dynamics, and so on. We will see that these physical constraints have a major
impact on the achievable qualities of the time-optimal orientation control schemes.
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Figure 7.5.5 Bounded accumulated excess momentum in the three
reaction wheels with disturbances about the Yy and Xy axes.

7.6.2 Control about a Single Axis

The basic time-optimal control is a bang-bang control. The plant consists of
two integrators, preceded by the moment of inertia I of the satellite about the ori-
entation axis. We assume here that the torque controller is a reaction wheel, although
the analysis can as well be carried out with other torque controllers (e.g., propulsion
thrusters). The maximum torque about the axis depenids on the reaction wheel capa-
bilities Ay max = Tmax- If two wheels are aligned about the orientation axis, the maxi-
mum torque capabilities are augmented accordingly. The maximum angular acceler-
ation and deceleration for one wheel are Upgx = £Tmax /1. (For simplicity, we shall
use ¥ = Upayx.) Let us also define

ep=e=dom—¢ and eqs =¢é¢= écom —qsy (7.6.1)

where ¢.om and ¢.om are the Euler command angle and its derivative.
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Figure 7.6.1 Ideal and practical time-optimal control solution.

Given these definitions, the time-optimal control behavior is shown in Figure
7.6.1. In this figure, we define the switching curve; any initial condition of é and e
moves on this curve toward the origin, thus completing the optimal trajectory. The
basic equations for acceleration and deceleration are

$I= 2T, (7.6.2)

I = + Tt + dol, (7.6.3)
2

ol = iTmu% +dol+dolt. (7.6.4)

The switching curve is a parabolic curve passing through the origin. In this case,
from Eq. 7.6.3 and Eq. 7.6.4 we obtain the equation for this curve:

1 ., .
¢ = —E¢I¢I- (1.6.5)

For any initial conditions in the phase plane, the motion from point A to point
B is on an acceleration path. When point B on the switching curve is reached, the
torque T (and accordingly the acceleration # also) changes sign. In Figure 7.6.1.a, in
the deceleration motion on the arc BC, the angular motion reaches the origin C and
the time-optimal cycle is completed. Because of time delays in the control system and
since the moment of inertia / and the torque T are not exactly known, some “chatter-
ing” about the origin is inevitable. To eliminate this effect, a conventional linear con-
trol solution will replace the bang-bang solution near the origin.

In the linear range, the torque command 7 will have the following expression:

T.=Ke+K_ e, (7.6.6)

where K and K, are computed in the standard way for a second-order linear feed-
back system. If the closed-loop feedback system is to have a natural frequency w,
and a damping coefficient £, then

K=w2l and K;=2tw,l. (1.6.7)
The linear range mode is entered when
|é] < Trax/K 4. (7.6.8)
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T = Ke +Kge

T=sien[Ty,y, 71 T =T

Figure 7.6.2 The quasi-time-optimal attitude control algorithm.

In Figure 7.6.1, the axes are e and é. The phase plane shows paths for the initial val-
ues ey and é,. The complete control algorithm is summarized in the flow chart of
Figure 7.6.2.

EXAMPLE 7.6.1 In this example, we suppose that I = 600 kg-m?, £ =1.0, w, = 0.5
rad/sec, Trpax = 0.4 N-m, and ¢, = 2°. With the nominal moment of inertia and no
time delays in the feedback loop, the time-domain behavior is a quasi-time-optimal
bang-bang solution (see Figures 7.6.3). With a virtually continuous control system
(Tiam = 0.01 sec), the time behavior is the nominal bang-bang solution until the linear
range in Figure 7.6.1.b is approached. The phase-plane behavior e viz. e¢ is shown
in Figure 7.6.3.d.
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Time[sec]
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Figure 7.6.3 Time-domain behavior of quasi-time-optimal continuous control.
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Figure 7.6.4 Quasi-time-optimal solution with sampling time T, = 0.2 sec.
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Figure 7.6.5 Quasi-time-optimal solution with sampling time of 2.5 sec.

The same control system has been simulated with T,,, = 0.2 sec, which is a com-
paratively short sampling time. The time behavior in Figures 7.6.4 shows clearly the
difference from the case of time optimality, but still there is a single entrance to the
linear range in Figure 7.6.4.d. An overshoot of 10% in ¢ may be discerned.

With the much larger sampling time of T, = 2.5 sec, the control solution is un-
acceptable; this is evident in the time responses shown in Figures 7.6.5. The large
time delay, generated by the exaggerated sampling time, causes the decelerating path
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to miss the entrance to the linear range, resulting in a large oscillatory motion about
the origin. This is unacceptable behavior, which can be overcome as described in the
following section.

7.6.3  Control with Uncertainties

The time-optimal behavior in Figure 7.6.3 is achieved under ideal condi-
tions: there are no time delays in the control loop, the moment of inertia of the sat-
ellite is known exactly, and the theoretical maximum torque 7},,, used in the con-
trol equations exactly equals the actual activating torque. In practice, the activating
torque T might be larger (or smaller) than T,,,,. In general, owing to sampling fea-
tures of the controller and to additional delays in the control loop, the actual time
behavior of the control system will deviate from the nominal time-optimal solution
as follows (see Pierre 1986):

(@) if T< T,,,,, then an overshoot in the time behavior is to be expected;
(b) if T> T,,,,, atime delay At in the control loop gives rise to a chatter along
the switching line. ~

sesllie Looe

The path in the phase plane in Figure 7.6.1 is a parabola, until point B is reached.
Because of the finite time delay, the path - after point B is reached - actually over-
shoots the nominal switching line DC by a small amount; then the torque reversal
sends the path back across this line, reversal occurs once more, and so on, giving rise
to the chatter effect. The smaller the time delay Az, the smaller the chatter amplitude
but also the larger its cycling frequency. With practical intermediate time delays, the
amplitude of the chatter might be well pronounced, as shown in Figure 7.6.6 (path 2
in the phase plane).

Figure 7.6.6 simulates the behavior of the quasi-time-optimal control law of Ex-
ample 7.6.1 in the phase plane for the following uncertainty conditions.

Path 1: The nominal time-optimal solution, with no time delays and exactly
known activating acceleration Upay = Tiax /1. (We have set u= U__,.)

Path 2: T =1.5T,,,, At = 0.2 sec. The chatter effect is clearly perceived.

Path 3: T =0.5Tp,,, At = 0.0 sec. The acceleration time is longer, and the time-
optimal behavior is maintained in the accelerating period. However, in the decelera-
tion period the activating torque is smaller than expected so the path does not fol-
low the switching curve, and this leads to an overshoot, followed by an undershoot,
et cetera, until the origin is reached. If the torque controller is a reaction wheel then
this chatter will lead to a waste of electrical power, which is not too disturbing. But
in the case of reaction torque control the chatter is accompanied by a large waste of
fuel, which cannot be tolerated from the system engineering point of view; in these
cases, chattering must be prevented.

[
R St

7.6.4  Elimination of Chatter and of Time-Delay Effects

Time-optimal control is needed so that delays, as well as the uncertainty of
the physical level of the applied torque in the feedback loop, are compensated for.
Our analytical derivation follows closely that of D. Verbin (MBT, Israel Aircraft
Industries).

[P ST
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Figure 7.6.6 Phase-plane behavior of the time-optimal control law with
different time delays and uncertainty in the level of the activating torques.

In Figure 7.6.7, when the switching curve is reached and the command for decel-
eration is issued, the path will not follow the switching curve exactly because of time
delays in the control loop. Instead, a delayed path will be followed. To compensate
for this delay, the switching command for deceleration must be issued earlier on the
acceleration path: at point 2, before the switching curve is attained. Knowing the
maximum time delay in the control loop, it is possible to advance the “switch to de-
celeration” command to point 2. Because of the delay, the new deceleration curve
will reach point 3 - which is on the nominal switching curve — and the overshoot in
the time response will be avoided.

Figure 7.6.7 Definition of a new switching curve for
compensating the time delays in the control loop.
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Points 2 and 3 are located on the path of maximum acceleration. Thus we have

&3 =, —uAt, (7.6.9)
3= ¢+ d,At—(u/2)Ar?, (7.6.10)
63 =3 -2u(é;—9,). (1.6.11)

Point 3 also satisfies Eq. 7.6.5, since it must be located on the original switching
curve. Hence

é3 = $3/2u. (1.6.12)
Together with Eq. 7.6.11, we have

63 = (63+2ue,) 2. (7.6.13)
From Eq. 7.6.13 and Eq. 7.6.9 we obtain, after squaring both sides,

(63 +2u¢,)/2 = §3—2uAtd,+uAt>. (7.6.14)
Equation 7.6.14 can be put in the following form:

&2 =93/2u—2A1d,+uAt?; (7.6.15)

this equation is true for ¢ < 0. In order to hold also for ¢ > 0, it should be rewrit-
ten as

b2 = —$3|d2|/2u—2A1hy—uAt*(d,/]d,)). (7.6.16)
With no internal delays in the control loop, A? =0 and Eq. 7.6.16 is equivalent to
Eq. 7.6.5. In order to eliminate chatter, we shall define a kind of linear solution be-
tween the switching curves expressed by these two equations. Using once more the
definitions of Eq. 7.6.1, we can rewrite Eq. 7.6.5 and Eq. 7.6.16 as
e, = —¢|é|/2u, (7.6.17)
e, = —é|é|/2u—2Até—uAr?(é/)é)). (7.6.18)
The control moment T is computed between the two paths by a linear interpolation.
For ¢ < 0, we obtain

_e—¢g e—e _2e—e—e,
T;: - ez—€1 (+Tmax)+ ez"‘el ( Tma.x) - es—e Tmax' (7619)
Foré> 0,
7= atea=2e, (7.6.20)
é—e
For both é < 0 and ¢ > 0, Eq. 7.6.19 and Eq. 7.6.20 become
T.= Mir (7.6.21)

eZ_el lél max*
Insertion of e, and e, from Eq. 7.6.9 and Eq. 7.6.10 into Eq. 7.6.13 leads to:

_ N _ _ 2 - — *
(el/u)e—24ate—udr*(¢/|é)—2e ¢ . (1.6.22)

T.= Z2Ate—ubt?(é/|é)) o] ™
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Compute T |
According to Eq. 7.6.23 —<ITIs Ty

T, -sign/T,, .1

Figure 7.6.8 Time-optimal control with compensation
for At and p, the uncertainty in T,,,,.

In the foregoing analysis ¥ = T, /1, where T, is the nominal maximum torque
that the reaction wheel can apply on the satellite. Since we assumed that the applied
torque was no longer the nominal one, let us define & = (T, /I)(1— p), with p ex-
pressing the deviation of the applied acceleration from the nominal; p combines the
uncertainties in both 7;,,, and 7, and so is a kind of margin factor. The value of p
must be chosen such that, for the expected uncertainties in the existing torque level,
chatter will not be present. However, after the margin factor p is selected, the solu-
tion.will remain suboptimal only for the case in which i exactly suits f‘max, the new
physically applied torque.

With these definitions, the final equation for the computed torque becomes:

|é] : 2 . ,
T= 1,8)|Trax- 7.6.23
[ﬁAt(2|é|+ﬁAt)e+ arje|+aan ¢ T en(1: €)| Tmax (7.6.23)
With the torque value to be applied as calculated via Eq. 7.6.23, we can modify the
flowchart of the control algorithm shown in Figure 7.6.2; this modification is shown
in Figure 7.6.8. Example 7.6.2 uses Eq. 7.6.23 to demonstrate the elimination of the
chatter effect.

EXAMPLE 7.6.2 In this example, T, = 0.5 sec. We choose p = —1, which means
that the applied torque can be twice the nominal maximum torque: 7, = 2T;nay.
Simulation of the time-optimal control law with Az = 0.0 sec (uncompensated) and
an applied torque of 27;,,, shows a chatter in the time response of the system (see
Figure 7.6.9). As expected, using Af = 0.5 sec and p = —1in Eq. 7.6.23 eliminates the
chatter effect completely (see Figure 7.6.10). In Figure 7.6.11, the time responses of ¢
for the compensated and uncompensated cases are superimposed. The figure shows
that elimination of the chatter effect does not appreciably compromise the optimal-
ity of the time-optimal control solution. On the other hand, with 0 < p < 1, the time
response will be slower and with an appreciable overshoot.
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Figure 7.6.9 Time-optimal solution without compensation for the
time delay and augmented applied maximum torque.
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Figure 7.6.10 Time-optimal solution with compensation for the
time delay and augmented applied maximum torque.

The preceding example concludes our analysis of single-axis time-optimal control.
The three-axis time-optimal problem is outside the scope of this text; the interested
reader is referred to Junkins and Turner (1986), Bikdash, Cliff, and Nayfeh (1993),
and Bilimora and Wie (1993).
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Figure 7.6.11 Time-optimal control with chatter compared
to compensated time-optimal control without chatter.

7.7 Technical Features of the Reaction Wheel

We have used the RWA as the primary torque controller when accurate and
time-optimal attitude control was mandatory. In practice, choice of the right wheel
depends on the performance to be achieved by the satellite’s ACS. There are some
basic technical features that a reaction wheel must possess if the desired performance
parameters of the satellite’s ACS are to be achieved. These include: maximum achiev-
able torque; maximum momentum capacity; low torque noise; and low coulomb fric-
tion torques.

The following simplified analysis will help define the first two necessary features,
which pertain to the attitude change about a single axis of the satellite. The total mo-
mentum about one of the axes is Hg = Hs+ H,,, where H,, is the momentum of the
reaction wheel about the satellite rotation axis and Hy is the momentum of the satel-
lite about the same axis. Since there are no external moments, H; = Hs+ H,, =0 and

Hg=-H,. (7.7.1)

As in the discussion of Section 7.6, time-optimal attitude control is obtained by de-
livering maximum angular accelerations and decelerations to the s/c by the reaction
wheel. The angular motion of the satellite and of the reaction wheel caused by the
application of torques by the reaction wheel is shown in Figure 7.7.1.

0¢—

Hs=-H 6,2

W

o\

B NG .
L s .
L iy 3 =t
S | 'Hw -H

Figure 7.7.1 Relationship between the momentum delivered by
the reaction wheel and the angular rotation of the satellite.
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To obtain a positive rotation of the satellite, a negative moment —H,, = Hg must
be delivered by the reaction wheel between ¢, and ¢,. The momentum of the satellite
will increase in that period by the following amount:

—Hy X (t;—t)) = Hs X (t;— 1)) = Hs(1y). (7.7.2)
The satellite will rotate in the same period of time to 8(¢,):

(t—1)2 _ . (h—1)?
7 T

In a time-optimal trajectory, we must set 73 = #;. The final angular rotation is then

0¢=20(t,), or

_ Hs(t,—1)? _ _ Hy(t;—14)?
Is Is )

The performance of the attitude control demands that an angular rotation 6; be

achieved within a given time #;. Hence, ¢, 1) = #;/2. Finally,

_ 4Is6;

= s

-H,

= Is0(t,). (1.1.3)

0¢ (7.1.4)

H, (7.7.5)

During the acceleration stage, (#,—1?,) = 0.5¢;, the momentum of the satellite in-
creases to

. .t
Hg(ty) = —H,(t— 1) = -—Hw—zi; (1.1.6)
the reaction wheel must be able to accumulate the same level of momentum, so
2750 -
H,= ts L (1.1.7)
£

EXAMPLE 7.7.1 An attitude control system is designed to follow an attitude rota-
tion of 0.2 rad in 10 sec, where the moment of inertia about the rotation axis is Is =
100 kg-m?. To specify the characteristics of the reaction wheel for this control speci-
fication, the following relations are used:

maximum torque = H,, = 4_“%.(;:_02. = 0.8 N-m;
. 2x100x0.2
maximum momentum = 0 = 4 N-m-sec.

If the calculated parameters for the potential reaction wheel are too difficult to
acquire with existing commercial and space-qualified wheels, the attitude control
specifications must be lowered. Reconsidering Figure 7.7.1, this would involve an
increase of the acceleration period (¢, — ;) as well as a forceful prolongation of the
final time #; of the attitude maneuver. Another constraint in activating the reaction
wheel is the heating of the stator of the electrical motor due to prolonged torque op-
eration. This difficuity can be partially eliminated by torque control maneuvers in
which the acceleration and deceleration stages are separated by a no-control torque
period, as in Figure 7.7.1.
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Until now, our calculations of maximal accumulation by the momentum wheel
have been based solely on attitude-maneuvering specifications. However, there is an-
other factor that must be considered. We have already treated the subject of momen-
tum saturation and dumping of the reaction wheel (Section 7.3.3). Any external dis-
turbance will add momentum to the wheel, which must be periodically dumped.
Generally, because of mission constraints, there is some minimum period of time
I4ump during which dumping is not allowed. The reaction wheel must be designed so
that it can retain any momentum accumulated during #4,,, Without adverse effects.

Finally, specifying the maximum acceptable torque noise is based on our analysis
in Section 7.3.6. An example of acceptable torque noise levels in different frequency
spectrum ranges is shown in Table C.4.1 (p. 395).

7.8 Summary

The present chapter dealt with the critical subject of satellite attitude ma-
neuvers. The two most important factors influencing maneuver quality are the char-
acteristics of the torque controllers and of the attitude sensors. Torque controllers
are characterized by the maximum torques they can produce, and by the level of
parasitic disturbing torques. Attitude sensors are characterized by their accuracies,
and also by their parasitic noises and biases.

Under the constraints of the physical characteristics of the control hardware, max-
imum performance was achieved by minimizing amplification of sensor noise and
of the controllers’ disturbing torque noises. Also, time-optimal techniques were used
in order to take full advantage of the maximum torques that controllers can deliver.
Finally, we examined momentum management of a multi-reaction wheel system,
together with momentum dumping of the momentum accumulated in the wheels due
to external torque disturbances.
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CHAPTER 8

Momentum-Biased Attitude Stabilization

8.1 Introduction

Momentum-biased satellites are dual-spin satellites that do not consist of
two parts (platform and rotor) as described in Chapter 6. Here, constant angular
momentum is provided by a momentum wheel - a momentum exchange device de-
scribed in Chapter 7. Momentum-biased satellites are three-axis-stabilized as fol-
lows: (1) the momentum bias provides inertial stability to the wheel axis, which is per-
pendicular to the orbit plane; and (2) the torque capabilities of the wheel about the
wheel axis are used to stabilize the attitude of the satellite in the orbit plane. Most
communications satellites, especially those operating in geostationary altitudes, are
momentum-biased.

As we shall see, the momentum bias is not sufficient to stabilize completely the
momentum axis in space. Active control means are generally added to assure an
accurate attitude stabilization, keeping the attitude errors within strict permitted
limits. Common controllers are magnetic torqrods, reaction thrusters, or even an
additional small reaction wheel.

An unusual and important feature of momentum-biased satellites is that their
yaw attitude error need not be measured, rendering that difficult task unnecessary.
Different control schemes based on the momentum-bias principle will be treated in
this chapter. See also Dougherty, Lebsock, and Rodden (1971), Iwens, Fleming, and
Spector (1974), Schmidt (1975), Lebsock (1980), and Fox (1986).

8.2 Stabilization without Active Control
The orbit reference frame was defined in previous chapters as follows: the

Zy axis points toward the center of mass of the earth; the Y axis is normal (perpen-
dicular) to the orbit plane; the Xy axis completes a right-hand three-axis orthogonal

Orbit Xg
Mwé
—T

Figure 8.2.1 Definition of the reference frame
and the direction of the MW axis.
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frame, and points in the direction of the orbiting satellite. For a circular orbit, the
Xy axis coincides with the velocity vector of the satellite. The axis of the momentum
wheel (MW) is nominally in the direction of the normal to the orbit plane. (See Fig-
ure 8.2.1.) The angular dynamic equations of the system at hand emerge from Eqgs.
4.8.14 with respect to a single momentum wheel, the one with its axis aligned on the
Yp body axis. This means that only the control variables A, and liw, will remain in
the equations.
For notational simplicity, we define

a=4d0X(L,—1), b=-uw,(ly+I,-1), c=wi(l,~1I), d=3wXI~1I).
Given our reference frame and the definitions just listed, Egs. 4.8.14 become

Tiz+ Top = L+ [—b+hy))d+[c—wohyylY,

Tyx+ Tex = Lid+[a—wohyy)¢ —[—b+hy,l¥, 8.2.1)

Ty + T, = L6+d0+ h,,y,

where A, stands for A, of Eqgs. 4.8.14.

The approximated Egs. 8.2.1 show that it is possible to separate the first two equa-
tions, pertaining to the X and Zg body axes, from the third equation, which is the
pitch dynamics equation about the Yi body axis. The pitch attitude is controlled with
the torque capabilities of the momentum wheel, namely Iiwy, in exactly the same way
as explained in Section 7.3. The momentum of the wheel, set initially at some nomi-
nal bias value, may change owing to external disturbances acting about the Yp axis;
the additional momentum must be dumped, as described in Section 7.3.3.

The more difficult attitude stabilization problem exists in the Xg-Zg plane of the
s/c dynamics. Let us take Laplace transforms of the first two of Eqgs. 8.2.1 for con-
stant disturbances about the X and Zy body axes, and also for initial conditions of
the Euler angles and their derivatives. The constant 4, in Eqs. 8.2.11is, in any prac-
tical system, large enough to justify neglecting the terms a, b, and c¢. For instance,
these terms become much smaller than the specified 4, in a geostationary orbit,
where w, = 7.39 x 1073 rad /sec. Even if the differences in the moments of inertia (in
the terms a, b, ¢ in Eqs. 8.2.1) are as high as 500 kg-m” and A,,, = 20 kg-m-sec, the
errors introduced in the coefficients of ¢ and ¢ are less than 1%. With these approx-
imations, the equations can be put in the following matrix form:

2_ Woltyy _ Shy,y E'S +56(0)+ $(0)—y(0) hay
Ix IX ¢ — SIX Ix 8
shwy 2 oohuy |LV]7| T by [ O
y —o W —_— ) -
A 2 s, TV OO+ O
The solution is
§2— ‘-"ohwy Sh“U’ -&-+S¢(0)+¢(0)_¢(o)ﬁv’
¢ A(S) Shwy 2 wohwy sz hwy ’ Y
Lo ST || SO+ h0+4(0) T,
where
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Y 1.1 hvzvy §2 wgh‘zvy
A(s)=s +[ w"hwy(lx +— 2 +— Il +_Isz . (8.2.4)

With the practical assumption that 42, >> w2I, I, and with Ay, >> w,(I,+1,), the
determinant in Eq. 8.2.4 can be put in the more compact form:

2

A(s) = (s +w§)<s + M ) (8.2.5)
LI

In Eq. 8.2.5 we see that the determinant consists of two second-order poles: the first

located at the orbital frequency w, and the second at the nutation frequency of the

satellite, which is proportional to the momentum bias 4, and the moments of iner-

tia about the two transverse axes Xp and Zg of the spacecraft.

Time Behavior

The momentum-biased satellite dynamics consist of two undamped second-
order poles, so we cannot use the final-value theorem in Laplace transforms for eval-
uating the steady-state errors in ¢ and y owing to their harmonic behavior. However,
we can assume that some momentary damping factors do exist in both second-order
poles in Eq. 8.2.5. In this case, the steady-state errors will coincide with the average
values of the harmonic motions of ¢ and y. According to Eq. 8.2.3 and Eq. 8.2.4,
the average errors for the external disturbances 7, and T,, become

de

Doy = — +0sz’
oy (8.2.6)
_r 2.
\Lav = Ode"' az .
“-’ohwy

We see that the average value of the Euler angles depends on the level of momen-
tum bias supplied to the satellite and also on the orbital frequency w,. Note that the
sign of the average values depends on the sign of A,,,. To find the exact amplitudes of
the attitude harmonic motion, we must take the inverse Laplace transforms of Eq.
8.2.3. First, let us find the time behavior of ¢(¢) as a consequence of an external dis-
turbance T,,. From the preceding equations we find that

(-2
¢(S) = _l_ Iz =A S S +Cl
Ty I, s(s2+ w2)(s2+wdy) 82+ w2 $24 w2y s
Py 1 s
“[wm,, ,,][ *7 Iw,,]s Ty a2
1 1 W, [ 1 1

N R N [0 S - 1. 8.2.7
[wrzlul _wg:I [Ix hwy] s2"""’!%( "’ohwy s’ ( )
&(1) = Ty [C+ A cos(w,t) + B cos(wpy, F)]. (8.2.8)

The inverse Laplace transform consists of two harmonic cosine functions with fre-
quencies wp,, and w, of different amplitudes, and a constant that is the average value
of the time response with amplitude —1/w,A,,,, as also found in Egs. 8.2.6. It is
easily seen from Eq. 8.2.7 that the amplitude A4 of the harmonic motion with orbital
frequency w, is much larger than the amplitude B of the harmonic motion with nuta-
tion frequency wyy,.
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Figure 8.2.2 Time behavior of ¢(f) in one orbital period.

‘ EXAMPLE 8.2.1 In this example, we choose a geostationary satellite with w, =
1 7.3%10~° rad/sec. Also, I, = 800 kg-m?, I, =1,000 kg-m?, and &,,, = —10 N-m-sec. ' ‘
With these satellite characteristics, we find that wy,, = 0.0112 rad /sec. It follows that
A=-1,357, B=-10, and C =1,371. With the values of A4, B, and C: :

¢ (f) = T,,[1,371 —1,357 cos(0.0000729¢) — 10 cos(0.0112¢)].

e i

: orbital harmonic amplitude. The time response of the roll error ¢(¢) is shown in Fig-
ure 8.2.2. In order to show the difference between the amplitudes of orbital and nu-
tation harmonic motions, this time response is telescoped in Figure 8.2.3 (overleaf)
and shown for the first 10,000 seconds only. A similar time response can be simulated
for the yaw angle .

[OTETOUNS . S PO

o

PSR

4 Even if the disturbance amplitude is as small as 10~3 N-m, the maximum error
- in ¢ will be 1.5° - a tremendous error for a geostationary communications satellite,
E for which an acceptable roll error is only about 0.05°. This situation could be reme-
died by drastically increasing the value of the momentum bias, but such an approach
; would require large increases in the dimensions, weight, and power consumption of
i the momentum wheel assembly, which for practical reasons are usually not feasible.
Moreover, because the open-loop poles of the transfer functions in Eqgs. 8.2.7 are
not damped, harmonic disturbances having frequencies of w, or wy,, will destabilize
the system and hence the amplitude of the harmonic motion will increase linearly
with time. We should keep in mind that various external disturbances acting on the
satellite, such as solar pressure disturbing torques, may have harmonic components
matching the basic orbital frequency w,. All these factors lead to the conclusion that
active attitude stabilization is mandatory.

R A R

l The nutation harmonic amplitude is smaller by a factor of 135 than that of the
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Figure 8.2.3 Time behavior of ¢(#) in a time period that is 1/10 of
the orbital period.

8.3 Stabilization with Active Control

The momentum bias is not itself sufficient to adequately attitude-stabilize the
X g-Zp lateral plane of the satellite. For any three-axis-stabilized satellite orbiting a
planet, the Aorizon sensor (also called an earth sensor for earth-orbiting s/c) enables
measurement of the roll (¢) and the pitch (), but not the yaw (y), Euler angles. The
pitch measurement allows control of the pitch attitude in the manner explained in
Section 7.3. For roll-yaw attitude control, it is theoretically necessary to measure (or
estimate) both the roll and the yaw angle errors, which cannot be done with a hori-
zon sensor. One alternative is to measure the yaw angle with the aid of a sun sensor.
Unfortunately, during eclipse the sun sensor is of no use. Moreover, even if the satel-
lite is not within an eclipse of the sun, it might happen that the geometry between the
sun vector and the nadir vector is such that the yaw angle cannot be measured with
sufficient accuracy or even at all (see Wertz 1978). Another approach would use mag-
netometers, but fluctuations in the earth’s magnetic field make it impossible to esti-
mate the yaw angle with an accuracy better than 0.5°, which is generally not good
enough for a geostationary communications satellite. A third possibility is to use
star sensors. These sensors allow very accurate attitude determination, but they are
quite complicated, sometimes unreliable, and data-intensive - compelling onboard
control algorithms to store and access memory-intensive star catalogs for attitude
reference. For low-inclination orbiting satellites, use of star sensors is easier because
the Polaris star is a good bright reference, almost inertial with respect to the earth’s
north axis direction; hence simpler star catalogs of moderate complexity can be used
(Maute et al. 1989). A star sensor with a field of view of 7-12° allows measuring the
yaw angle of the satellite during all stages of its life, including the GTO-to-GEO
transfer. Even so, star sensors are neither simple nor straightforward to use.
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These considerations underlie our desire to control the s/c attitude without mea-
suring the yaw angle. In a momentum-bias attitude-controlled satellite, the roll and
yaw angles are related via the constant momentum, and this property is used to
design a complete momentum-biased ACS without measuring the yaw angle. See
Section 8.3.2 and Figure 8.3.1. In this section we shall analyze both possibilities -
namely, control of the roll and yaw angles with and without yaw measurement.

Another technical problem is the need to use angular rate sensors. Such instru-
ments are not very reliable when operated continuously for 7 to 10 years, the expected
lifetime of modern geostationary satellites. Control engineers prefer not to use angu-
lar rate sensors except for very special tasks, and for short periods. In this chapter
we shall do likewise and obtain the rate of the Euler angles by differentiating them,
with adequate noise filters.

/IR

8.3.1 Active Control Using Yaw Measurements

Returning to Eq. 8.2.3 and Eq. 8.2.5, we see that the two second-order poles
: of the momentum-biased dynamics are undamped. The active control must damp
! these poles and also decrease the steady-state errors, as implied by Eqgs. 8.2.6. The
: simplest torque control commands that can achieve these tasks are:

:" Tex = —(ked + kg b), 8.3.1)
T, = —(k ¥+ kog¥). 8.3.2) '
! :
f Returning now to the first two of Egs. 8.2.1, after neglecting the terms a, b, ¢ we j
: have ‘
Tye = Li¢— wohyyd —houy + ke + kyad, (8.3.3)
“- Tup = LY = 0ohay ¥+ hayb+ ke + kpat. 8.3.4)

The solution of these equations for external disturbances T, and T, is then
s hwy de

2. 1
= —w,h
[¢<s>]-_l AL I, I,
T A . |
Ve © - ﬁv_!_ 52+_l“(kx+kxds_wahwy) &
I, I, I,

(8.3.5)

ORI AL, P S R T T

. where
o A I, = s* I I, + 5> (kygl, + kg 1y)

+ 8 Kygkog+ h3,+ LKy —wohuy) + Ik; = wohyy)]

+5[kza(ky— "’ohwy) +kxalk,— "’ohwy)]

+kgk, + (Wohyy) 2 — wohuy (ke + k). (8.3.6)
| For the attitude-controlled system to have stable roots, all coefficients of the poly-
e nomijal in Eq. 8.3.6 must be positive. This means that we must choose A, = —h with
j h > 0. With this assumption, the determinant of Eq. 8.3.6 takes the form
A I, = AL I+ $3 kel + kg 1)

+ 82 kg yg + B2+ I(ky + woh) + L (k, + )] +

Naes .o
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+ 5[k a(ky+woh) + Kyg (kg + woh))
+ koky+ (o) 2+ woh (ke + ky). (8.3.7)

For the roots of the closed-loop system to be stable, there is a necessary (but not
sufficient) condition that the coefficients of the polynomial in Eq. 8.3.7 be positive.
To stabilize the system unconditionally, additional conditions on the control param-
eters Ky, K4, k;, and k,; are necessary. The parameters k, and k, are primarily re-
sponsible for the steady-state errors in ¢ and ¥ caused by disturbances 7y, and Ty,;
we can calculate their values from the steady-state error requirements. From Eq.
8.3.5 and Eq. 8.3.7 we find that

b5 k;+w,h

Pss _ = ¢, 8.3.8
Tye  kek,+(woh)2+w h(ke+ky) Pssx ( )
Yss Kyt woh = Vs (8.3.9)

Tae Kok, + (o) 2+ wyh(ky +Ky)

From the same equations, using once more the final-value theorem in Laplace trans-
forms, it is easily concluded that

¢SS ‘pss
=0; =0. (8.3.10)
sz de
Suppose that / has already been determined by considerations to be stated later;
then, from the required values of ¢, and Y., k, and &, can be calculated using Eq.
8.3.8 and Eq. 8.3.9. For &, and k, we finally obtain

= 1—wohdsy 1= wohss,

i k=
Dssx ‘ \bssz ,

We are left with the more difficult task of calculating k,, and k,4. This can be
accomplished as follows. The determinant of Eq. 8.3.7 is of the fourth order. We can
assume without loss of generality that this determinant consists of two second-order
damped poles:

ky (8.3.11)

A(s) = (s2+ 28 0 S + 03 (7 + 28,0528 + wdy)
= §* + 872§, wp + Eywna) + 52 (wd) + w0y + 481 £20py n2)
+ 5205 @p2(10n2 + Ez0n) + w0 0d,. (8.3.12)

The coefficients in the polynomial of Eq. 8.3.12 can be equated to those of Eq. 8.3.7
to solve for k,; and k,,. In fact, given £, and £,, we have four equations with four
unknowns: K., k.4, wyy, and w,,; however, we are interested in only the first two.
The last two are byproducts with no special meaning, except that they state how
close the closed-loop poles stay to the open-loop poles of the system. An example
will clarify the complete procedure.

EXAMPLE 8.3.1 The satellite moments of inertia are I, = 800 kg-m? and I, =1,000
kg-m2. The orbit is geostationary, with w, = 7.236 X 10~5 rad /sec. The maximum ex-
ternal disturbances to be expected are: Ty, = 5% 106 N-m and 7, = 5 x 1075 N-m.
The maximum permitted steady-state errors in roll and yaw are ¢, = 0.05° and Vs =
0.2°. The momentum bias was chosen as /# = 20 N-m-sec.
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Solution Using the procedure of this section, we find that:
k,=0.00427, k,;=22.9;

k,=—0.26X107%, k,4=12.8;

wyy = 0.0295 rad/sec, wpp = 0.109 %1073 rad/sec.

In Chapter 7, it was of utmost importance to analyze the attitude sensors’ noise
amplification. Such an analysis is not needed for the attitude control scheme based
on measuring both the roll and the yaw errors, a control configuration that is seldom
used. An analysis of sensor noise amplification will be carried out in the next section
for a more practical (but also more difficult) attitude control scheme: only the roll
and pitch angles are measured, so a yaw error cannot be used for control purposes.

8.3.2 Active Control without Yaw Measurements

The control configuration based on measuring the roll and pitch angles only
is the most popular today. The earth sensor, which is based on sensing the horizon
contour of the earth with respect to the satellite body frame, is currently the lone
sensor used to measure directly the roll error for nadir-pointing satellites. Accuracies
of the order of 0.02° are common with this technology. However, we must also con-
sider the attendant statistical noise (about 0.03° RMS), an effect of utmost impor-
tance where noise amplification is concerned (Sidi 1992a).

The control torque command equations are as follows:

Tox = —(ked +Kyad), (8.3.13)
T..=aT,,. (8.3.14)

The last equation merits some explanation. Equation 8.3.14 is based on the fact
that, for a momentum-biased satellite, the roll and yaw errors interchange every quar-
ter of the orbit. This means that an accumulated yaw error will change to a roll error
after a quarter of the orbit period; since the roll is measured, the accumulated yaw
error will be controlled as a roll error, and attenuated accordingly. This effect is
shown in Figure 8.3.1, where Xy, Yg, Zy are the orthogonal axes of the orbit refer-
ence frame. The momentum wheel (MW) axis is aligned with the Yp axis. At posi-
tion 1 in the orbit, the direction of the momentum vector h, which is aligned with the
MW axis, is inclined to the Y axis, so that an angle  exists. During the motion

Figure 8.3.1 Change of the yaw error to roll
error in a momentum-biased spacecraft.

P
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of the satellite in the orbit, with no external disturbances, the momentum vector h
remains stabilized in space, which means that the Yy axis also remains constant in
space. At position 2, after a quarter orbit, the y Euler angle has been transformed
to a roll angle ¢ with the same amplitude as the previous yaw angle. Notice that the
Xr and Zy axes have interchanged in relation to the inertial frame. Consequently,
with a time delay of one quarter of the orbit period, the whole yaw error will be
sensed (and controlled) as a roll error, measured with the earth sensor. This is why
the control command torque in Eq. 8.3.14 is effective in controlling the yaw error
(Agrawal 1986). As in Section 8.3.1, using the first two of Egs. 8.2.1 together with
Eq. 8.3.13 and Eq. 8.3.14, we have:

de = Ixés_wohwy¢—hwy¢+kx¢+kxd¢: (8-3-15)
Ty =Ly —wohyy Y+ hyyd +aked +akey é. (8.3.16)
These equations can be put in matrix form to yield the following solution:
a_1 huy
[¢(S)] _ 1 S Iz wohwy S Ix
A
Vel ae —-Il—(sh,,,y+ ak +sakyy) s34+ Il(—w,,hwy +hyt k)
z X
Tax
I,
X . (8.3.17)
Tu
IZ

In this case,
AL I, =s* I I, +5* Lk,
+ 8 [ —wolty (L + L) + Loy + B2+ ahy kg)
+ (@M k= 6By Keg) + (06 huy) 2 — wohy, Kyl (8.3.18)

Once more, for stability reasons it is necessary (but not sufficient) that A,,, = —h
with 2 > 0. For the same reasons, we also choose @ < 0. Set ¢ = —ay: With these defi-
nitions, the determinant in Eq. 9.3.18 will change to the following form:

AV I, =s* LI+ k.,
+ 2wt (L4 L) + Lk + R+ 0y hkg)
+8(ay hky+wohkyg) + [(woh)? + wyhk,). (8.3.19)

In this determinant, ,, must be positive in order not to violate the stability con-
ditions of the coefficient of s>, but , need not be positive. Equation 8.3.14 will be
changed to

Tor=—ayT,,. (8.3.14")

Next, we can proceed to find ,, k., and a,. From Eq. 8.3.17 and Eq. 8.3.19, we
have

LT S (8.3.20)

de woh +kx
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= sz adekx =~ sz+ade
woh  woh(ky+ woh) woh

since generally k, >> w,h. We shall see that in practical cases, 4 < 1. With known and
estimated external disturbances, and with limits on the maximum permitted steady-
state error in yaw, we can find the needed minimum momentum bias 4 from the last
term of Eq. 8.3.21. From Eq. 8.3.20, we can also find k,:
T,
ke= T“ —w,h. (8.3.22)

(8.3.21)

¢SS

We are left with the problem of finding k,,. The same procedure as in Section 8.3.1
will be followed here. The desired determinant will have the form of Eq. 8.3.12. The
coefficients of the polynomials of Eq. 8.3.12 and Eq. 8.3.19 will be equated. For as-
sumed damping coefficients ¢, = £, = £ and for known moments of inertia and %,,
we can find a = —ay and k,,. At this stage, an example would be instructive.

EXAMPLE 8.3.2 The satellite’s moments of inertia are I, = 800 kg-m? and I, =
1,000 kg-m?. The orbit is geostationary, with w,=7.236 X103 rad/sec. The maxi-
mum external disturbances are expected to be Ty, = Ty, = 5 X107® N-m. The maxi-
mum permitted steady-state errors in roll and yaw are ¢ = 0.05° and ¢, = 0.4°.

Using the procedure of this section, we find according to Eq. 8.3.21 that the needed
momentum bias is # =20 N-m-sec. To find k,, we solve Eq. 8.3.20 and find k, =
0.00427. Equating the coefficients of the polynomials of Eq. 8.3.12 and Eq. 8.3.19,
we find k,; = 42.8 and @ = 0.888. We also have the byproducts w,, = 0.0000848 rad/
sec and wy, = 0.0381 rad/sec, which are the new closed-loop modal frequencies.

Figure 8.3.2 shows a block diagram of an ACS (attitude control system) composed
of a MW and an earth sensor only. As already mentioned, the earth sensor (ES) can
sense only the roll (¢) and the pitch (6) Euler angles. Since no rate sensor is included,
differentiation of the earth sensor outputs is necessary in order to implement the con-
trol laws in Eq. 8.3.13 and Eq. 8.3.14. The problem is that the earth sensor is noisy.

f ¢
T, ¥I& |Spacecraft
v
—>)
ST e ey

Figure 8.3.2 Mechanization of the attitude control system with an earth
sensor only, and with no rate sensors for damping the control loops.




220 8 / Momentum-Biased Attitude Stabilization

Without appropriate filtering, the RMS noise amplification from the sensor to the
commanded torques T, and 7., with only k,+sk,4 as the control network, will be-
come infinite for white noise. The LP filters in Figure 8.3.2 are low-pass filters in-
cluded to prevent a high noise amplification.

Earth-Sensor Noise Amplification

It is important to analyze the amplification of ES noise to the torque com-
mands at the input of the controllers, which could be reaction wheels, magnetic torg-
rods, or solar panels and flaps. A pure analytical procedure will not be followed
here, because the complexity of the attitude dynamic equations of the satellite’s Xy~
Zz plane precludes obtaining the RMS noise amplification as a function of a simple
second-order closed-loop pole model as in Section 7.3.6. Instead, we will derive nu-
merically the results for a realistic engineering example, such as Example 8.3.2. We
will use a low-pass filter having two simple poles with corner frequencies of w. = 0.2
rad /sec, about 10 times higher than that of the nutation frequency. The primary cause
for the high amplification noise is the differentiation of ¢, together with the high gain
of k.4 needed to provide a high damping coefficient. The immediate consequence is
that we will have to decrease this gain in order to decrease the ES RMS noise amplifi-
cation. Naturally, the damping coefficients of the closed-loop poles will decrease also.
The higher-frequency closed-loop pole, which is closer to the open-loop nutation
pole, will be the most affected. The resulting new damping coefficients and amplifica-
tion factors are shown in Table 8.3.1.

With the nominal case 1, the second damping factor £, is smaller than 0.7 owing
to the LP filter, with the two corner frequencies at w. = 0.2 rad /sec (see Figure 8.3.2).
It is clear that decreasing the derivative gain does not appreciably change the damp-
ing coefficient of the smaller closed-loop pole, which is closer to the orbital frequency
pole; however, the second damping coefficient, pertaining to the much higher nuta-
tion frequency pole, is drastically decreased with smaller k,,. For case 4, we even see
instability of the nutation closed-loop pole, since £ = —0.0004. We shall return to
these cases later. It is instructive to show the stability margins in the frequency do-
main on a Nichols chart. We can open the control loops at 7., and at T, and com-
pute the open-loop transfer functions L, and L defined in Figure 8.3.2; the results
are shown in Figure 8.3.3.

We can now summarize the results. A good earth sensor is accompanied by a noise
level of 0.03° (RMS). In the nominal case, since the noise amplification amounts to
2.09, the Xg-axis torque command will be accompanied by a noise level of T,y =
(2.09 % 0.03)/57.321 = 0.001094 N-m = 1.094 x 103 N-m (RMS). This level of ampli-
fied noise will affect the attitude control of a momentum-biased satellite.

Table 8.3.1 Decrease of the noise amplification by decreasing
the derivative gain K,

(l::;e k, kg o, & Oy & Tex/Nes | Tcz/Nes
1| 4.27 107 42.8/8.49 10° 0.7 0.07 0.52] 2.09 1.86
2| 427107 4.28|1.3210%| 0.65 0.03 0.08 0.19 0.17
3{4.27 10° 0.43]1.42 10%]  0.65 0.02{ 0.00425 0.02 0.02
4[4.27 10°? 0.21{1.43 10%] 0.65 0.03 -4 10" 0.01 0.01
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Noise Effects on Magnetic Attitude Control

At geostationary altitudes (H, = 35,786 km), a large magnetic torgrod with
a saturation level of 500 A-m? can achieve torque levels of only T = 0.5Mm/R? =
26.15x107% N-m (see Section 7.4.2). Consequently, the magnetic torqrod will be
‘ constantly saturated by the noise, and the nominal solution (case 1 in Table 8.3.1) is
L not practically realizable. With case 3, the noise is amplified by a factor of 0.019. The
: noise amplified at the input to the magnetic torqrod will have an amplitude of T,y =
(0.019 X 0.03)/57.321 = 9.9 x 10~% N-m. This noise level is acceptable with respect to
saturation, but the nutation modal pole is almost undamped with a low damping co-
efficient of £, = 0.00425. In low orbits, on the other hand, control torques of the or-
i der of 6.4 x 103 N-m are achievable with the same magnetic torqrod. The amplified
; earth-sensor noise should be, as seen previously, of a much lower level. See also
Schmidt and Mubhlfelder (1981), Lebsock (1982), and Muhlfelder (1984).

Noise Effects on Solar-Torque Attitude Control
The situation is even worse if solar torques are used to control a momentum-
biased satellite at geostationary altitudes, because the achievable control torque lev-
els are even lower, of the order of 10-20 X 10~ N-m (Lievre 1985, Sidi 1992b). With
such low damping coefficients there is always the danger of nutational instability,
which actually occurred with the OTS satellite (Benoit and Bailly 1987). Solar-torque
attitude control thus requires active nutation damping via, for example, products of
inertia (Phillips 1973; Devey, Field, and Flook 1977; Sidi 1992b). For low-orbit satel-
- lites, solar-torque attitude control is not practical because at low altitudes the distur-
bance torques are several orders of magnitude larger than the control torques that
solar panels and flaps can provide. Mechanization of a solar-torque ACS is treated
in Section 8.6.

A straightforward way of stabilizing the roll-yaw attitude is to use addi-
| tional momentum exchange devices - a reaction wheel, for instance, with its axis
i aligned parallel to the Xy body axis. This kind of control was treated in Chapter 7.
A The problem of noise amplification does not exist here, because the control torque
e levels of these devices are larger than 0.01 N-m.
Another possible solution, based on similar devices, is to use two momentum
. wheels that are slightly inclined to each other in a V geometry (Wie, Lehner, and
' , Plescia 1985; Duhamel and Benoit 1991). In this configuration, the two inclined mo-
N mentum wheels allow control of the Xy axis attitude, the roll angle ¢, and the pitch
angle 6 about the Yg axis while providing the system with the desired momentum sta-
bilization. This control scheme will be treated in Section 8.7.

8.4 Roll-Yaw Attitude Control with Magnetic Torques

i The realization of an ACS with magnetic torques is similar to that presented
] in Section 7.4. The only difference is that, in the present context, the wheel is in a

: momentum-bias condition. Equation 7.4.5 is used to derive the control inputs of the
momentum wheel about the Yy body axis, iiwy, and also for the magnetic torqrod in-
puts creating the onboard magnetic control dipoles, M, and M,. In all the treated

Roll-Yaw Attitude Control with Momentum Exchange Devices l
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] Figure 8.4.1 Time behavior with the nominal control gains and
| with no sensor noise.

“-5':1 examples, the pitch control gains are chosen so that the closed-loop bandwidth is
wyy = 0.1 rad/sec. Three examples will be simulated.

First, the nominal gains of case 1 (Table 8.3.1) were simulated with damping co-
efficients of 0.7 and 0.52 for the orbital and nutation modal frequencies, respectively.
The steady-state amplitudes of the outputs of the magnetic torgrods are M, = —35
A-m? and M, =-39.6 A-m?, as expected. The time behavior for a maximum dis-
turbance T, =5 X 10~ N-m, with no sensor noise, is shown in Figure 8.4.1. The
steady-state errors of the Euler angles are as theoretically expected, ¢, = 0.05° and
. Ve = 0.15°,

3 Next, the same nominal case was run with an RMS noise level of 0.03°. Figure
{ 8.4.2 displays the time behavior of M, and M,, which are activated in almost a bang-
i bang mode owing to the much-amplified sensor noise. The RMS levels [A-m?] of the
! control magnetic dipoles are in this case M, = 434 and M, = 489. The attitude control
loop cannot behave correctly under these conditions of control torque saturation.
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CASE I05:KX 0.0047:KXD=48.2:R=0.88
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Figure 8.4.2 Time histories of the M, and M, control magnetic
dipoles with nominal control gains and sensor noise.

The time-domain behavior of the Euler angles ¢, ¥, and 6 is shown in Figure 8.4.3.
The steady-state errors are much higher than theoretically expected.

Finally, we simulate case 3 with k,; = 0.428. In this case, the time histories of the
¢ and ¢ errors show good agreement with the theoretical results: ¢ = 0.05° and
¥ss = 0.15° (see Figure 8.4.4, page 226). But since the nutation modal pole is almost
undamped, £, = 0.00425, time histories of the Euler angles clearly show the nuta-
tional motion. To exhibit this effect, the results in Figure 8.4.4 are shown telescoped
for the first 2,000 seconds in Figure 8.4.5 (page 227): the nutation pole is clearly un-
damped. With the low gain k,, = 0.428, the sensor noise is only slightly amplified,
and the amplitudes of the magnetic control dipoles are well within their linear range;
see Figure 8.4.6 (page 228). The RMS values of the magnetic dipoles are, despite the
sensor noise, reasonably low: M, = 67.1 A-m? and M, = 75.6 A-m? (RMS). In many
practical cases, virtually undamped nutation can be tolerated. However, such nuta-
tional motion can be destabilized by energy dissipation in the rotor of the momentum
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Figure 8.4.3 Time histories of ¢, 8, y with nominal control gains
and sensor noise.

wheel, which happened with the OT'S satellite (Benoit and Bailly 1987; see also Sec-
tion 6.7.1). This is unacceptable, so a way must be found to increase effectively the
damping factor of the nutation modal pole without augmenting the noise amplifica-
tion. Toward this end, a nutation control scheme using the products of inertia of the
s/c will be introduced in the next section.

8.5  Active Nutation Damping via Products of Inertia

The use of products of inertia for active nutation damping was first sug-
gested in the sixties (see Phillips 1973, Devey et al. 1977, Fox 1986). A control scheme
using the torque capabilities of the momentum wheel, together with products of in-
ertia, is shown in Figure 8.5.1 (page 229). The control network G, (s) in this figure
was added to that of Figure 8.3.2. The basic idea is to sense the roll angle ¢ and to
extract from it the roll nutation error, which is then fed to the pitch control loop.
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Figure 8.4.4 Time histories of ¥, 0, ¢ with derivative control gain
k.4 = 0.428 and sensor noise.

Since there is a product of inertia (/,, or I,,;; it is immaterial which one), the nutation
control torque is transferred from the momentum wheel - whose torque capabilities
are about the Y axis - to the Xg-Zg axes. Thus control of the nutation is achieved
actively. The nutation control network must have the following basic form:

Koy
(1+4s7)(1+5s73)

ek et e ettt e e 4 o ¢ s+ 0 e

Gnu(s) = (8.5.1)
The control network G, (s) must comprise at least one differentiation in order to
prevent constant roll errors from being fed to the pitch control loop, which would
introduce a disturbance error. On the other hand, the poles at 1/7; and 1/7, will pass
only the roll error whose frequency spectrum components are in the vicinity of the
nutation frequency, thus controlling (via the moment of inertia) only the nutation
error component. Since there is now an interaction between the pitch control loop
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Figure 8.4.5 Time histories of ¥, 8, ¢ for k,; = 0.428 (reduced time scale).

and the Xz-Zy plane control loop, care must be taken that the open-loop transfer
function of the pitch loop does not deteriorate. Slight modification of the Gp,(s)
network might be necessary for a good shaping of the open-loop transfer function.
The basic frequency-domain shape of Gy, (s) is given in Figure 8.5.2 (page 229).
The nutation frequency wp,, depends on the geometrical properties of the satellite,
on I, and I, and on the momentum bias A,,. Hence the corner frequencies 1/7; and
1/7, also depend on these geometrical properties. Since the mass of the satellite de-
creases with time owing to fuel consumption, the moments of inertia change too.
Furthermore, since external disturbances cause the momentum bias to increase (or
decrease), h,, may be expected to change by about 10-15% of its nominal value.
Consequently, the nutation frequency is also expected to change around its nominal
value by at least 10-15%. This means that due allowances should be made when de-
signing the corner frequencies of G,,,,(s). Yet these frequencies must also be as close
as possible to the nutation frequency, so that the bandpass filter will minimize noise
amplification; hence a tradeoff occurs in determining the ideal corner frequencies.




|
|
|

228 8 / Momentum-Biased Attitude Stabilization
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Figure 8.4.6 Time histories of the M, and M, control magnetic
dipoles with k,; = 0.428 and with sensor noise.

To show the effectiveness of the active nutation controller, we first simulate the
control system of case 4 in Table 8.3.1. With k,; = 0.214, there is instability at the
nutation frequency, £, = —0.0004! With no active damping, the time histories of the
roll and yaw Euler angles clearly show instability (see Figure 8.5.3, page 230). With a
product of inertia of I, = 20 kg-m? and with

2,000s
(1+5s/0.03)(1+5/0.02)°

we obtain a well-damped nutational motion with practically no increase of sensor
noise amplification. The resulting time histories with the well-damped nutation modal
pole are shown in Figure 8.5.4 (page 231). By the way, since the derivative gain K,
was decreased in the last control solution, the level of the amplified sensor noise at
the input of the magnetic torqrods was diminished to RMS values of M, =404 and

Gru(s) =
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Figure 8.5.2 Basic frequency behavior of G, (s).

; M, =45.5 A-m?. The active nutation damping scheme described here can be imple-
! mented with different control hardware, such as solar and reaction torque control-
i lers, a subject to be treated in the next two sections.

3 8.6 Roll-Yaw Attitude Control with Solar Torques

i Attitude control systems using solar control torques are known in the liter-
: ature as “solar sailing” attitude control (Renner 1979, Lievre 1985). The technique
is based on forces and torques produced by solar radiation pressure on a surface
(Georgevic 1973, Forward 1990). Attitude control systems based on these control
torques are feasible for satellites in which the solar panels can be rotated relative to
_ the s/c body, as with all geostationary satellites. In Section 8.3 we remarked that
<4 achievable control torques using solar radiation pressure are quite low, in the range
3 of 10-20 uN-m. Hence, the conclusions of Section 8.5 apply directly to this analysis
also, and will not be repeated. Here we shall deal with the engineering realization of
the control algorithm, and also with the physical constraints that preclude higher
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Figure 8.5.3 Time histories of the Euler angle errors without
active nutation damping, k,, = 0.214.

control torques. We must first write the dynamic equations arising from the radia-
tion effect on the solar panels and flaps, which are necessary for achieving the de-
sired control torques.

8.6.1 Dpynamic Equations for Solar Panels and Flaps

In developing the equations relating control torques to the solar panel and
flap positions we follow the presentation of Lievre (1985). The basic idea is to use the
solar panels, whose primary function is to produce electrical power, to provide also
the necessary torques about the Xg and Zg body axes for attitude control purposes.
In geostationary satellites there are always two symmetrical solar panels - the first
directed toward the north, the second toward the south - in order to minimize the
disturbance torque balance on the satellite produced by solar pressure on the panels.
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Figure 8.5.4 Time histories of the Euler angle errors with active
nutation damping network Gy, (s); k., = 0.214.

If the angular position of the two solar panels relative to the sun is not symmetrical,
a windmill torque will be generated, which means that a torque about the line con-
necting the sun and the satellite will be created. In order to achieve also a torque
about a line in the orbit plane and perpendicular to the sun direction, flaps must be
appended to the solar panels; see Figure 8.6.1 (overleaf), which also shows the fixed
flaps configuration. Figure 8.6.1.b displays the various geometrical notation pertain-
ing to the panel and flap assembly. The North and South panels and flaps will be des-
ignated by N and S; d,, (resp. dy) is the distance of the panel’s (flap’s) geometrical
center from the cm of the satellite’s body; and S, and S, are the (surface) areas of the
panels and flaps, respectively. The angle § shown in Figure 8.6.1.b is the deviation
angle of the flaps from the normal to the panels.

Figure 8.6.2 (overleaf) depicts the three axis frames necessary for obtaining the
directions of the torques on the satellite produced by solar pressure. As usual, Xg,
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Figure 8.6.1 Geometry of the solar panels and flaps.

Figure 8.6.2 Inertial solar frame and the orbit reference frame of the
satellite; reproduced from Lievre (1985) by permission of IFAC.

Yg, and Zy denote the orbit reference frame, centered in the cm of the satellite, and
moving in the orbit with the satellite; X1, Y, Z; are the inertial frame axes, and I, J, K
are the solar axes’ frame. As shown in Figure 8.6.2, the two last frames coincide: the
solar frame is defined as I = X, J = ~Y|, K = Z,. Here ¢, is the sun elevation above
the orbit plane. For the geostationary orbit, e; changes +23.5° during the year.

The solar panels are nominally directed toward the sun for maximum energy ab-
sorption. The angular motion of the panels for creating torques will therefore be
defined in the solar frame. The solar torque principle is presented in Figure 8.6.3,
where yy and s are (small) angular displacements of the North and the South pan-
els relative to the inertial solar frame (I, J, K). Figure 8.6.3 pertains to an orbit for
which the  of Figure 8.6.2 is null, 5 = 0°. By definition, tan(y) = —X;/Y;.

We begin by defining

dy=vn—7ss ¥ =3(yn+7s) (8.6.1)

This notation enables a short physical explanation of the solar torque (sailing) prin-
ciple as follows. Suppose for simplicity that the sun is in the orbit plane with its direc-
tion aligned with the J axis, perpendicular to the plane of Figure 8.6.3. If the devia-
tions of the North and South panels in Figure 8.6.3 are antisymmetric with respect to
the I axis, vy = —vs, a pure windmill torque Cj is generated about the J axis. If the
deviations of the North and South panels are not antisymmetric, vy # —s, then an
unbalance torque C; is generated about the I axis. It can be shown (see Section C.3)
that an approximate set of equations for both torque components is
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Figure 8.6.3 Solar torque control principle; reproduced
from Lievre (1985) by permission of IFAC.

C
I = Bydy+ By = Bs(yn—7s)+Ba
cos(es) 8.6.2)
C _ A A, o
: cos(e) =Ayydy+Ayy= > (yn+rs)yn—71s)+ > (yn+7vs)-

' From Eqs. 8.6.2, if C; and Cj are known then v and &y can be calculated. According
to Appendix C, the coefficients A4;, 4,, B3, and B, depend on the physical properties
of the panels and the flaps as follows:

: Ay = —PS,d,(1+ 5n,)+ PS;ds[4.59, sin(30) — sin(d) + 7 sin(8)/2}, (8.6.3)
Ay = PSyds[2 cos(8)— 3n, cos(38) +n, cos(d)], (8.6.4)
By =2PS,d,n,+}PSpdsn,Isin(8) — 3 sin(3d)], (8.6.5)
B, = PSydsnslcos(38) —cos(d)] (8.6.6)

(see also Azor 1992, Sidi 1992a); 3, and 7, are the panel and flap reflexivities.

! 8.6.2 Mechanization of the Control Algorithm

A The basic control laws to be used are Eq. 8.3.1 and Eq. 8.3.2; if no measure-
i ment of the yaw angle is feasible, Eq. 8.3.13 and Eq. 8.3.14 are used instead. A block
diagram for the mechanization of the complete solar torque control principle is shown
A in Figure 8.6.4 (overleaf). The “control mechanization” block in this figure includes
i all the algorithms that must be implemented in the onboard computer. The roll angles
(or the roll and the yaw angles, if adequate hardware for yaw angle measurement
exists) are used to calculate the torque control command T, and T, using Eq. 8.3.1
and Eq. 8.3.2 (or using Eq. 8.3.13 and Eq. 8.3.14 if  cannot be measured).
From Eqgs. 8.6.2, if C; and C; are known then v and v can also be found:

5 = CJ -B4 COS(GS)
§ Y= 7B, cos(e,)

{ C
Y

3

FICCRTAN

(8.6.7)

~ (Ardy+Az)cos(e;)

. B N
- " e R - e . e Lo
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Figure 8.6.4 Mechanization of the solar torque control laws -
the complete time-domain simulation.

The transformation between vy, ys and +, 8v is simply

| 1 0.5 v]_ ¥
[7s]_[1 —0,5][57]‘[1,1»:5][67], (8.6.8)

where vy and g are the panels’ control angular deviations necessary to achieve the
desired torques. Here [T,ns] is the transformation matrix between the control vari-
ables v, 64 and the panels’ deviations yy, vs.

In order to simulate the complete solar torque dynamics, we must also define a
transformation between the solar torques Cj, C; and the torques applied on the body
axes Xp, Zg. The transformation depends on the location of the satellite in the orbit,
which is defined by the argument 5 (see Figure 8.6.2):

I, —cos(q) sin(y) ][ C; ] [Cn
= =T, . 8.6.9
[Tz] [ sin(y)  cos(n) |{ C; %] Cy (8.69)
If the desired control torques are known, then we can find the desired solar torques
by using the transpose of the transformation defined in Eq. 8.6.9:

[?;] - [T,,]T[TT_"‘]. (8.6.10)

In Figure 8.6.4, the three blocks lying outside the control mechanization comprise
the kinematics and dynamics of the satellite, panels, and flaps.

Control torque saturation due to sensor noise amplification is a problem here,
too, and one that is worsened by the generally lower obtainable control torques as
compared to magnetic control means. Solar sailing has the additional drawback that,
to the extent the panels deviate from their nominal position relative to the sun direc-
tion, their solar efficiency decreases. This results in an electrical power loss, which
cannot be permitted to exceed 1-2% on average per orbit. Typical solar torque capa-
bility for different solar efficiency losses is shown in Figure C.3.3 (p. 392).

EXAMPLE 8.6.1 Example 8.3.2, treated in the previous section with magnetic con-
trol torques, is now to be realized with solar control torques. The panel and flap
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Figure 8.6.5 Time response of the Euler angles to 7,,, an external
disturbance about the Xy axis.

characteristics were chosen as follows: S, =6 m?, 1,=0.2, S;=2m?, 9,=0.1, 6 =
15°,d,=4m,d;=5.5m, ,=0.

With these parameters and using Egs. 8.6.3-8.6.6, we obtain: 4, = —0.217 x 1073,
A;=0.92x%10"%, B;=0.394 x 1074, B, = —0.13 x 107>, There is no sensor noise.
The results in the time domain are given in Figures 8.6.5-8.6.8. In this example,
the maximum panel angular deviations are smaller than 7° (Figure 8.6.6), causing
a maximum solar efficiency loss of 0.35%; see Figure 8.6.8.

Without sensor noise, there is no problem in achieving a good damping coefficient
for the nutation frequency pole, with £ = 0.5 for k,4; = 42.8. If sensor noise is present
then it is unrealistic to have an adequate damping coefficient without some addi-
tional control means - for instance, an active nutation control scheme as explained
in Section 8.5.
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Figure 8.6.8 Efficiency loss of solar arrays.

8.7 Roll-Yaw Attitude Control with Two Momentum Wheels

8.7.1  Introduction

In the previous control schemes, a single momentum wheel was the primary
control element responsible for ensuring gyroscopic stability of the satellite. Addi-
tional control equipment, such as magnetic torqrods or solar panels and flaps, was
used to fine-tune the attitude accuracy by controlling nutational motion about the
roll-yaw satellite axes.

The single-momentum wheel scheme has two principal drawbacks. First, with an
earth sensor as the only sensor used to implement the control laws, amplification of
sensor noise precludes adequate damping of the nutation pole. This is especially pro-
nounced with high-orbit satellites, for which the maximum attainable magnetic or
solar control torques are insufficient. The second inherent drawback is that the roll
and yaw attitude angles can be stabilized close to null.

We found in Chapter 2 that the evolution of the inclination vector for geostation-
ary satellites caused changes in the orbit’s inclination angle of about 0.7°-0.9° per
year. The task of the station keeping process, introduced in Chapter 3, is to restrict
this inclination to within +0.05°. However, some satellite missions require pointing
the payload antennas at different ground targets, a task that can be accomplished by
appropriate changes in roll and pitch attitudes.

Using two symmetrically inclined momentum wheels in a V configuration allows
control of both the pitch and the roll angles, while exploiting the feature of inertial
attitude stabilization that keeps the yaw error close to null without being forced to
measure it (Wie et al. 1985). Moreover, sensor noise amplification is no longer a
problem because (1) no magnetic or solar torques are needed for attitude control and
(2) the torque control capabilities of momentum exchange devices are much higher
than any amplified noise levels.

In the basic two-momentum wheel control configuration, we can establish ade-
quate redundancy by using a system that consists of three wheels, as shown in Fig-
ure 8.7.1 (overleaf). A smaller momentum wheel MW, is located with its momentum
axis aligned along the Zy body axis. If one of the primary wheels (MW, or MW,)
fails then the third wheel (MW;), which is nominally held inactive, can now be used
as an additional momentum bias to compensate for the lost wheel.
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Figure 8.7.1 Two-wheel momentum bias arrangement,
with a third wheel for backup.

8.1.2  Adapting the Equation of Rotational Motion

The generalized dynamic equation of motion, Eqs. 4.8.14, will be adapted
in this section for the configuration in Figure 8.7.1. The two wheels MW, and MW,
are the primary sources of angular momentum bias. Their momentum axes lie in the
Yz-Z3 body plane, and they deviate from the Yy axis by an angle o, as shown in the
figure. The net effect is that a momentum bias of H, = 2H, cos(a) is aligned along
the Yp axis. This is the nominal momentum bias treated in previous sections (see also
Bingham, Craig, and Flook 1984; Wie et al. 1985).

If either MW, or MW, should fail, MW, can be activated to compensate for the
lost wheel. The primary task of this compensation is to realign the wheels’ total mo-
mentum with the Yy body axis, as shown in Figure 8.7.1.c. The new system will have

. a reduced total momentum equal to half that of the nominal one.

In this section we shall adapt Eqs. 4.8.14 to the 2-MW control configuration.
Using the torque capabilities of both MW, and MW,, the torque command equa-
tions can be written in the following form:

T,, = (H,+ H,) cos(a) = H,,,
T,, = (H,— H,)sin(a) = H,,.

In matrix notation:

[Tcy] _ [cos(a) cos(a) ][H,] 8.7.2)

T, sin(a) —sin(a) || H,

For the required torque commands (as determined by any adequate attitude control
law), the wheels should provide the following torques:

[H] _ -1 [—sin(a) —cos(a)][Tcy]
I-'lz] " 2cos(a)sin(a) | —sin(a) cos(a) || T,
_1 l/cos(a)  1/sin(a) [ 7Tey] _ T,
- Z[I/COS((!) _l/sin(a)][nz]_ [TTH][Tcz]- (8.7.3)

Transferring the momentum produced by the momentum wheels to the body axes
and using the definitions of Chapter 4, we have

hwy = (H,+ H;) cos(a), hwz = (H,— H,) sin(«), (8.7.49)

8.7.1)
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and also
hyy=(Hy+ H,)cos(a), Ay, = (H,—H,)sin(a). (8.7.5)

The total momentum of the body and momentum wheels, in body coordinates, is
therefore

h, hy
h=| h,+h,, |=| hy+(H,+ H;)cos(a) |. (8.7.6)
h,+hy, h,+ (Hy— H,)sin(a)
Equations 8.7.1 can be rearranged as follows:
Ty

cosay (8.1.1')
Te _p_p .
sin(e) Hy~H,.

With this notation and with equal momentum biases in the wheels (H,(0) = H,(0) =
H(0)), we have

T, T,
Hy+ Hy = Hy(0)+ Hy(0)+ f ol dt=2HO)+ f oyt 61D

-— - - Tt‘z — 7:'2
H,— Hy = H,(0)— H,(0)+ f ok dt=0+ f s . 8.7.8)

Next, we use Euler’s moment equations (Eq. 4.8.2) with 4, = 0, since there is no
momentum wheel projection on the Xy axis. This yields

The+ Tax = b+ 0,00, (I, — L) + w, (Hy — HyY'sin(a) — w, (Hy + Hp) cos(a), (8.7.9)

T+ Ty = hy+ 0y, (1, — L) + (Hy — Hy) sin(a) + o (Hy + H>) cos(a), (8.7.10)
T+ Ty = hy+ 0y, (I, — I) + (Hy + Hp) cos(a) — o, (Hy — Hy) sin(a). (8.7.11)

Equations 8.7.9-8.7.11 are used to simulate the body attitude dynamics. They can
also be linearized as in Chapter 4 to obtain formulas similar to Eqs. 4.8.14. To per-
form the linearization, the approximated Eq. 4.8.12 and Eqgs. 4.8.13 must be used.
A more direct way is to use Eqs. 4.8.14 together with Egs. 8.7.4 and Egs. 8.7.5. Re-
member also that by definition A, = A, = 0. In the present analysis we suppose that
the products of inertia are null. With these assumptions, Egs. 4.8.14 become

Tie+ Tuy = Lid+ 4L~ L) ¢+ w, (I, — I, — L) — wo(H, — Hy) sin(a), (8.7.12)
To+ Ty, = L+ wo (I + I~ 1)+ wi (1, — L)Y + (H — Hy) sin(a), (8.7.13)
TS+ Ty = L6+ 302(I,— )8+ (H, + H;) cos(a). (8.7.14)

Once again, the Yg axis attitude dynamics is independent of the dynamics of the
lateral plane attitude, Xy and Zg. The control laws have the general form

Ty = (Ocom—0)Gy(s) and (8.7.15)
Tez = (dcom — ) Gz(5), (8.7.16)
where 0., and ¢, are the commanded pitch and roll angles to be tracked.
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Having computed T, and T, from Eq. 8.7.3 we can find the torque commands
to both momentum wheels H; and H,. This completes the design stage. The control
networks Gy (s) and Gz(s) are designed using conventional frequency-domain linear
control techniques. The transfer functions 6(s)/ T, (s) and ¢(s)/T,,(s) are needed in
this stage, and can be computed from Eqs. 8.7.12-8.7.14 and Eq. 8.7.3.

8.7.3  Designing the Control Networks Gy(s) and Gz(s)

The first stage in the design process consists of determining the value of the
momentum bias H of both momentum wheels. Since the yaw error is not measured,
H depends on external disturbances (such as solar pressure for high-orbit satellites
or aerodynamic drag for low-orbit satellites) and on the permitted error of the yaw
angle ¢. For the nominal case, in which both principal (MW, and MW,) wheels are
active, the required total momentum can be calculated from the well-known equa-
tion ¢ = T, /[2H cos(a)w,]. If we want to assure the same maximum error in y in
the event of a MW failure then, according to Figure 8.7.1, we must choose momen-
tum wheels with double momentum capabilities.

The choice of the inclination angle o depends very much on the sensor noise
amplification. According to Eq. 8.7.3, the noise level existing in T, and T, is ampli-
fied at H, and H, by the factor 1/sin(a). Accordingly, « = 25° is a reasonable choice.
Moreover, a determines the control torque capabilities about the Z g axis, which will
be sufficient to deal with the anticipated level of external disturbances.

The design of the pitch loop (Gy(s)) is straightforward and will not be repeated
here; see Section 7.3. The design of G(s) can be carried out in the frequency domain
using classical linear control techniques. The block diagram of the control system is
shown in Figure 8.7.2.

Boom_ ¥ T, - 0,
oo eb Gys) D, [T.] Hy | Satellite >
M T g attitude v
+ cd T 'Eq.(8.7.3) 2 .
A G, | cz dynamics 6 .
com >
T
¢

Figure 8.7.2 Block diagram of the 2-MW control system.

EXAMPLE 8.7.1 The satellite described in Example 8.3.1 will be used to demon-
strate attitude control using two inclined momentum wheels in a V configuration.
Here, Gy(s) has been designed so that the closed pitch control loop has a bandwidth
of 0.05 rad/sec, and H, and H, have both been determined (according to the per-
mitted yaw error) to be 10 N-m-sec.

The design of the L, open-loop transfer function shown in Figure 8.7.3 yields the
control network
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Figure 8.7.3 Open-loop transfer function of the roll control loop L.

0.02(1+45/0.005)(1+45s/0.01)
(1+5s/0.3)4

Time responses of the closed-loop control system for the attitude command inputs
0.om = 2° and ¢,y = 1° are shown in Figure 8.7.4 (overleaf).

Gz(s) =

8.7.4 Momentum Dumping of the MW with Reaction Thrust Pulses

In Section 7.3.3 we showed that external disturbances tend to change the
momentum of momentum exchange devices. There are two principal reasons for
dumping the momentum wheel. First, a minimum level of momentum bias must be
retained in order to satisfy the attitude accuracy of ¢ and . Second, the hardware
of the momentum wheel is optimized to work at predetermined angular wheel ve-
locity conditions because of power dissipation problems and other reliability con-
straints. Excess momentum must be dumped when the wheel momentum approaches
the permitted limits. This desaturation can be accomplished with magnetic torqrods
(as explained in Chapter 7) or with thrust pulses. To dump a wheel that has become
saturated with momentum, a pulse from the correct thruster is fired so that a torque
about the Yg axis, with the correct sign, will effect the needed momentum dumping.
In order to prevent large pitch attitude errors, the quantity of dumping per single
thruster firing must be limited.

To exemplify the momentum dumping process we refer once more to Example
8.7.1, where the following external disturbances are applied to the satellite:

Ty =4%1076 + 2 x 104 sin(w,?),
Ty =6x107%+ 3 x10™¢sin(w,?),
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Figure 8.7.4 Time-domain behavior for command inputs 6, = 2° and ¢, = 1°.

Ty, =3 %1075+ 3 x 107 sin(w, ).

The ES noise level is 0.03° (RMS).

Time histories for the Euler angles are shown in Figure 8.7.5. The normal steady-
state errors in ¢ (for the roll) are smaller than 0.03°. Attitude errors larger than 0.13°
are reached during momentum dumping, but their amplitude can be lessened by
dumping smaller quantities of momentum per single thrust firing. Limits of about
3% of nominal were set for the permitted change in nominal MW momentum bias.
The change in momentum bias of both wheels is shown in Figure 8.7.6.

8.8 Reaction Thruster Attitude Control

8.8.1 Introduction

This section deals with the attitude control of a momentum-biased three-
axis-stabilized geostationary satellite using thrusters for active nutation control. In
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continuous attitude control systems, which are based on solar or magnetic control
torques, sensor noise precluded sufficient damping of nutation (see Sections 8.4-
8.7). In this case, unforeseen or unexpected energy dissipation in the satellite’s equip-
ment (such as the momentum wheel rotor) may lead to nutation divergence (Benoit
and Bailly 1987). '

In thruster attitude control of a momentum-biased satellite, roll attitude is main-
tained within the specified roll “deadbeat” limits using two thruster impulses fired at
the right time (Dougherty et al. 1968, Iwens et al. 1974, Bittner et al. 1977). This is
the well-known “WHECON” (wheel control) attitude control concept. However, if
for any reason the nutation is stimulated, it cannot be properly damped without the
help of some continuous active damping scheme (Sidi 1992b). The situation is aggra-
vated by sensor noise, which tends to activate unnecessary thruster firings.

In the ACS treated in this section, the roll attitude is kept within the allowed roll
limits by firing (with the same thruster) two pulses that are separated by half the nu-
tation period (Bryson 1983). With absolute knowledge of the nutation frequency and
supposing that the two pulses are identical, no nutation will be excited. However,
identical pulses and knowledge of the precise nutation frequency are impossible in
practice, so the parasitic excited nutation must be damped. The most effective way to
provide active damping is based on the torque capabilities of the existing single mo-
mentum wheel, via the products of inertia /,, or I, (Phillips 1973).

8.8.2 Control of ¢ (Roll) and Y (Yaw)

As usual, the pitch angle 6 is controlled with the momentum wheel operated
in torque mode, while the roll and yaw angles are controlled by torque thruster im-
pulses. The minimum equipment needed for changing the momentum axis attitude
of the inertially stabilizing momentum A,, by an amount d« is thruster 1 in Figure
8.8.1. However, since the roll (¢) and yaw (y) angles are controlled simultaneously,
reaction thrusters ~ each one providing torques about both Xy and Zg axes - are
necessary; these are thrusters C and F in Figure 8.8.1.

In the latter case, two pulses from the same thruster (C or F, depending on the sign
of the actual roll error), and separated by half the nutation period, will change the Euler
angles and velocities as in Figure 8.8.2 (page 246; see also Section 4.5 and Bryson
1983). We use Euler’s moment equations, with the following assumptions.

Figure 8.8.1 Reaction thrusters required
for achieving roll attitude control.
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(1) The satellite is inert about the Yg axis, which is also the axis of the momen-
tum wheel.

(2) The momentum wheel provides the momentum bias to the satellite, the di-
rection of which is collinear with the Yy axis.

(3) There are no momentum exchange devices in the satellite except for the mo-
mentum wheel mentioned in item (2).

The torques applied by the thrusters are external torques. Also, we will relabel the
variables in Eq. 4.5.1: p now stands for w, and r for w,. The torques Tx and T are
applied about the X and Zp axes, respectively, and A, is the momentum bias of the
wheel. With this notation and Eq. 4.5.1, the dynamic equations for the nutational
motion become

T,=pl,—
x=Plhe=rha, (8.8.1)
T, =, + ph,,.

According to Egs. 8.8.1, two pulses fired from the same thruster (C or F) and sep-
arated by half the satellite’s nutation period will change Euler angles ¢ and ¢, and
the velocities p and g, as follows:

FAtAX FAtAZ .
p(t)= T, cos(wpyf)— N sin(wgye?), (8.8.2)
FAtAX . FAtAZ
r() = x/ITI; sin{wp?) + I, cos(wpu?), (8.8.3)
o =TAMBX T G ut) + FEBE (cos(mn) ~ 11, (8.8.4)
hy AT hy,
T
0ty = —FABX (o) —11+ TABZ 2% G (wpat), (8.8.5)
hy, hy, I,

where
F = thrust level,
FAtAz = torque impulse bit for ¢ control,
FAtAx = torque impulse bit for y control,
Ax, Az = torque arms,
h,, = constant momentum bias about the Yy axis,
wom = ho /NI, I, the nutation frequency, and
Tow = 27/wpy-

According to Eqgs. 8.8.2-8.8.5, a desired change in the roll and yaw attitudes can
be achieved whereby, at the end of this process, the roll and yaw rates (p and r) are
both zeroed. See Figure 8.8.2 (overleaf), in which sketches of the time histories of
these variables are shown. The change in A¢ will be:

FAtAz
hy

Equation 8.8.6 shows that controlling smaller A¢ increments depends heavily on the

minimum impulse bit (FAf);, that the thruster can supply, as Az and A, are fixed by

physical constraints. With an impulse bit of 40 mN-m-sec and with A, = 35 N-m-sec,
A¢ = 0.13°; this means we can achieve a roll error deadbeat limit of ~0.08°.

Ap =2 (8.8.6)
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We have already seen that with momentum-biased satellites there is no need to
measure or estimate the yaw attitude, since only the ¢ error is used for attitude con-
trol in the X-Zy plane. Moreover, a torque command proportional to the roll error
¢, with a correct sign, is continuously applied about the Zy axis: T,, = aT, (see Sec-
tion 8.3.2). In principle, thrusters C and D (Figure 8.8.1) can each provide correct
control torques about the X axis. However, only thruster C provides adequate con-
trol about the Zp, axis, satisfying the correct sign of @ in Eq. 8.3.14. Hence, thrusters
C and F are sufficient to provide the reaction pulses necessary for achieving both
negative and positive changes in the roll attitude, simultaneously with the requisite
attitude change about the Zy axis.

Under ideal conditions, no parasitic nutational motion will be excited. However,
given various imperfections in control hardware (Benoit and Bailly 1987), nutation
divergence could arise and so necessitate appropriate nutation damping.

8.8.3  Immunity to Sensor Noise

Immunity to sensor noise, which would reduce unnecessary thruster firings,
is achieved in a very simple way. A first-order low-pass filter is used to perform the
necessary filtration of the earth sensor’s output; this filter has a corner frequency
that is slightly higher than the nutation frequency. A first-order analog filter with
time constant 7, after discretization by the Tustin transform, will attenuate the RMS
value gy of the sensor noise to the value

0
0o =0 (1+ TZT ) 8.8.7)
sam

(Sidi 1992b), where T, is the sampling time of the onboard control computer.
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Figure 8.8.3 Delayed activation of reaction impulse
caused by the sensor noise filter.

Suppose that Ty, = 0.5 sec, 7 = 50 sec, and oy = 0.1° (RMS). With these inputs,
g is attenuated to an acceptable value of only g4 = 0.007°. However, the measured
roll error ¢ will be delayed, and the reaction impulse will be fired at an erroneous
level of ¢+, as shown in Figure 8.8.3.

To find e¢, suppose that the system is under the influence of a constant torque dis-
turbance T,. This disturbance will create an error: ¢(¢) =(T,;/h,)t. The measured
and filtered roll ¢(¢) behaves as:

op() = hT—“[t+ re~""—1]. (8.8.8)
The steady-state error in the measured roll then amounts to:
. T,
eb() = im[$(1) - $r ()] = 2 7. (8.8.9)
{—c0 w

If we assume that T;=10"> N-m, A, = 35 N-m-sec, and 7 = 50 sec, then e¢() =
0.0008° - a very small additive error in the measurement of ¢.

When the roll error exceeds the roll deadbeat limits of +¢,,,,, the first reaction
impulse is fired. Automatically, half the nutation period later, the same thruster is
fired again. Between the two firings, and also for at least 10 seconds following the
second firing, the command control is inhibited in order to prevent unnecessary spu-
rious firings. Meanwhile, the two thruster firings have brought the roll angle close to
the opposite deadbeat limit. The simplified flowchart of the algorithm is shown in
Figure 8.8.4 (overleaf).

8.8.4 Determining the Necessary Momentum Bias h,,

According to Eq. 8.8.6, if the minimum impulse bit is equal to 0.03 N-m-sec
and A, = 20 N-m-sec then Ad;, = 0.171°, which means that a roll overall band limit
of 2x0.1° is easily achievable with a maximum roll error of £0.1°. To decrease this
error in roll, we must either decrease the minimum impulse bit of the reaction con-
trol system or increase the constant momentum bias. The minimum impulse bit is an
engineering constraint that in general cannot be improved. The torque arm Az can
be decreased, but this increases fuel consumption. Increasing the value of the wheel’s
momentum bias is the remaining factor - and the most easily and cheaply imple-
mented - for increasing the roll accuracy.
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Figure 8.8.4 Flowchart of the roll attitude control.

Another important factor in choosing 4, is the acceptable yaw error magnitude for
the expected secular disturbance torques. An analysis and resulting tables for choos-
ing h,, according to desired requirements on y,,,, are presented in Iwens et al. (1974).

8.8.5 Active Nutation Damping via Products of Inertia

In principle, any spurious torque about the X or Zy axis will excite the nu-
tational motion. If the two consecutive thruster impulses are unequal or if the nuta-
tion time period is not accurately known, then the roll-controlled attitude of Section
8.8.3 will include a parasitic nutational motion. Also, any kind of energy dissipa-
tion, as in the rotor of the momentum wheel, could cause the already mentioned nu-
tation divergence; see Benoit and Bailly (1987) and Section 6.7.1. To assure the damp-
ing of a possible nutation excitation, the technique of Section 8.5 can be used.

In a real control system, the reaction thrusters are activated about once every 30
minutes or so, depending on the level of external disturbances (see Figure 8.8.10).
Between two thrusters’ firing events, the reaction control system is not operative and
hence the X3—Zg dynamics is virtually uncontrolled, as shown in Figure 8.8.5. On
the other hand, pitch attitude is controlled continuously using the modified standard
equation

Ty =K, 0+ kyab+ Toynuns (8.8.10)
where

Teynu = Gru(s)9. (8.8.11)

As explained in Section 8.5 (see also Figure 8.5.2), only the nutation frequency
band is processed, while adequate gain and phase margins are preserved. In fact,
only the nutation part of the roll attitude error is processed and fed to the pitch con-
trol loop. In the frequency domain, we can see that the pitch control loop is only
slightly disturbed at the nutation frequency spectrum band (see Figure 8.8.6).
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| Momentum - bias
Satellite dynamics

Figure 8.8.5 Block diagram of the pitch
and the active nutation control loops.

10° 10 10’ 10° 10 ‘ io
Frequency [rad/sec]

Figure 8.8.6 Closed-loop pitch control, with modulation alteration
caused by the addition of the active nutation controller.

The level of the products of inertia must not be exaggerated, in order to limit the
interaction between the pitch and the roll-yaw control loops. A level of 2%-5% (as
compared to the principal moments of inertia) represents a good tradeoff.

EXAMPLE 8.8.1 The satellite moments of inertia [kg-m?] are I,, = 20, I, =767,
and 7, = 954. With the control network

2,000s

( wnE==0f03 ) |

a damping factor of 0.088 was obtained for the nutation modal pole, sufficiently high
for the system at hand. Time-domain behavior of the active nutation controller is
shown in Figure 8.8.7 (overleaf).

Gnut(s) =
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Figure 8.8.7 Time behavior of the active nutation control.

8.8.6 Wheel Momenturm Dumping and the Complete
Attitude Controller

As explained in Section 7.3.3, external disturbances continuously increase
the momentum of momentum exchange devices, such as reaction or momentum
wheels. This momentum must be dumped in order to avoid saturation of the MW. It
is common to dump it by use of magnetic torques, as explained in Section 7.5.2, or
reaction impulses, as explained in Section 8.7.4. Reaction momentum dumping was
added to the control system treated in Example 8.8.1. Time results of the complete
attitude control system, including the MW dumping, are shown in Figures 8.8.8-
8.8.10. The system was submitted to the disturbances shown in Figure 8.8.11. The
accuracies of the Euler angles shown in Figures 8.8.8 and 8.8.9 are undisturbed by
the dumping process, and the velocity of the MW is kept within 3% of its nominal
speed, as seen in Figure 8.8.10.
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Figure 8.8.8 Time-domain behavior of the Euler angle errors.

8.8.7 Active Nutation Damping without Products of Inertia

As explained in Section 8.5, active nutation damping via products of inertia
was developed, simulated, and evaluated in order to be used as the primary mode in
the GEO mission stage of the Israeli Amos geostationary satellite. Although the test
results were quite satisfactory, difficulties in obtaining the necessary product of iner-
tia I, or I, precluded this elegant control option. Instead, a new version of active
denutation control was suggested by D. Verbin (MBT, Israel Aircraft Industries) to
assure at least a partial solution to the problem of attenuating any parasitic nuta-
tional motion to an acceptable level. The basic idea follows.

We showed in Section 8.8.2 that, by activating two reaction impulses separated by
half the nutation period, a desired change in the roll attitude could be achieved with-
out exciting the nutation mode of the momentum-bias control configuration. We
will now see that, if the two pulses are applied at a precomputed time separation,
then any remaining nutation can be completely removed, at least in theory.
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Figure 8.8.9 Time-domain behavior of the RMS of the Euler angle errors.

The first stage in this control scheme is to identify the parameters of the nutational
motion, which is included in the measured roll angle. In practice, the nutation com-
ponent of the roll angle is linearly superimposed on the slowly varying component
of the roll error caused by the disturbance torques acting about the Xp and Zp axes
of the satellite. Since the nutation period T}, is known, one simple way is to find the
Fourier coefficients of the measured roll error. The resulting linearized form of the
roll angle error will be

(1) = dc1+ P SiN(wpy 2 + ), (8.8.12)

where “CT” denotes “almost constant with respect to the nutational motion.”
Having obtained the coefficients ¢ct, dnu, and o, with wpy kNnown we can simul-
taneously control both the CT error and the nutation error by applying two consecu-
tive reaction pulses at the correct timings ¢, and ¢, referenced to o The analytical
development follows.
Suppose that two pulses are activated with an angular interval of 8. According to
Egs. 8.8.1, the steady-state time history of the produced roll control will be:
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Figure 8.8.10 Time behavior of the momentum dumping process.
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hy N I hy

Ah
=sin(w,,mt){ihhi Hi[l+cos(8)]+ e sin(B)}
w X

’ Ah A
+ cos(wput) {_ Ahy % sin(8)+—=(1 +cos(6)]} —2h—h‘.
X

hy
This equation can be put in the more compact form
¢ = A sin(w,y, 1)+ B cos(wyut)+C
= VAZ+ B sin(wgut + o) + C,
with A4, B, and C defined as follows:

_ Ahy ’ I Ah,
A= 7, —]-;[l+cos(6)]+ . sin(d),

Ah, [T, Ah,
= /_ 1 5,
B==S 3 sin@)+ 51+ cos(3)]

Ah,
hy,

hy

w

C=-2

(8.8.13)

(8.8.14)

(8.8.15)
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Figure 8.8.11 External disturbances acting on a satellite.

Let us also define
ARN T, [AR,\?
D=(—2%X)2% ). 8.8.16
(hw)1x+(hw) (8.8.16)
A%+ B? = ¢2,,. = 2D[1+cos(8)]. (8.8.17)

In order to cancel the existing nutation, we must produce a controlled nutation
with an amplitude ¢, = ¢nu- Using Eq. 8.8.17, we can compute the angular dis-
tance between the two thruster pulses:

Then

6=cos™! &5—1). (8.8.18)
2D

We can also find the time separation between them:

At = 8/wpy. (8.8.19)
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It is important to notice that the maximum nutation amplitude that can be canceled
is limited to ¢py . =< 2VD.
Finally, we must calculate at what time the first pulse is to be applied. We know
that
a. = tan™'(B/A). (8.8.20)

If we define 7 as the time at which ¢(t)—¢ct = 0 in Eq. 8.8.12, then the first reac-
tion pulse should be applied at

= o/ wgy. (8.8.21)
The second pulse should then be applied at
t, =4+At. (8.8.22)

With these results, the control algorithm is straightforward.

Unlike the algorithm explained in Sections 8.8.2 and 8.8.5, the algorithm of this
section can never completely cancel the nutation because of uncertainties in our
knowledge of the physical parameters of the satellite’s equipment (e.g., the minimum
impulse bit, the momentum bias of the momentum wheel, the moments of inertia
of the satellite, and so on). With the former algorithm, which was based on active
denutation via products of inertia and on the torque capabilities of the momentum
wheel, any initial or spurious nutation would be completely damped.

The term C in Eq. 8.8.15 is exactly the CT value of the roll error that will be cor-
rected, as in Section 8.8.2. An example will clarify the obtainable results.

EXAMPLE 8.8.2 In this example, I, = 645 kg-m?, I, = 745 kg-m?, h,, = 35 N-m-
sec, wpy, = 0.0505 rad/sec, Ah, = 0.0276 N-m-sec, Ah, = 0.0436 N-m-sec, and C =
0.143°, Suppose that a nutation amplitude of 0.06° is to be eliminated, with the aid
of a constant negative A¢ that must cancel part of an existing ¢ct.

Solution Since ¢, is known in Eq. 8.8.12, by use of Eq. 8.8.18 we find
that § = 139°. Next, we must find the time at which to apply the two reaction pulses.
From Eq. 8.8.20, we have o, = —13.9°. Translated to time, #; = a /wy, = —4.82 sec,
referenced to « in Eq. 8.8.12. The second pulse must be applied at #, = #;+ /0wy, =
—4.82+48.2 = 43.38 sec.

The results are given in Figure 8.8.12 (overleaf). Figure 8.8.12.a shows the exist-
ing nutation roll angle that is to be canceled. In Figures 8.8.12.b and 8.8.12.c we see
the resulting nutation excited by the application of the two reaction pulses, 48.2 sec
apart. The final roll angle ¢ is shown in Figure 8.8.12.d. With the application of the
second reaction pulse, the nutation ¢, in the original roll angle disappears com-
pletely, and a CT component of C = —0.143° is added, as expected.

A 6-DOF simulation of the complete ACS is shown in Figure 8.8.13 (page 257).
There are uncertainties in the physical parameters of the satellite. The initial nuta-
tion is canceled, but some angular nutational motion always remains because of the
uncertainties in the control parameters. The boundary limits on the roll angle are
®max = £0.11°; see also Figure 8.8.8.
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For a slightly different realization of active nutation damping without products
of inertia, see Azor (1995).
8.9 Summary
This chapter dealt with momentum-bias control systems. They have some
nice features: (1) only one momentum exchange device is needed to attitude-stabilize
the satellite, and (2) the yaw attitude error need not be measured, thus simplifying
greatly the onboard attitude determination hardware and algorithms.
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Figure 8.8.13 Complete 6-DOF simulation of the reaction control
denutation scheme.

The basic drawback of such attitude control systems is that they do not allow exe-
cution of attitude maneuvers, except for small controlled attitude changes if two
momentum wheels in a skewed V configuration are used. External disturbances tend
to increase the roll and yaw Euler angles error. Active control of these errors can be
achieved by use of reaction, magnetic, or solar control techniques.
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CHAPTER 9

Reaction Thruster Attitude Control

9.1 Introduction

In Chapters 5-8, various control laws were presented for attitude stabiliza-
tion and maneuvering. The hardware used to implement the control laws were prin-
cipally momentum exchange devices as well as magnetic and solar torque controllers.
Such controllers work in a linear continuous mode. The torques that they can pro-
vide are in the range of 0.02-1 N-m for momentum exchange devices, 1072-10~3 N-m
for magnetic torque controllers, and 1073-10~¢ N-m for solar torque controllers.

This form of attitude control has two major disadvantages. First, the speed of
attitude maneuvering is limited by the low-level maximal torques that can be deliv-
ered to the ACS. The second but no less important difficulty was encountered in
orbit-maneuvering tasks. The high-level liquid thrusters (or solid propulsion motors)
used for orbit changes induce parasitic torques due to physical irregularities of the
propulsion system. The level of induced parasitic torques is of the order of several
newton-meters. The only way to control the attitude of the spacecraft under such
disturbance conditions is to use reaction thruster controllers (see also Section 8.8).

Reaction thrusters used in attitude control are activated in a pulsing mode only.
There are no linear, continuous reaction thrust controllers. This fact somehow com-
plicates the analytical treatment of attitude control systems using them as torque
controllers. However, they can provide almost any torque level, as surveyed in Ap-
pendix C. Reaction torque levels ranging between 0.01 N-m and 30 N-m are very com-
mon in most spacecraft, For practical considerations, it is convenient to use thrusters
of the same thrust level for all control tasks in the satellite, but if this is not feasible
then thrusters with different thrust levels can be incorporated as part of a unified
propulsion system.

This chapter deals with the analysis and design of reaction thruster attitude con-
trol. It also covers two principal difficulties caused by the pulsing mode of thruster
firing: the limits on attitude accuracy that can be achieved with a given thruster, and
the fuel penalty associated with sensor noise. The quality of an ACS using propul-
sion torque controllers is strongly influenced by the specifications of the reaction
thrusters; an introduction to propulsion hardware can be found in Appendix C.

9.2 Set-Up of Reaction Thruster Control

Reaction thrusters must be viewed in the context of a unified control system.
In general, six thrusters are needed to allow attitude maneuvers in space, although
some highly sophisticated systems claim to achieve the same space maneuvers with
only four thrusters, strategically located on the satellite body (see Section 9.5). But
for various practical reasons, six or more thrusters are necessary to complete a reac-
tion control system.,
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Figure 9.2.1 Eight-thruster arrangement, with direction details
for thruster 6.

The level of torque that a reaction thruster can apply about a satellite axis de-
pends not only on its thrust level but also on the torque-arm length about the axis.
This statement suggests that correct thruster use depends primarily on its location on
the satellite, and also on its inclination to the satellite body axes. Needless to say,
different torque levels might be needed about the three principal body axes, so the
location of the thrusters and their direction must be carefully studied before a final
physical set-up is adopted for the propulsion system. The location and direction of
the thrusters is also influenced by the location of the optical sensors and solar panels,
which must not be damaged by the thrust flow. In the following analysis we will out-
line the different tradeoffs made in choosing the location of a thruster and the direc-
tion of its thrust axis relative to the body frame.

Figure 9.2.1 shows a potential arrangement of low-thrust satellite thrusters. First,
it is clear that they must provide both positive and negative control torques about
each of the satellite’s body axes. (This arrangement is different from that in Figure
6.5.1, where e.g. thrusters TH2 and THS5 apply pure positive and negative torques
about the X body axis.) In the next section we calculate the torque components
applied by a thruster about each body axis as a function of the thruster’s location
and direction, denoted in the figure by the elevation and azimuth angles « and 8,
respectively.

9.2.1 Calculating the Torque Components of a Single Thruster

If the thrust vector is F, then the torque about the center of mass (cm) of the
spacecraft will be M = r X F, where r is the vector distance of the thruster from the
cm. The components of r are ry, r,, and r, in the body axis frame; the thrust level is F.
The direction of the thrust is defined by the elevation and azimuth angles « and 8.

Suppose that initially F is in the direction of Xp. After two rotations - first about
the y axis of the thruster by an angle 8, and then about the z axis of the thruster by
an angle a - we find that the components of F along the body axes are

Fy=Fcos(a)cos(B), F,=Fsin(a), F,=Fcos(a)sin(B). 9.2.1)
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Figure 9.2.2 Equivalent torque arms for thruster 6.

The position r of the thruster can be expressed as:
r=ir+jr,+kr,. (9.2.2)

With these relations, the torque components of M are

M, ry sin(B) cos(a) —r, sin(a) ] Ax
M=| M, [=rXF =| r,cos(a) cos(B)—r, cos(a)sin(B) |F=| Ay |F. (9.2.3)
M, r, sin(a) —r, cos(a) cos(B) Az

Equation 9.2.3 establishes the equivalent torque arms Ax, Ay, Az of the thrust F
about the three body axes. Figure 9.2.2 exhibits the dependence of Ax, Ay, Az on the
elevation and azimuth angles o and  for the location of thruster 6at r,=—1m, r, =
—1m, and r; = 0.5 m; the value of the elevation angle is « =20°. Since o > 0 (see
Figure 9.2.1), Az is always positive. But Ax and Ay can change sign, depending on
the value of the azimuth angle 3.

The importance of the results displayed in Figure 9.2.2 lies in the fact that the
torque arms about any body axis can be decreased at will, thus enabling low torque
levels even at relatively high-thrust levels. This in turn enables fine attitude control,
but at the expense of low fuel efficiency.

Chapter 8 dealt with a number of control configurations in which the minimum
impulse bit of a single reaction shot plays an important factor in achievable roll and
yaw accuracies (see Eq. 8.8.6). The minimum impulse bit of the thruster is generally
determined by the reaction thruster characteristics, and cannot be decreased at will.
On the other hand, correct location and inclination of the thruster relative to the
spacecraft body can decrease the minimum Az as desired by affecting the equivalent
torque arms of the thruster.

Most attitude control laws calculate the torques to be applied about the body
axes. In Section 7.3.4 we learned how to distribute these torque commands to the
four reaction wheels. The algorithm used to realize the torque transformation was
very simple, as Eq. 7.3.26 showed.
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The algorithm that transforms the command control torques about the body axes
\. to reaction thruster activations is much more complicated, for two reasons. (1) Reac-
tion thrusters are not linear controllers, since the level of the thrust output is con-
stant. Consequently, the equivalent torque that the thruster will produce depends on
the time period in which the thruster is activated. (2) A thruster is capable of pro-
ducing one-signed torques only. In order to achieve a torque about the same axis
with the opposite sign, a different thruster must be activated about the same axis in
the opposite direction (see also Section 9.5). These two factors drastically compli-
cate the algorithm that transforms body torque commands into thruster activation
commands.

9.2.2 Transforming Torque Commands into Thruster Activation Time

This section describes a basic algorithm that uses the pulse width modula-
tion principle to transform the torque commands into correctly timed activation of
the relevant thrusters. The algorithm as described here is not optimized in terms of
simplifying to a minimum its onboard version. We prefer to make the algorithm more
comprehensible by showing clearly all its sequential operations.

The algorithm naturally depends on the physical set-up of the thrusters. We will
base the demonstration algorithm on the set-up shown in Figure 9.2.3, which is a
potential set-up for a geostationary satellite. The thrusters are arranged so that they
provide the necessary torques for attitude control about the three body axes as well
as the necessary thrust for station keeping. Thrusters 3-6 are used for N-S (inclina-
tion) SK (Section 3.5.1); thrusters 1 and 2 are used for E-W (longitude) SK (Section
3.4.4) and also for eccentricity corrections (Section 3.5.2).

In addition to station-keeping tasks, the set-up in Figure 9.2.3 allows for 3-DOF
attitude control. Thrusters 1 and 2 provide the negative and the positive pitch control
torques (respectively) about the Yg axis; thruster 3 provides positive torque about the
X p axis but simultaneously a negative torque about the Zp axis; and so on. Formally,

Ty+ =Th2, Ty— =Thil;
Tx+ =Th3+ThS, Tx—~ =Th4+Th6; (9.2.9)
Tz+ = Th5+The, Tz— =Th3+ThA4.

Here the + and — signs indicate the sign of the produced torques about the body
axes, and Thi denotes thruster i.
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Figure 9.2.3 Possible thruster set-up for a geostationary satellite.
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In order to simplify our analysis, the thrusters are located symmetrically about
the body axes, with equal torque arms about the same axis; the directions of the
thruster axes are parallel to the body axes. The torque efficiency of each thruster de-
pends on the thrust level F, and also on the torque arms Ax, Ay, Az (Section 9.2.1).
We define the torque constants as Gy = FAx, Gy= FAy, and Gz = FAz. With this
notation, we can express the torques about the body axes as

Tx =[Th5+Th3—Th4—Th6]Gyx,
Tz =[Th5+Th6~Th3—-Th4]Gg, (9.2.5)
Ty =[Th2—Thl]Gy.

Since the produced torques are momentarily determinated by Gy, Gy, and Gz,
the average torque provided during a sampling time depends upon the time that the
thrusters are on relative to the sampling time T,,,. This is the principle of pulse width
modulation (PWM), which is treated in subsequent sections. First, we normalize the
body control torques to

2 Tx - Ty A
Ix=—, Ty=—", Tz=—,
Gy’ 7T Gy G,
and define 77 as the ratio between the thruster “on-time” and the sampling time for
thruster Thi. Thus the first two of Egs. 9.2.5 can be rewritten in the following form:

T3

Tx 1 -1 1 -1/ T4

[Tz]—[—l -1 1 1] 75 | (9.2.6)
T6

(This is similar to Section 7.3.4, where four reaction wheels were used to provide
torques about three body axes.) Although the matrix of Eq. 9.2.6 is not square, it
does have a right pseudoinverse, yielding

T3 1 -1

T4 1| =1 =1 {[7x

s | 4|1 1 [Tz]‘ ©-2.7)
T6 -1 1

According to the values of Tx and Tz, Ti can have negative values, which cannot
be physically realized with the thruster i. A negative on-time means that a torque
of opposite sign is to be produced with thruster Thi, which is not physically pos-
sible. This situation can be remedied by activating, for an identical duration, another
thruster providing the same torque but with a positive on-time. For instance, in Fig-
ure 9.2.3, suppose that 73 comes out to be negative. In this case, 746 should be acti-
vated instead for the same on-time 73, assuming that the Ax and Az torque arms of
Th3 and Thé are equal.

If the torque arms are not equal then Gy, Gy, G, must be defined separately for
each thruster, and Eqs. 9.2.5 must be rewritten accordingly. The algorithm is listed
as follows.
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T3=[+T,-T.1/4
T4=(-T;-T)/4
TS5 =< {+T+T;)/4
T6 =(-Tr+T;)/4

i TT6=T7T6—-T3; TT3=0
4 IF(TT6.LT.0) THEN TT3=T3-7T6; TT6=0

TT4=T4-T5; TT5=0

IF(TT4.LT.0) THEN TT5=T5~T4 ; TT4=0
IF(T,.GT.0) THEN TT2 =1, ; TT1=0
IF(7;.LT.0) THEN TT1=Abs(7;) ; TT2=0

Here TTi stands for the time duration of the on condition for each thruster i. In es-
sence, the algorithm realizes a kind of pulse width modulation, upon which many
pulsed attitude control schemes are based.

Algorithms for other reaction thruster set-ups, such as those shown in Figure 9.2.1
and Figure 6.5.1, can be written in a similar way. With asymmetrical location of the
thrusters and different thrust levels or directions of their thrust axes, the algorithm
might become quite complicated. Still, the technique of formulating it remains the
same. The following sections deal with realization of attitude control loops based on
the reaction thruster set-up of Figure 9.2.3.

9.3 Reaction Torques and Attitude Control Loops

i 9.3.1: Introduction

The control laws to be used for reaction attitude control loops are the same
laws treated in Section 7.2. Unfortunately, reaction controllers do not possess the
same linear relationship between the input to the controller and its output torque. In
fact, they are activated in an on-off mode. Nonetheless, they can be used in a quasi-
linear mode by modulating the width of the activated reaction pulse proportionally
to the level of the torque command input to the controller. This is the often used
pulse width modulation (PWM) principle. A related design technique is based on
the well-known Schmidt trigger, which implements a pulse width-pulse frequency
modulation (PWPFM) in which the distance between the pulses is also modulated.
Both modulation techniques will be analyzed in this chapter as part of attitude feed-
back control loops.

By definition, attitude control loops based on reaction controllers are sampled,
with all the implications attendant upon such systems. There are numerous auto-
matic control textbooks dealing with sampled control systems; see for instance Sau-
cedo and Schiring (1968), Kuo (1970), Franklin and Powell (1980), Houpis and La-
mont (1985), or D’Azzo and Houpis (1988).

With certain assumptions, the “area” of the reaction pulse can be approximated as
' 3 an impulse (Figure 9.3.1, overleaf). This allows the feedback control loops to be ana-
lyzed as a conventional digital control system, for which the classical tools of auto-
3 matic control theory hold. Design techniques based on the Nyquist, Bode, Nichols,
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Figure 9.3.1 Approximation of PW-modulated pulses to impulses.

and root-locus theories apply nicely to these systems, as we shall see in the present
chapter. There is, however, a significant deficiency in sampled systems. The band-
width of the closed loop that can be achieved is limited - in a very determined way -
by the sampling time (Sidi 1980).

9.3.2 Control Systems Based on PWPF Modulators

Apparently owing to technical heritage from the “analog age” of onboard
computers, pulse width-pulse frequency modulators are still predominant in atti-
tude and orbit control systems (AOCS). They emerged from the widely used analog
monostable Schmidt trigger, a basic element in analog pulse techniques (Millman
and Taub 1956, Joice and Clarke 1961).

The standard practical realization of a PWPF modulator control loop is shown in
Figure 9.3.2, where K, and K, are the usual proportional and derivative gains. The
dynamics of the sensor and of the sensor noise filter have been omitted in order to
simplify the analysis. The attitude and its derivative errors (Er in the figure) are trans-
formed into a burst of idealized rectangular pulses.

Figure 9.3.2.b shows a variation of the PWPF modulator, the so-called pseudo
rate (PR) modulator. Its special characteristic lies in the fact that the time-constant
network is located in the feedback path of the modulator, thus giving the modulator
“lead-lag” compensating abilities. Because of the dead-zone region of the hysteresis
block, the lead phase is achieved with a lesser amplification of the sensor noises at
the input to the modulator. For stabilization of spacecraft with large flexible append-
ages, control and modulator parameters must be carefully matched to ensure stabil-
ity of structural modes of vibration (Bittner, Fisher, and Surauer 1982).

A detailed analysis of the PWPF modulator follows. Our aim is to obtain a rela-
tionship between the input Er = In and the frequency- and width-modulated values
of the output pulse sequence, characterized by the on and off time periods.

Calculating t,, and t.z for the PWPF Modulator
The calculation of these variables is based on the time behavior shown in
Figure 9.3.3. Our presentation will be broken down into five steps.
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PWPF Modulator
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Figure 9.3.2 Basic attitude control loops using PWPF and PR modulators;
adapted from Bittner, Fisher, and Surauer (1982) by permission of IFAC.

Er=In

Kin

on

of

Figure 9.3.3 Time behavior of the PWPF modulator
used for calculating /,, and 7.g.

(1) As long as V < U,,, the system is quiet. The effective dead zone is U,,/K, where
K is the DC gain of the time constant network of the modulator (Figure 9.3.2.a).
The hysteresis block in the figure is the Schmidt trigger. The smallest input that can
activate the hysteresis block is

In=U,/K. (9.3.1)
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(2) Compute the time behavior of V as a result of Er;. The dynamic equation is
simply
Vr+V=KEr,. (9.3.2)

Taking the Laplace transform of this equation, we obtain

Vi KEr
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Figure 9.3.4 Time histories of the input and of the internal variables
of the PWPF modulator.

ative to determine 7., and f,g based on physical considerations. The hysteresis co-
efficients are also important in determining the minimum dead zone that will give
sufficient immunity to the sensor noise reaching the modulator input.

EXAMPLE 9.3.1 A PWPF modulator is implemented in a single-axis attitude con-
trol loop. The control gains K, and K, in Figure 9.3.2 are chosen so that the control
system has a closed-loop natural frequency of w, =1 rad/sec and a damping coeffi-
cient of £ = 1. To satisfy some practical engineering requirements, the modulator pa-
rameters were chosen as follows: K =2, 7 =0.5, U,, =1, U,g=0.1, U, =9.5.

Figure 9.3.6 (page 271) shows the time responses for an angular input of 0.2°. The
input Er and the output (Our) of the modulator are also shown on Figure 9.3.6. Fig-
ure 9.3.7 (page 272) shows the time response for an input of 1°.
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Figure 9.3.5 Output pulses and their average value of the PWPFM,
Calculating t,, and t,g for the PR Modulator

An analysis similar to that carried out for the PWPF modulator leads to the
following results:

KUy, —In+U,
ton=7ln oo+ Yon 9.3.11
on = T U, —In+ Usg ©.3.1)
Ifl—Uﬁ'
= 7ln 2Tk 9.3.12
for T = Us ( )

Equation 9.3.11 and Eq. 9.3.12 can be used to determine the parameters of the pseudo
rate pulse modulator for efficient use in reaction attitude control systems.

9.3.3 Control Loop Incorporating a PWPF Modulator

Even though PWPF modulators are by definition nonlinear, they are easily
incorporated in attitude control loops, whereupon the entire feedback control loop
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Figure 9.3.6 Time behavior of a PWPF modulator realization
of an attitude control feedback loop, with an input of 0.2°.

can be analyzed by linear control theory. As can be seen from Figure 9.3.4.a and
Figure 9.3.5.c, the average output of the modulator tracks the input quite accurately.
In fact, the input-output characteristics of pulse modulators can be represented as in
Figure 9.3.8 (see also Wie and Plescia 1984). Figure 9.3.8 (overleaf) shows the linear
behavior of the modulator input-output characteristics except at very low and high
inputs, where the nonlinear characteristics are purposely introduced to solve prac-
tical problems of sensor noise and to limit structural oscillation of panels and fuel
slosh in a limit cycling mode (Vaeth 1965, Bittner et al. 1982).

Analog implementation of PWPF modulators is straightforward because analog
(continuous) electronics technology is the natural medium for realizing these modu-
lators, implemented by the Schmidt trigger scheme. However, PWPF modulation
causes some practical problems with today’s onboard microprocessors. Digital mi-
croprocessors work in a synchronous timing created by an electronic clock: the on-
board computer sends control commands at equal time intervals, and pulse frequency
modulation cannot be easily implemented. The equations of the previous section be-
come invalid for a discrete “pulse frequency” modulator. This kind of modulator,
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when used in an onboard microprocessor, must be synchronized with the sampling
time of that processor. Digital implementation of a PWPF modulator was the sub-
ject of a Ford Aerospace patent application (Chan 1982).

The nice characteristics that could be achieved with PWPF modulators are com-
plicated by the practical difficulties just mentioned. It seems that, from the basic
perspective of input-output characteristics, modulators based solely on pulse width
modulation are simpler to apply in a microprocessor-based onboard computer. Atti-
tude feedback control loops based on PWM will be analyzed in the next section. ,f

p

9.4 Reaction Attitude Control via Pulse Width Modulation

9.4.1 Introduction

There are no fundamental differences between reaction pulse control loops
using pulse width-pulse frequency modulation (PWPFM or PRM) and pulse width
modulation (PWM). Both are based on the Schmidt trigger, but there do exist small
differentiating nuances between these two kinds of control schemes.

In attitude feedback control loops based on PWM, the sampling frequency is con-
stant and the reaction pulses are applied at equal time intervals. If the dynamics of
the plant contains additional structural dynamics with low damping coefficients and
eigenfrequencies equal to the sampling frequency of the control loop, then the struc-
tural dynamics might be excited, thus degrading the quality of the feedback control
loop. Special precautions, such as adequate structural filters, must be incorporated
to account for this phenomenon.

9.4.2 Feedback Control Loop of a Pulsed Reaction System

In previous chapters, in order to simplify the theoretical analysis, controllers
were presumed to be analog. With today’s technology, onboard control computers
are no longer analog, and all feedback control loops are of the sampled type. For
such continuous devices as reaction wheels or magnetic torque controllers, the on-
board microprocessor approximates continuousness via a sampler followed by a zero-
order hold device. With a sampling frequency that is reasonably high with respect
to the bandwidth of the open-loop transfer function, the zero-order hold output is
quasicontinuous. The sampler and the zero-order hold circuit have the net effect of
adding some delay to the open-loop transfer function of the feedback system, which
should be taken into consideration when designing with continuous control analysis
techniques; design with discrete (digital) control techniques automatically takes care
of this inherent delay. With pulsed controllers, in which a zero-hold device does not
exist, the analysis and design must be carried out using discrete control techniques.

The basic control scheme of a pulsed attitude feedback control loop about one
body axis is shown in Figure 9.4.1 (overleaf). With ideal torque impulses, the block
of the PWM can be omitted. In this way, linear analysis of the sampled control loop
is performed in the usual manner. With small on periods (as compared to the sam-
pling period) of the reaction thrusters, omission of the PWM block is justified. This
means that the amplitude of the impulses at the output of G,(z) and of G(z) in Fig-
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Figure 9.4.1 Pulsed controller attitude feedback control loop.

ure 9.4.1.a and Figure 9.4.1.b (respectively) takes the value of the rectangular pulses
FA(At) of Section 9.2.2, where A is the torque arm and At is the pulse width.

Figure 9.4.1.a shows the most general block diagram for a single-axis attitude
control loop in which the attitude and their derivatives can both be measured. Here
K and K; are the usual position and derivative controller gains, and G,(z) contains
the required structural mode control networks, sensor noise filters, and an integra-
tor (if one is needed to nullify the steady-state error to disturbances or to attitude
command inputs). As mentioned previously, unless precise attitude control is imper-
ative there is a tendency to avoid continuous use of rate sensors, such as the common
rate gyro. In this case, the scheme of Figure 9.4.1.b is relevant, with the self-evident
disadvantage of increasing the sensitivity of the system to position sensor noise.

The term 7, denotes the equivalent disturbance torque, comprising internal and
external parasitic torques whose sources are irregularities in or bad modeling of the
reaction thrusters, uncertainties in knowledge of the vehicle mass properties, and so
forth. For instance, in the ABM stage - in which the transfer orbit is to be circular-
ized at the apogee - a large disturbance torque may be present if the high-thrust vec-
tor does not pass exactly through the satellite’s center of mass. The attitude reaction
control loop must counteract this disturbance torque in order to prevent a large at-
titude error of the satellite, which would cause an incorrect AV increment (see Sec-
tion 3.4.3). Another example of the importance in decreasing ACS sensitivity to T,
is in the N-S station keeping of geostationary satellites. Keeping the inclination of
the orbit inside permitted limits is achieved by adding linear velocity increments to
the s/c perpendicularly to its orbit (as explained in Section 3.5.1). During this stage,
which may continue for several minutes, the satellite attitude error cannot exceed
permitted tolerances without degrading the communication mission. In today’s com-
munications satellites, attitude error tolerances are of the order of 0.03°-0.1°, a diffi-
cult standard for the control engineer to achieve.

Naturally, an increase in the gain bandwidth of the control loop will decrease
the attitude errors due to the external disturbances, but the existence of structural
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dynamics will preclude very high loop gains. Hence, a careful design must procure
the highest possible gains while still keeping the necessary gain and phase margins
for the structural dynamics, including stability of the sloshing modes (see also Sec-
tion 7.3.6). Another important control aspect is the behavior of the attitude output §
to control input 8,,. For all attitude control tasks, sensor noise is an important fac-
tor to be taken into account. For the set-up of Figure 9.4.1.b, in which it is assumed
that no rate sensor is included in the control hardware, the noise of the position sen-
sor might be strongly amplified; this precludes high open-loop gains (see also Sec-
tion 7.3.6).

Sensitivity to External Disturbances

At the beginning of the analysis we shall assume that there are no structural
filters, G,(z) = 1in Figure 9.4.1.a. We also know that, with no structural dynamics in
the plant block, the simplified plant reduces to P(s) = 1/Js2, where J is the satellite’s
moment of inertia. Also, without the pulse width modulator in the loop, PWM =1.
If we assume that the disturbance T is a continuous and constant step function with
an amplitude of D, then

DT2.(z/2)(z+1)

0(2) = 1 ’
J(z—l)3+Tsamz(z—-l)(K+Kd£2—)

9.4.1)

where T, is the sampling time and z is the Z transform variable. Using the final-
value theorem for sampled systems, the steady-state value of the output amounts to

_ DT,
lim 0(nT,y,) = lim 2=19(z) = —=sm 9.4.2)
n—»00 z—-1 ¥4 K
and finally
0. T
TF, = % = Tsam 4.3
=5 X (9.4.3)

Equation 9.4.3 shows that the steady-state error of the output angle # depends on
both the sampling time T,,, and the DC gain K. This gain is itself determined by the
closed-loop natural frequency (K = w2J), and K is proportional to the damping co-
efficient (K; = 2£w,J). For the magnitude of the sensitivity ratio 7F, see Table 9.4.1,
in which J = 500 kg-m? and £ =0.7.

Table 9.4.1 Steady-state error as function of the sampling
time and the closed-loop bandwidth

o, | K K, | Tlsecl| 7F, D [N-m} | 8, [deg]

[x/s) [rad/N-m ] .
0.5 125 | 350 1.0 8.10° 1 0.46
0.5 125 | 350 0.5 4. 10° 1 0.23
0.5 125 | 350 0.25 2.10° 1 0.114
0.25] 3125 |175 1.0 32.10° 1 1.83
0.25} 3125 | 175 0.5 16. 10°? 1 0.92
0.25] 3125 |175 0.25 8. 10° 1 0.46
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In this analysis of the discrete feedback control loop, the outputs of G,(z) or G(z)
in Figure 9.4.1 are impulses of amplitude for, proportional to the processed attitude
error. In practice, thrusters supply torques of constant amplitude and varying time
length:

tp = tor/FA, (9.4.9)

where F is the thrust level and A the torque arm. This time transformation is per-
formed with the PWM included in Figure 9.4.1.

In order to prevent exaggerated detrimental influence of sensor noise on control
system performance, at least one first-order filter must be incorporated into the feed-
back control loop. The time constant of the filter must be low enough to leave the
control loop with satisfactory gain and phase margins. Using the Tustin transforma-
tion to render the analog control network G(s) discrete, we obtain

G(o) = KT+ 2kg+ (kTgm —2kg)z ™!
T Tamt 21+ (Tgm—27)27"

9.4.5)

EXAMPLE 9.4.1 In this example, w, = 0.5, £ = 0.7, J = 500 kg-m?, and either
Tam = 0.25 sec or T, =1 sec; the disturbance D =1 N-m. Using conventional fre-
quency design techniques, the time constant of the filter was fixed to 7 = 0.3, with
the resulting open-loop transfer function shown in Figure 9.4.2. The time-domain
simulation results are shown in Figures 9.4.3 and 9.4.4 for a T, of 0.25 sec and of
1 sec, respectively. The steady-state error for the case with T ,,, = 0.25 sec is 0.11°,
as per Eq. 9.4.2. In Figure 9.4.4, with T, =1 sec, the steady-state angular error is
0.456°; this also satisfies Eq. 9.4.2.

wn=0.5;zem=0.7;tau=0.3;1sam={.25
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Figure 9.4.2 Open-loop transfer function on the Nichols chart for Example 9.4.1.
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Figure 9.4.3 Time-domain results for the case with T,,,, = 0.25 sec.
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Figure 9.4.4 Time-domain results for the case with T, = 1 sec.

Equation 9.4.2 shows that the steady-state error depends on the sampling time
T.am- However, it would be more convenient to have a control law in which the
steady-state error is not dependent on the sampling time. This is easily accomplished
by arguing as follows. With a zero-order hold device, the processed output of the
control network G(z) is constant during the complete sampling period; thus, an angu-
lar momentum (7, ?or) is delivered to the satellite. It is suggested that the reaction
thruster deliver the same angular momentum, which means: ¢p X FA = T, tor, or
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Figure 9.4.5 Time-domain results for the control system based on a PW modulator
that renders the steady-state error independent of the sampling time T, .
tp = Tmtor/FA, (9.4.6)

where for is the commanded torque. The effect is equivalent to multiplying G(z) by
T,am- With this assumption, Eq. 9.4.1 and Eq. 9.4.2 take the new form

DT2.(z/2)(z+1)

0(z) = 1 (9.4.7)
J(z—1)3+ T g 2(z— 1)<K+Kdz )Tsam
and
lim 0(nT,,,) = hm ——0(z) = 2 (9.4.8)
n—-o sam7 ™ Z K o

Equation 9.4.8 shows that the steady-state angular error is no longer dependent on
the sampling period T,

Figure 9.4.5 presents a simulation of the control system with a PWM based on
Eqg. 9.4.5 (see Example 9.4.1). In this case T, = 0.25 sec, but the steady-state error
is now equal to 0.456°, as predicted by Eq. 9.4.8.

Adding an Integrator to Nullify the Steady-State Error In orbit-maneu-
vering control tasks in which high thrust is activated for long periods (i.e., tens of
minutes), it is of utmost importance to minimize the steady-state angular errors.
This enables efficient orbit control with a minimal waste of fuel, as explained in Sec-
tion 3.4.3.

The steady-state error due to the disturbance can be decreased to null by add-
ing integration control error to the already existing position and derivative control
errors. It is possible to add an integrator to the open-loop transfer function of the
control loop without changing appreciably the high-range frequency characteristics.
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P R VO,

. The integrator is added with an appropriate low-frequency zero, as is usual with fre-
{ quency design techniques.

EXAMPLE 9.4.1 (Continued) Since the crossover is w.,=0.75 rad/sec (Figure
9.4.2), it is appropriate to add an integrator with a zero located at w, = 0.05 rad/sec
so that the higher-frequency range of the open-loop gain is not compromised. After
the Tustin transformation, the revised discrete control network becomes

i G, = 20+ Toam) — 1/, + Toam _ 220.25-19.75
. : (z—1)/a, 20(z—-1)
; The results are given on the Nichols chart of Figure 9.4.6, where it can be clearly

seen that the gain and phase margins have not deteriorated as a result of adding the
integrator.

i The time responses for the 1-N-m disturbance are shown in Figure 9.4.7 (over-
i leaf). The time constant of the integrator control network is of the order of 20 sec,
i as expected (w, = 0.05 rad/sec). The error is comparatively large only for the first
20 sec, which is a negligible time in view of the total duration of the ABM stage. For
the rest of the time, the attitude error is null.

Sensor Noise Amplification One of the major problems in the design of
feedback control systems is the amplification of sensor noise. This can result in sat-
i uration of torque controllers and thus prevent the feedback control system from op-
erating satisfactorily. The effect is common to all controllers, but is seriously aggra-
vated when the controller is based on liquid reaction thrusters. Unpredictable parasitic
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Figure 9.4.6 Adding an integrator as depicted on the frequency-domain chart.
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Figure 9.4.7 Time-domain results with the integrator added in order
to nullify steady-state angular error.

waste of fuel shortens the mission lifetime of the satellite, which is intolerable from
the system engineering point of view. Hence, even in the preliminary stages of de-
signing a reaction attitude control loop, the amplification of sensor noise must be
carefully considered and attenuated.

The first natural way to decrease noise amplification is to reduce the bandwidth of
the feedback control system (at the expense of increasing the attitude errors due to
external disturbances). This solution has the advantage of increasing the gain mar-
gins of the structural modes, a subject to be treated in Chapter 10. The second way
to deal with the problem is to precede the PWM with an adequate dead zone, or to
limit the minimum pulse width of the modulator output. There is also the possibility
of using both techniques in conjunction. A compromise between attitude accuracy
and fuel flow per unit time for a given level of sensor noise will help to fix the final
bandwidth of the open-loop transfer function as well as the level of dead zone to be
used (if any). These tradeoffs are clarified in the following example.

EXAMPLE 9.4.2 As in the previous example, J = 500 kg-m2. We shall use a PW
modulator to compute the on-time of the thrusters according to Eq. 9.4.6, so that
T.am has no influence on the steady-state angular error of the feedback control loop.
No integrator is included in the control network. The sensor noise level of a good
earth sensor (see Appendix B) - used to sense the attitude of the satellite in the orbit
reference frame - ranges from 0.03° to 0.1° (RMS). In order to emphasize the effect
of amplifying this noise, we will assume an exaggerated noise level of 0.3° (RMS). In
the analysis to follow, T;,, = 0.5 sec and the disturbance level is D =1 N-m.

In the first try, choose w, = 0.5 rad/sec, £ =0.7, 7= 0.3 sec, and T, = 0.5 sec.
The open-loop gain of the solution is shown in Figure 9.4.8. With no sensor noise,
the time history is shown in Figure 9.4.9. The steady-state error is 0.456°, as calcu-
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: Figure 9.4.9 Time-domain results for a disturbance of 1 N-m without
sensor noise; w, = 0.5 rad/sec, £ =0.7, 7 = 0.3 sec, and T, = 0.5 sec.

lated from Eq. 9.4.8. The theoretical noise amplification was calculated to be tor/
noise = 11.848 (RMS). The fuel consumption rate is 0.5 g/sec. Amplification of sen-
sor noise augments the attitude error as shown in Figure 9.4.10 (overleaf), where
peak errors as high as 0.9° may be perceived. Even if so much angular error is ac-
1 ceptable, quadrupling the rate of fuel mass consumption (to 2 g/sec) is not.
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Figure 9.4.10 Time-domain results for a disturbance of 1 N-m with sensor noise
of 0.3° (RMS); w, = 0.5 rad/sec, £ =0.7, 7 =0.3 sec, and T, = 0.5 sec.

Let us diminish the sensor noise amplification, and also the fuel consumption, by
reducing the bandwidth of the attitude contro! loop to w, = 0.3 rad/sec. Of course,
we can increase the time constant of the noise filter to 7 = 0.7 sec. The theoretical
noise amplification is now only for/noise = 2.6 (RMS), a reduction by a factor of
4.5. With no noise, the consumption of fuel remains exactly as for the case with
w, = 0.5 rad/sec, since the fuel consumption rate depends only on the level of dis-
turbance and not on the bandwidth of the control loop. The steady-state error due to
the disturbance of 1 N-m is now higher: 1.21°, as predicted by Eq. 9.4.8 (see also Fig-
ure 9.4.11). With application of the same sensor noise, the attitude error now in-
creases to about 1.7° with fuel consumption of 0.75 g/sec, which is higher by only
50% than the fuel consumption without sensor noise (see Figure 9.4.12).

The second proposal for decreasing fuel consumption was to insert a dead zone
before the PWM. Suppose we use a dead zone of 3 N-m. The results in the time do-
main with w, = 0.5 rad /sec show that the fuel consumption rate is now only 1.1 g/sec,
compared to 2 g/sec without the dead zone, and with no significant increase in peak
attitude errors.

We conclude that tradeoffs similar to those described here are necessary to achieve
the best possible design results for the attitude control problems given under various
mission constraints. The results of our analysis are summarized in Table 9.4.2.

Input-Output Behavior of a Reaction ACS

In classical continuous feedback theory, there is a high correlation between
(a) the time response 6(¢) of the output to a step input and (b) the closed-loop fre-
quency response 7(s) = 8(s)/0.om(s), where .., (s) is a step command input (see Hor-
owitz 1963, Sidi 1973). This relationship is seriously distorted for sampled systems
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Figure 9.4.11 Time-domain results for a disturbance of 1 N-m without
Sensor noise; w, = 0.3 rad/sec, £ = 0.7, 7 = 0.7 sec, and T,,,, = 0.5 sec.
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if no special care is taken when defining the input-output transfer function. The
transfer function for a digital, sampled feedback control loop can be designed in
various equivalent ways (see Saucedo and Schiring 1968, Sidi 1977). We can put:

T(2);esTsam = T(8)s= ju = T(W)yy = (2 1)/i2+ 1) (9.4.9)

where * denotes “sampling process” in the continuous frequency domain, “s” is the
Laplace transform variable, z is the Z transform variable, and w is the W (bilinear
transformation) variable. We also have

0(z) _ 6°(s) _ 6(w)
ocom(Z) h O:Om(s) N ecom(w) )

The frequency response of the sampled transfer function in Eq. 9.4.10 does not
correlate well with the step time response, as in continuous systems (see Horowitz
1963). We can alleviate this difficulty by defining a mixed transfer function:

_ 0(9)
- B02om(s) )

The output of interest in Figure 9.4.1 is the continuous output 6(¢), not 8*(f). With
this practical definition, it has been shown (Sidi 1977) that the approximate rela-
tionship between the time response of the output and the frequency response of the
transfer function remains as good as for continuous feedback systems. With this
assumption, it is much easier to define the desired input-output transfer function in
the w frequency domain for a desired time response of a sampled feedback control
loop (see Saucedo and Schiring 1968). This approach will be followed here.

(9.4.10)

9.4.11)

Dead Zone and Minimum Impulse Bit of the Reaction Pulses Because of
engineering constraints, there is a minimum pulse duration Az, that reaction thrust-
ers can deliver, The minimum impulse bit F(Af;,), multiplied by the torque arm A
of the thrusters, is the minimum torque impulse bit (MTIB) delivered to the satellite
at the sampling instance: AF(At;,). Between two sampling events, the attitude con-
trol system is in open loop. During the period that the torque exists (designated by
tp), angular velocity will increase by

A9’=FAJ,
J

where F is the thrust of the reaction thruster, A the torque arm, and J the moment of
inertia about the axis of rotation. Until the next sampling (in Ty, sec), the attitude
will increase by

Al = F‘A%(Tm—tp). : (9.4.13)

(9.4.12)

This equation is self-explanatory: A6 is the minimum possible magnitude change of
0. However, it is important to emphasize that precise attitude control will demand
very low impulse bits.

Unfortunately, things are not quite so simple. The basic relationship for attainable
accuracy stems from Eq. 9.4.4 or Eq. 9.4.6. We shall concentrate on Eq. 9.4.6, the
equation of the PW modulator. This modulator will deliver a pulse torque propor-
tional to the torque command calculated in G(z) of Figure 9.4.1. After the transient
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period in response to the step command (or whatever command it may be), the steady-
state error is ey = .om — 0. This error will be translated by G(z) to a steady-state
torque command, tor. In these special circumstances - when the error is not con-
tinuous because of the sampling process - we shall rather speak of a minimum error
€min and a minimum torque £07y;,. For a minimum pulse width ¢p;,, the minimum
torque that will activate the PW modulator is

tPmin FA
tor, min = -—————-p;l:n
sam

From this equation it readily follows that

e = PuinfA _ MTIB
T TamK TamK '

In Eq. 9.4.15, MTIB is the minimum torque impulse bit that the reaction thruster
can deliver to the satellite about the controlled axis. This term deserves some spe-
cial attention: MIB = ¢p,;, F is a technical characteristic of the thruster - namely,
its minimum impulse bit. The torque period ¢p is highly dependent on the chemical
composition of the propellant (see Appendix C). The thrust level F also cannot be
chosen at will; for instance, F is of the order of 10 N for bipropellant propulsion sys-
tems. For monopropellant propulsion systems such as hydrazine thrusters, much
lower thrusts are common. Still, the term £p,;, F is of utmost importance, as can be
seen in Eq. 9.4.15. The minimum #p;, is equivalent to a torque dead zone, with all
the relevant implications such as limit cycling.

The torque impulse bit is related to the torque arm A. Practically, this term can be
adapted as desired by correctly locating the thruster on the satellite, as explained in
Section 9.2.1. The error term ey, of Eq. 9.4.15 can also be expressed in terms of w,,
the natural frequency of the second-order model feedback control system of Figure
9.4.1, in which K = w?J.

= epinK. (9.4.14)

(9.4.15)

EXAMPLE 9.4.3 In this example, J = 500 k-m?. We will show the relationship be-
tween the steady-state attitude error and the MTIB factor. In order to perceive clearly
this error, the closed-loop control system will be subjected to a small attitude com-
mand, let us say 0., = 0.1°. We choose w, =1 rad/sec, £ = 0.7, and 7 = 0.3 sec, so
that X = 500, K, = 700, and T,,, = 0.25 sec.

Figure 9.4.13 (overleaf) shows the time response results for F=6 N, A =1m, and
tPmin = 0.01 sec: MTIB = 6 % 0.01 = 0.06 N-m-sec. With this data, according to Eq.
9.4.15, epin = 0.06/(0.25 x 500) = 4.8 x10~* rad = 0.0275°. This analytical result is
clearly confirmed by the time-domain simulation, the results of which are shown in
the figure.

To increase the accuracy, we could decrease F or A or both. Suppose that F=2 N.
Hence MTIB = 0,02 N-m-sec and, by Eq. 9.4.15, eq,;, is reduced to ep;, = 0.0092°,
The time-response results agree with Eq. 9.4.15 (see Figure 9.4.14, overleaf). Sup-
pose once again that F =2 N but that now 0, = 1°. This makes the transient in the
error torque command relatively large (as compared to the maximum torque that the
reaction thruster can provide), so the torque controller is saturated and hence the
time response is more sluggish; see Figure 9.4.15 (page 287). (Of course, the situation
could be partially improved by increasing A and hence also the torque reaction level
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FA. But doing so would increase the steady-state error, which is contrary to our pri-
mary desire for attitude accuracy.) To overcome this phenomenon and improve the
time response, we must use nonlinear design techniques such as those presented in
Section 7.6.
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Figure 9.4.15 Time-domain results for the case in which FA =2 N-m,
1 tPin = 0.01 sec, w, =1 rad/sec, K = 500, T, = 0.25 sec, and 0, = I°.

It is important to notice that the attitude error and output responses need not fol-
low exactly the time histories shown in Figures 9.4.13, 9.4.14, and 9.4.15. The min-
imum values of the errors are guaranteed (as per Eq. 9.4.15), but these errors can
reach their limiting values at different times according to the initial values 6(0) and
6(0) of the system and according also to the level of the attitude input command.

; In Section 9.2 (see esp. Figure 9.2.3), six thrusters were used to implement a
y reaction control system for attitude and orbit control. For these two purposes, the
: six thruster jets provided the necessary positive and negative torques about the three
{ . . :

’ body axes (for attitude control) as well as linear velocity changes along the Xy and
the —Yg axes (for orbit control). It is possible to achieve three-axis attitude control
by using only four thrusters. However, with such a reaction control system, the pos-
sibility of achieving linear velocity augmentation in desired body directions is no

, longer available. This is the principal drawback in using a limited number of thrust-

X ers (fewer than six).

Figure 9.5.1 (overleaf) shows the torque vector arrangement obtained by using

four thrusters. As shown in the figure, each thruster provides a positive torque in a

given direction with respect to the satellite body; these torques are denoted T, T>,

i T;, and T;. In Figure 9.5.1, with directions of the torques produced by each one of

: the thrusters defined in the body frame, every vector control command torque T, can

be achieved with three of the four available torques. Since the torques produced by

each thruster have constant torque levels, the on-time must be computed for each of

the thrusters Ti;, i =1, ..., 4 (cf. Section 9.2). The transformation between the control

: torque components in the body axis frame and the on-time of each thruster can be
; written in the following matrix form:

e ervanes

l , 9.5 Reaction Control System Using Only Four Thrusters
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Figure 9.5.1 Tetrahedral torque configuration
of four reaction thrusters.

Ti, Ti,
T;:x Qx1 Gxy Qdyx3 Qyq Tiz Tiz
Tcy =l an a2 ay; ay Ti, =[A] Ti, ’ 9.5.1)
p ;1 Q3 Qz3 Gy Ti, Ti,

where the elements a,;, a,;, a,; of matrix [A] are the torque component coefficients
of each thruster along the body axes.

For a given torque control command vector T., we can find the on-time of each
thruster by inverting the matrix equality of Eq. 9.5.1. Matrix [A] is not square, but has
the pseudoinverse (see Section 7.3.4)

Tf] bxl byl bzl T T
3 cXxX cx
T{z _| b2 b2 b2 T, |=I[B]| T, |, 9.5.2)
T13 bx} by3 bz3 T T.
Ti, b byy by |- “

where the matrix [B] defines the transformation between the torque command com-
ponents in the body frame and the on-time of each thruster. In the general case, for
any desired T, only one of the Tj; can be negative. Negative values cannot be physi-
cally realized, since the thruster cannot be activated for a negative time and there is
no thruster able to produce a torque of opposite direction as in the six-thruster sys-
tem analyzed in Section 9.2.

In Figure 9.5.1, the four thruster torques divide the space around the satellite’s
cm into four regions, each one bounded by three surfaces defined by three thruster
torque vectors. Any control vector T, can be located in only one of the four space
regions, and can be expressed by only the positive components of the torques defin-
ing that region. This means that the T, can be achieved by using just three thrusters,
demanding only positive on-times. Consequently, by eliminating one of the thrusters
and its related row in matrix [A] of Eq. 9.5.1, we can obtain four matrix relations of
reduced order 3 x 3, each pertaining to one of the four regions of the torque space.
The pertinent matrices will be called [A;] and their inverses will be called [C;], where
the index j stands for the thruster j that was eliminated, j =1, ..., 4. For example,
{C;] will have the form
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With these definitions, there are two ways to prepare an operational algorithm. In
the first, we must determine which one of the space regions contains the desired con-
trol vector T, to be produced; then use is made of the matrix transformation [C;]
pertinent to that region, as in Eq. 9.5.3 for the case j = 3. A more straightforward
method is to use the four previously prepared transformations [C;] and compute the
on-times for each. For a given T,, only one of the transformations will come out with
three positive T'is; this will be the desired solution. For example: in Figure 9.5.1, T,
is achieved by use of thrusters 1, 3, and 4, whereas T, is achieved by use of thrusters
1,2, and 3.

9.6 Reaction Control and Structural Dynamics

Structural dynamics is especially important with reaction control because
the commanded torques are in many missions strong impulses, that is, pulses that
inherently excite the structural vibration modes. (In general, the same problem exists
also for other kinds of torque controllers, with the relieving condition that the com-
manded torques are not impulsive.) The structural dynamics effect in attitude control
systems will be treated in Chapter 10.

9.7 Summary

This chapter treated the most basic control problems in reaction attitude
control feedback systems. An important advantage of reaction controllers is the high
level of torques that can be obtained, which are dearly needed in certain control
tasks. With careful design approaches, accurate attitude tracking is also achievable.
Design techniques include decreasing the dead zones and the minimum impulse bit
of the reaction controller as well as increasing the bandwidth of the control loop.

The principal handicap of reaction controllers is their excessive consumption of
fuel mass, which cannot be replenished once the s/c is placed into orbit.
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CHAPTER 10

Structural Dynamics and Liquid Sloshing

10.1 Introduction

A typical spacecraft structure consists of two principal parts. The first one
is the body of the spacecraft, which contains all the payload instrumentation and
control hardware pertaining to the Attitude and Orbit Control System (AOCS). Its
structure must be very rigid in order to withstand mechanical loads during the launch
stage, and also to assure correct positioning of the control torquers and attitude sen-
sors for achieving the necessary pointing accuracy in the s/c mission stage. The neces-
sity to save on weight leads to mechanical design tradeoffs between weight and rigid-
ity, which results in a body that is only quasirigid and in which structural vibration
modes should be anticipated.

The second part of the spacecraft structure consists of large flexible appendages:
parabolic antennae, large synthetic-aperture radar, and very large flexible solar ar-
rays built from light materials in order to reduce their weight. Spacecraft structures
are now becoming extremely complicated because of these appendages, which also
induce structural oscillation under the excitation of external torques and forces. Fi-
nally, we must likewise consider vibrations due to the liquid contained in fuel tanks.
The vibrational dynamics evolving from flexible appendages and liquid sloshing inter-
feres strongly with the attitude control dynamics, and puts severe limitations on the
achievable qualities of the attitude control system (ACS).

This chapter is primarily concerned with this second class of structural vibrations.
First, we must write simplified structural dynamics models for solar panels and liquid
sloshing before coupling them to the rigid-body attitude dynamics of spacecraft. An
analytical model for the rigid body and the flexible structural modes will allow us to
evaluate the limitations on the bandwidth of the ACS.

10.2 Modeling Solar Panels

Although the techniques of structural modeling described in this chapter are
applicable to any nonrigid appendage to the solid body, we will concentrate on the
structural dynamics of solar panels, which are common to almost all types of satel-
lites. Our basic task is to create a simplified model that adequately represents the real
structure and is easyto use for design purposes.

10.2.1 Classification of Techniques

There exist four basic modeling techniques: (1) distributed parameter mod-
eling; (2) discrete parameter modeling; (3) N-body modeling; and (4) finite element
modeling. A short conceptual explanation of these techniques follows (see also Wil-
liams and Wood 1989).

291
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Distributed Parameter Modeling In many cases, the structure of the satel-
lite can be seen as a rigid central body to which one or more solar panels, resembling
cantilever plates, are attached. Deformations of these plates are described in terms
of distributed coordinates. Excellent texts on vibration of cantilever plates include
Thomson (1988) and Weaver, Timoshenko, and Young (1990). With this technique
of modeling the entire structure, the equations of motion are expressed in terms of
partial differential equations for the cantilever plates and by ordinary differential
equations for the motion of the overall spacecraft.

Discrete Parameter Modeling In this method, the flexible appendages are
modeled as a number of point masses, interconnected by spring elements. The stiff-
ness of the elements is expressed in terms of influence coefficients, which are easily
evaluated for simple structures such as cantilever rods and plates. Inversion of the
matrix of influence coefficients provides the structural stiffness matrix, which we will
use in this chapter and demonstrate with some simple examples.

Structural deformations are regarded as small, so that the equations of motion are
linear ordinary differential equations. In this context, the equations of motion for
liquid sloshing are easily incorporated within the remaining equations of motion of
the rigid body and the solar panel dynamics.

N-Body Modeling With this technidue, the structure is seen as a series of
connected rigid bodies. Each body is modeled as a mass with a rotational inertia.

Finite Element Modeling In this approach, the previous two techniques
for modeling are used conjointly. The finite elements may be modeled separately as
lumped spring-mass elements, or as “distributed parameters.”

In the next section, modeling of the solar panels is treated with several examples.
It will be instructive to solve them using various analytic approaches, in order to
familiarize ourselves with the techniques involved. A generalized approach for mod-
eling structural and sloshing dynamics together will be presented at the end of this
chapter.

10.2.2 The Lagrange Equations and One-Mass Modeling

As a first introduction to structural dynamics, let us solve the dynamic equa-
tions of the discrete model shown in Figure 10.2.1. In this simple example, the panels

YBA ‘4‘
_Q.,.
\[‘\- ~ /“,';.T
m e io Xs
e —
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Figure 10.2.1 Discrete model consisting of a rigid body and two
symmetrical panels, each modeled by a single mass m; reproduced
from Williams (1976) by permission of C. G. Williams.
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attached to the rigid body are modeled by a single discrete mass m, positioned at a
distance L from the center of mass (cm) of the rigid body. The moment of inertia of
the rigid body is J,. A torque T is applied about the axis of rotation, thus exciting
only the antisymmetric elastic mode. (With an additional force applied along the Yy
body axis, the symmetric elastic mode will also be excited; this model is not analyzed
in the present example.) Since the panel is not rigid, a deformation # with respect to
the rigid-body axis is to be anticipated. The mass m will experience two motions:

(1) amotion @ with the rigid body, with linear velocity §L; and
(2) adeformation u from the rigid-body axis Xp, with velocity .

For small deformations, both velocities will be collinear; hence the mass m will have
a velocity of

v=u+L8. (10.2.1)

We shall solve this example by using Lagrange’s method. Thus, the kinetic and
potential energies Ey and E, are to be written for the entire system, including the
two panels (represented by two masses m) and the rigid body (represented by its mo-
ment of inertia Jp):

Ey = 3502+ 2(3mv?). (10.2.2)
Together with Eq. 10.2.1, we have
Ey =1Jy0*+m(u+L0)*> and (10.2.3)
uz
E,= 2[7K]. (10.2.4)

We shall also define a dissipation function D, prdportional to half the rate at which
energy is dissipated. Taking into account both panels, we have

l-‘Z
D= Z(TKd)’ (10.2.5)

where K is the mechanical dissipative constant.
The most general form of Lagrange’s equations is

d aEk) 3E, 9E,  aD .
=)=+ +—=0; (i=1],...,n), (10.2.6)
dt( 2a) 9a; T og Tag, -

where the g; are generalized coordinates and Q; denotes the generalized forces or
torques acting on the i station. Lagrange’s equations for this example are as follows:

3E,

T Job+2mL i+ L0), (10.2.7)
d [ 3E, . . - )
i\ = Job+2mL(it + L) = (Jo+2mL*)d+2mLu, (10.2.8)
3’-5,1 =2m(a+ L), (10.2.9)
ou

d OE, _ L

EW = ZM(M+L0), (10.2.10)
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aE—" =2uk, (10.2.11)
du
aD .
37 =2uK,, (10.2.12)

0Ey OEy OE, 4D _aD
= = =— =—=0. 10.2.13
a0 du a0 30 ou (10.2.13)

From Eqs. 10.2.7-10.2.13, the following equations follow:
(Jo+2mL?)d+2mLii =T, (10.2.14)
mii+ K i+ Ku = —mL&@. (10.2.15)

In Eq. 10.2.14, J; is the moment of inertia of the rigid body. We shall denote by J, =
mL? the moment of inertia of one of the two (panel) masses about the cm. Let us
define J = Jy+2mL2. This is the moment of inertia of the entire system, including
the two panels. With this definition, Eq. 10.2.14 can be rewritten as:

Ji+2mLii =T, (10.2.14’)

where J = Jo+2mL? = Jo+2J,.

Equation 10.2.14 and Eq. 10.2.15 are both linear ordinary differential equations,
so they can be solved by Laplace transformations. Simple algebraic manipulation
leads to the final solution for 6(s) as a transfer function in the Laplace domain (“s” is
the Laplace variable):

K, K
2 d
+._ —
8s) 1 St st _ 1 s*42fos+0? (10.2.16)
T(s)  Jps? 2, I K Tk T Jos? s2+2Egogs+a2 -

Jom  J,m

Let us define as o = \JK/m the cantilever natural frequency of the panel, and let £ =
(K;/2)N1/Km be its damping coefficient. In the transfer function of Eq. 10.2.16, the
cantilever natural modal frequency appears in the numerator. This modal frequency
is independent of the rigid-body characteristics. The pole in the denominator is the
modal frequency of the entire system, which depends on the ratio between the mo-
ments of inertia of the rigid body plus panels to the moment of inertia of the rigid
body only. We label this modal system frequency g, and set o5 = ¥J/Jyo. Also, &5 =
\[J/J, £ is the damping coefficient of the denominator pole. The higher the ratio, the
higher the modal frequency os and the damping coefficient &g.

According to these definitions, og> ¢ and also £5> £. From the automatic control
perspective, the second-order dipole in Eq. 10.2.16 has a destabilizing effect, which
increases with the panel’s moment of inertia. With very small moments of inertia of
the panels, the dipole disappears. Moreover, the low-frequency (DC) gain of the sys-
tem’s transfer function decreases owing to the existence of the added panels, which
means that the equivalent moment of inertia increases from J, to J = Jo(1+2J,/Jp).

We have assumed that the damping parameter K is known from analytical data.
This is generally not so; in practice, the damping coefficient £ is derived from physi-
cal tests performed on the cantilever panel. Practical values for ¢ are generally very
low, of the order of 1-5 x 1073, depending on the amplitude of oscillations.
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Figure 10.2.2 Fréquency response of the open-loop transfer function,
including one elastic mode at wgy, = 4 rad/sec and ¢ = 0.003, 0.002,
and 0.001 in parts (b), (c), and (d).

EXAMPLE 10.2.1 Let us choose a satellite with J, = 720 kg-m? to which are ap-
pended two solar panels, weighing 20 kg each, whose centers of mass are located 2 m
from the satellite’s rigid-body center of mass. We will find the transfer function of
the satellite’s angular motion about its cm to an applied external torque.

First we compute the panels’ moments of inertia J, = mL? = 40 kg-m?; adding the
rigid body’s moment of inertia yields J = Jo+ (2 x 40) = 800 kg-m?. If the cantilever’s
modal eigenvalue is o = VK/m = 4 rad /sec, then k = 320 kg-rad?/sec2. Suppose also
that the damping coefficient of the panel was measured and found to be £ = 0.003.
With this information, for the structural model we obtain K;=2¢0m = 0.48 kg-rad/
sec. According to Eq. 10.2.16, the denominator will consist of a second-order pole
with an eigenfrequency of og = 0+/J/J, = 1.541 with ¢ = 4.2164 rad/sec and a damp-
ing coefficient of &5 = £+/J/J, = 0.00316.

To acquire a feel for the complications emerging from the structural dipole now
appearing in the attitude control loop, we set the open-loop crossover frequency at
weo = 0.5 rad/sec. With a conventional frequency domain design and without the
existing structural dipole, it is easy to obtain an adequate loop gain as shown in Fig-
ure 10.2.2.a.

A simple control network G(s) =2,000(s+0.1)/(s>+4s+4) provides the neces-
sary gain and phase margins. The existence of the structural mode produces a peak
at the modal frequency, thus decreasing the gain margin but still maintaining an ac-
ceptable control design (Figure 10.2.2.b). However, the situation is drastically aggra-
vated by a decrease in the damping coefficient of the panels’ cantilever model. In Fig-
ure 10.2.2.¢c, £ = 0.002 and the system is scarcely stable. If the damping coefficient is
decreased to £ = 0.001 then the system verges on instability (Figure 10.2.2.d).
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Figure 10.2.3 Dynamic block diagram, with the option
of adding additional transfer functions pertaining to
higher-order structural modes.

In practical situations the damping coefficient is not known exactly, so an uncer-
tainty of the panel model must be taken into consideration when designing an ACS.
It is feasible to add the necessary phase lag at the frequency of the peak in Figure
10.2.2, and to assure stability. A single elastic mode can be adequately controlled,
especially if its characteristics are known exactly. Unfortunately, they are not; a sat-
ellite’s moment of inertia J is altered during its life in space because of fuel consump-
tion. This changes the dipole’s peak location in the frequency domain.

Moreover, the situation is very much aggravated by the existence of additional
structural modes and by sloshing dynamics (to be treated in subsequent sections). In
this case, adjusting the location of the structural mode’s peak in the frequency do-
main, as shown in the figure, might be problematic owing to the existence of addi-
tional oscillating modes. A tradeoff, satisfying stability margins for all the structural
modes, generally compels the designer to decrease the overall bandwidth of the con-
trol system, with an inevitable increase in sensitivity to external disturbances and a
decrease in attitude accuracy (see also the examples to follow).

In Example 10.2.1 we presented the panel as a single point mass located in the geo-
metrical center of the panel. A single mass represents one single structural mode. It
is common to express the transfer function of Eq. 10.2.16 in partial fraction form.

The result is
06s) _ 1 2J, 1 1[1 2J,/Jy
—_— =t = —_—
T(s) Js2 ' JJy s?+2Egoss+of  J|s?  s242fg055+0d

A block-diagram representation of Eq. 10.2.17 is shown in Figure 10.2.3. Equation
10.2.17 can be rewritten in a more compact form as

b _1
Ty J
The definition of F;(s) is self-evident from Eq. 10.2.17 and Figure 10.2.3. The figure

clearly shows how additional higher-order structural modes (explicated in Section
10.2.3) can be added to the attitude dynamics equations of motion.

]. (10.2.17)

[_sl7 +F, (s)], (10.2.18)

10.2.3 The Mass-Spring Concept and Multi-Mass Modeling

In this technique, each flexible panel will be represented by two (or more)
discrete masses, m; and m,, as shown in Figure 10.2.4. Modeling the panel with two
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Figure 10.2.4 Discrete model consisting of a rigid body and two symmetrical
panels, each modeled by two masses; reproduced from Williams (1976) by
permission of C. G. Williams and British Aircraft Corp.

discrete masses is an appropriate way to show how the “influence coefficients” in vi-
bration theory are defined and calculated (see e.g. Weaver et al. 1990). This will also
allow us to introduce the formal matrix solution for structural dynamics.

In Figure 10.2.4, each of the panels is represented by a cantilever beam, further
detailed in Figure 10.2.5.a. It is assumed that the beam is massless, with flexural ri-
gidity of EI, and with two concentrated masses /, and m, located at x, and x,. The
masses can be located anywhere along the beam, but for simplicity we shall assume
that x,=L/2and x, = L.

The force-deflection equation of a massless cantilever beam is:

3 2 3
y=E% (2 (XY,
6EI | "\ Xy x;

where F is the force applied at station x; and y is the deflection at a distance x. This
equation holds for x; > x. (The variables y and u will be used interchangeably; y is
sometimes used when compliance with terminology from existing literature on vibra-
tional dynamics adds some clarity to the explanations.)

The flexibility coefficients are defined as the deflection y of a point located at x
that is caused by a unit force F applied at a point x7, with all other forces equal to

(10.2.19)

NN
l
&

/ L

Figure 10.2.5 Idedlized panel modeled as a cantilever beam with two
discrete masses; adapted from Weaver, Timoshenko, and Young (1990)
by permission of John Wiley & Sons.
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zero (see Thomson 1988). To derive the required flexibility coefficients, we first apply
a force Fy =1 at m,, where x; = L/2 for point 1 and x, = L for point 2 (see Figure
10.2.5.b). Use of Eq. 10.2.19 yields the deflections

L3 SL3
= — = e, 10.2.20
In=gr ™ =55y ( )
Next, the unit force F =1 is applied at the mass m,, where x; = L; we obtain
512 L3
== _ d = 10.2.21
T e A T (10.2.21)

(see Figure 10.2.5.c). According to the reciprocity theorem (Thomson 1988), y;; =
Yji- Hence y,; = y;; from Eq. 10.2.21. With the calculated flexibility coefficients, we
can write the flexibility matrix

_L*f2 s
[Y]—m[s 16]' (10.2.22)

The stiffness coefficients are the reciprocal of the flexibility coefficients, and the
stiffness matrix [K} is the inverse of the flexibility matrix:

vt 48EI[16 —5
K1 =(v) = 22 [_5 2]. (10.2.23)

Having found the stiffness matrix, we can proceed directly to calculate the dynamic
equations of the body plus solar panels. For the satellite-panel system we have

Ji= T+2(m,x,i4’,+m2x2122). (10.2.24)
For the appended panels only, in matrix form we have
m 0 ﬁl 48FET 16 -5 231 o ml 0 X1
— =6 . 0.2.25
[ 0 mz][ﬁ2]+ 7L3 [—5 2 Uz 0 msy | x> a )
Equation 10.2.25 can be put in a more compact form as follows:
[M]ii] + [D][a]+[K][u] = 6[M][x], (10.2.26)

where [M] is the mass matrix and a dissipative matrix [D] has been added to account
for the damping factors of the cantilever beam (i.e., the solar panels in our case).
Equation 10.2.24 and Eq. 10.2.26 can be solved simultaneously to calculate the dy-
namics of the rigid body and structural elements together. Since two masses have
been stipulated in the model, only two structural vibration modes will emanate from
the solution of the two equations.

The matrices [M], [D], and [K] can be augmented to include the dynamics of Eq.
10.2.24. Equation 10.2.26 will become

b ] 6 T
(M| i, [+D)| o |+IR]| » =] 0 |, (10.2.27)
ﬁz 122 U, 0

where [M], [D], and [K] are the augmented matrices. This differential matrix equa-
tion is linear, and can be solved by use of Laplace transforms. Taking the Laplace
transforms of the variables 8, u,, and u,, we have:
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(s (M) +s[D]1+ K10 u; u;)"=[T 0 0] . (10.2.28)

The result is a 3 x 3 matrix whose terms are polynomials in s, of up to second order,
from which the vector [ u; u,]T can be solved. The determinant of the solution will
be a polynomial in s of the sixth order, pointing to the existence of two integrators
of the rigid body, together with two second-order poles of the structural vibration
modes.

10.3 Eigenvalues and Eigenvectors

The structural analysis in Section 10.2.2 is based on modeling the panels as
concentrated masses located along the panels’ axes. The stiffness coefficients have a
meaning similar to the elasticity coefficient k of a spring, also called the stiffness con-
stant. In fact, many additional structural problems connected to satellite dynamics
can be modeled in terms of spring-mass elements, for instance, the fuel slosh dy-
namics treated in Section 10.4. In this section we analyze a simple two-body mass-
spring problem in order to demonstrate and reinforce the important notions of eigen-
values and eigenvectors.

Consider the two mass-spring elements in Figure 10.3.1. The equations of motion
of the two bodies are easily written for m; and m, as follows:
myiiy+ kyuy— ky(uy—uy) = Fy,

" (10.3.1)
myiiy+Ky(us—uy) = Fs.

Equations 10.3.1 can be put in the following matrix form:

S S v M Y.

alternatively,
[M][ii] +[K]{u] =(F]. (10.3.2")

As before, [K] is the stiffness matrix consisting of the stiffness influence coeffi-
cients k;j; [M] is the mass matrix, which contains in its diagonal the masses m, and
m;. The k;; coefficients can be evaluated in a systematic way. They can be computed
by inducing unit displacements in each of the displacement coordinates u; one at a
time, and calculating the required holding forces F; as in Section 10.2.2. To illustrate
the process, suppose that a unit displacement , is induced, while &, = 0. The static
holding forces required for this situation will be k;; and k,,. It is easily seen from the
figure that k), = k;+ k, and k,; = —k,. They constitute the first column of the stiff-
ness matrix. To find k,, and k;,, suppose that 4, =0 and 4, =1. In this case, the
holding forces are k;, = —k; and k5, = k,. Note that ky, = k,;. Equation 10.3.2’ is
sometimes referred to as a set of action equations of motion (see Weaver et al. 1990).

IS ST STV S
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Figure 10.3.1 A simple two-body vibration problem.
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The dynamic equations can also be written in terms of the flexibility coefficients
and the flexibility matrix [Y]; see Section 10.2.2 and Eq. 10.2.22. To find the ele-
ments of the flexibility matrix, it is convenient to work with displacement equations
of motion instead of the action equations. To illustrate this approach, suppose first
that, in Figure 10.3.1, a unit force F; =1 is applied to m; while F, = 0. The static dis-
placements u; and u;, are easily computed to be u; = 1y;, = 1/k; and u, = ly,, = 1/k;.
Next, in Figure 10.3.1, induce F, =1 while F; = 0. In this case, the flexibilities are
Y =1uy =1/kyand y,; = uy+u, = 1/k) +1/k;. Knowledge of the elements y;; allows
us to find the inverse of the flexibility matrix [Y]™! = [K]; see Eq. 10.3.2.

Let us return to Eq. 10.3.2". It is easy to solve this equation using Laplace trans-
formations. The resulting matrix in the Laplace domain becomes:

F52m1+k1+k2 —kz ][ul(S)]_[F](S)
~k; s’mytky Jluy(s) | LFae) |

The solution for the vector [u] is obtained simply by inversion of the matrix:

uy(s) S m2+k2 ks, F](S)
| ”2(5)] A(s) [ s2my+ k, + kz] [Fz(s) ]’ (10.3.9)

where the determinant is of the fourth order,

(10.3.3)

A(S) = s4m,m2+sz(m1k2+m2k1 +m2k2)+k1k2. (10.3.5)

Since the coefficients of the uneven power terms in s are zero, the roots can be easily
found. The roots are the eigenvalues of the system. For s? = A with s = jw, we find

o2 —b+\b2—4ac
1 ]

2= 2a (10.3.6)

A2= 512.2 ==
where a = mym;, b = m;k,+ my(k,+k;), and ¢ = k k,. The expression under the
square root sign is always positive (b%>—4ac > 0), since by simple algebraic manipu-
lation it can be expressed as [m,k;—my(k+ k3)12+4mymyk3 > 0. It follows that
Ay, is always real. Also, 4ac > 0, so both roots are negative. As a result, the deter-
minant of Eq. 10.3.5 can be put into the form

A(s) = mymy(s +5s})(s2 +53). (10.3.7)

Thus, the characteristic equation comprises two natural frequencies of angular oscil-
lations, w, and w,, that depend on the physical properties of the system (m,, m,, k;,
and k,). These are the modal frequencies.

We now investigate the free vibration of this system. Set F)=F, =0, and for
each of the eigenvalues assume a solution of the form u; = 4sin(w,;7+4;) and u, =
Bsin(w;t+8;). For instance, for the first modal frequency w, substituting u, and u,
into Eq. 10.3.1 yields the ratio of the 4 and B amplitudes:

A] kz kz—mzwlz
= = . 10.3.8
n B| k] +k2 m,w, k2 ( )
Similarly, for the second eigenvalue we obtain the ratio
Az k2 kz—me%
== . 0.3.9
"2 Bz k|+k2 m,wz k2 (l )
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The amplitude ratios r, and r, represent the mechanical shapes of the two natural
modes of vibration of the system. Using Eq. 10.3.1 for the two different natural fre-
quencies of oscillation, we cannot calculate the amplitudes A and B but only their
ratio. In fact, the vector [A B]T is the eigenvector for the eigenvalue. There are two
such vectors - namely, [A, B,]T pertaining to w, and [4, B,]T pertaining to w,. The
eigenvectors are the modal shapes of the relevant eigenvalues. The following numer-
ical example will demonstrate the notion of an eigenvector.

s

EXAMPLE 10.3.1 Suppose that m, = 2m, =2 kg and k, = k, = 1 kg/sec. We find

] that @ =2x1=2, b=—[2x1+1x(1+1)] = —4, and ¢ = 1x1 = 1; hence
4416
wf,z=#=li%\/i,

w? =0.293, and w} = 1.707. Finally, we use Eq. 10.3.8 and Eq. 10.3.9 to calculate r, =
0.707 and r, = —0.707. Interpretation of the displacements r; and r, is as follows.
:, We normalize the amplitudes of u; and u, so that B = 1, which means that if B =1 at
; w; then the amplitude 4 = 0.293. For the second eigenvalue and eigenvector, if B =1
L then A = —0.707.

The purpose of Sections 10.2 and 10.3 was to present the reader with some basic
; principles of the structural dynamics modeling of solar panels. In the next section,
a simplified mathematical model for liquid sloshing will be developed.

| 10.4 Modeling of Liquid Slosh

10.4.1 Introduction

| With today’s very large satellite structures, a substantial mass of fuel is nec-
' essary to place them into orbit and perform orbit corrections. As we have seen in
Chapter 3, the mass of fuel contained in the tanks of a geosynchronous satellite
amounts to approximately 40% of its total initial mass in the GTO. When the fuel
containers are only partially filled and under translational acceleration, large quanti-
ties of fuel move uncontrollably inside the tanks and generate the sloshing effect.

The dynamics of motion of the fuel interacts with the solid-body and the append-
v age dynamics of the spacecraft. The interaction of sloshing with the ACS tends to
produce attitude instability. Several methods have been employed to reduce the effect
' of sloshing, such as introducing baffles inside the tanks or dividing a large container
into a number of smaller ones. These techniques, although helpful in some cases, do
not succeed in canceling the sloshing effects. Hence the ACS must provide an ade-
quate solution: first, to assure stability during the thrusting stage; and second, to
achieve good attitude control despite the existence of sloshing dynamics.

RIS ST P

?':“'; 10.4.2 Basic Assumptions

Modeling of the sloshing phenomenon was initiated in the early sixties. The
models of sloshing motion presented in Abramson (1961) have not changed much
over the years.
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An exact analytical model of fluid oscillatory motion inside a moving container
is extremely difficult - in fact, impossible. After some simplifying assumptions, rea-
sonably adequate models have been obtained that are in good agreement with experi-
mental results. These assumptions include:

(1) small displacements, velocities, and slopes of the liquid-free surfaces;
(2) arigid tank;

(3) nonviscous liquid; and

(4) incompressible and homogeneous fluid.

With these assumptions, the sloshing dynamics model can be written using an infinite
number of small masses. The results obtained with such models must be checked
with experimental measurements, after which even greater accuracy is possible if the
model parameters incorporate these test values (see Pocha 1986).

10.4.3 One-Vibrating Mass Model

A basic explanation of the sloshing effect follows. The fuel tank is under the
action of a force F. The nonmoving parts of the container are concentrated in the
mass M, which is located at the center of mass of the entire system. The moment
of inertia about the center of mass is Jy. As a consequence of the applied force, an
acceleration g = F/(My+ m) will act on the spacecraft. The moving mass m in the
container experiences also an acceleration component in a direction opposite to the
force F.

‘ Because of a lateral force f, the mass m will tend to move away from the neutral
3 position prior to the application of this force, and a pendulum analogy is evident.
l The simplest model in this context represents the sloshing mass by a pendulum, or a
; mass-spring element, as shown in Figure 10.4.1.a and Figure 10.4.1.b, respectively.
As is well known, the frequency of oscillation of a pendulum is proportional to the
acceleration constant g and inversely proportional to the length of the arm L:

The mass-spring analogy is related to the pendulum analogy, in which the oscilla-
tion frequency of the mass—spring element in Figure 10.4.1.b is

Free surface

pcm
£ My, Jo

i a. F b.

Figure 10.4.1 Simple mechanical models for pendulum and spring-mass
analogies to the sloshing problem; reproduced from Abramson (1966).

Wose = VE/L. (10.4.1) '
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Wose = VK/m. (10.4.2)

The difficult part in modeling the sloshing effect according to both analogies is to
find (analytically and /or experimentally) the equivalent arm length L, the equivalent
mass m, and the equivalent spring constant k. These parameters depend on the shape
and other geometrical parameters of the container, the characteristics of the fluid,
the fill ratio of the container (i.e., the ratio between fluid quantity and container vol-
ume), and so on (see Abramson 1961, Unruh et al. 1986). As we shall see, the oscilla-
tion frequency wq,: for both models is of utmost importance. Equating Eq. 10.4.1
and Eq. 10.4.2, we obtain that k = g = F/(Mjy+ m) and that the spring coefficient &
is proportional to the applied force F. From these two equations it also follows that

k=mg/L = muwk; (10.4.3)

L, the equivalent arm for the pendulum model, depends on the container geometry,
the fill ratio of liquid, and so on. We can now write the equations of motion for the
complete system, including the rigid-body part of the satellite and also the fixed and
the moving (sloshing) part of the fuel. To be more precise, the model system illus-
trated in Figure 10.4.2 will be used.

In Figure 10.4.2, Zg is the geometrical axis of the satellite, which is assumed to be
a principal axis; Z; is the inertial axis of the system before the lateral disturbance has
been applied. The force F produces a linear acceleration that may be calculated as

F
M0+m )

reedens

e

(10.4.4)

e am

This acceleration approximates the spring coefficient &.

If only one thruster is fired (e.g. Thl), the applied force f can be divided into a
linear side force f - parallel to f and acting on the cm of the satellite - and a torque
T = fd about the cm. On the other hand, the force f, together with the spring coeffi-
cient & as in Figure 10.4.2, produces a lateral acceleration a with amplitude

_ ftkx
=

Next, we can write the moment equation about the cm:

[RRPYEIN

a (10.4.5)

K TSR
eltie, M S LN temies vene Ciwies

Figure 10.4.2 Model with one spring-mass system for writing
the dynamics equation of motion; adapted from Bryson (1983)
by permission of the American Astronautical Society.
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Jo = df — bkx—mgx. (10.4.6)
The resulting linear acceleration of the mass m satisfies the equation
m(a+%—bl) = —kx. (10.4.7)

The simultaneous solution of Egs. 10.4.5-10.4.7 is straightforward. If we define

ky=bk+mg and k,=k+mk/My=k(1+m/M,),

then
Job+kix=df and (10.4.8)
mx+kyx—mbl = —mf/M,. ©(10.4.9)

Equation 10.4.8 and Eq. 10.4.9 are linear ordinary equations that can be solved with
the Laplace transform:

Jos® k o)1 _[ df
[mb82 —m(sz+k2/m)] [x(s)] - [mf/Mo]° (10.4.10)

Exactly as in our analysis of solar panel structural dynamics, a damping factor §
must be incorporated into the equations of angular motion. This is easily done by
exchanging the term m(s?+k,/m) with the term m(s?+2¢k,/ms+ k,/m). Equa-
tion 10.4.10 is thereby altered to read

[Josz ky 0(s) _[ df (10.4.10°)
mbs?  —m(s>+2&\ky/ms+ky/m) || x(s) |~ | mf/My | o
The solution is

0(s) 1 [—-mP+28Vk,/ms+ky/m) —k, df
[x(s)] = m[ —mbs? . Josz] [ m f/Mo]’ (10.4.11)
where the determinant is
A(S) = —mJys?[s® + 2EVky /ms + ky /m+ bk, /J,). (10.4.12)

We are interested in the angular motion @ of the satellite. However, we must dif-
ferentiate between the applied torque T = df and the applied side force f. Two basic
cases arise: applying pure torque versus applying torque with a side force.

Application of a Pure Torque

A pure torque T can be applied about the center of mass by firing two appro-
priate thrusters - for example, Thl and Th3 to achieve a positive pure moment about
the cm, or Th2 and Th4 for a negative pure torque. In this case, there is no applica-
tion of a side force f, and the transfer function becomes:

) _ 69 _ s’ +28Vk,/ms+ky/m

T(s) df  Jos st +2¢vky/ms+ky/m+kyb/Tg)
Remember that g = F/(My+ m). Define also the equivalent sloshing frequency

wiL =wl= % = "(%J'I;;) = wgsc(l +Mﬂo) (10.4.14)
where w, is the zero of the transfer function. With these definitions, Eq. 10.4.13 can
be rewritten as

(10.4.13)
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0(s) _ 1 s2+2twg s+ wdyL
T(s)  Jos? s2+2E\ky/ms+wiy +b%k/Jy+mbg/Jy
2 2
+2fw,5+
1___ S +28e,5t0; (10.4.15)

= Jos? §2+ 2 peys wrpsysS w02
In Eq. 10.4.15,

2 2
2 _ .2 2 b°m mbg=zl m  b°m mbg
wpsys W + Wose _—Jo + ——Jo wosc[ + —Mo + —Jo —'—Jo (10.4.16)
and
Epsys = L (10.4.17)

Dpsys
It is important to comment on the physical meaning of Eq. 10.4.14. The term wy is
the oscillation frequency of the mass-spring sloshing element; w, is the zero of the
transfer function; and wpy in Eq. 10.4.16 is the natural frequency of the entire dy-
namic system, including the satellite.

Inspecting the determinant of the preceding transfer function, there are two im-
portant questions to be answered from the ACS perspective:

(1) Can the system pole be unstable? (b can be negative)
(2) Can the system pole value be smaller than the value of the zero?

In order to answer these questions, we Write w3, of Eq. 10.4.15 in terms of the basic
parameters b, m, Jy, M, k (from Eq. 10.4.3), and g (from Eq. 10.4.4):

2
w§m=k[i+ ! +9—]+ﬂ2g

m” My Jo| Jo
_2 [y.m , mb’) bmg 10.4.16’
w““[l+Mo+ T ]+ - (10.4.16")

According to Figure 10.4.2, b can have a positive or a negative sign, depending on
the location of the fuel tank inside the satellite relative to the dry center of mass.
Even if b < 0 but with wgys > w,, stabilization of the satellite - despite existence of
the slosh dipole - is straightforward. A simple lead-lag compensator is sufficient to
stabilize the two rigid-body integrators. The slosh dipole needs no special compensa-
tion, since the closed-loop root of the sloshing mode is inherently stabilized (Figure
10.4.3.a). However, should 4 negative b lead to the condition wp.y; < w,, an additional

Im

Im

€ Slosh ——

dipoles

e
4~ compensator

Re

a. b.

Figure 10.4.3 Root locus of the satellite’s closed loop,
including the slosh dipole.
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compensating dipole will be necessary in order to secure a stable angular motion
despite the existence of sloshing (see Figure 10.4.3.b).

Equation 10.4.15 is very similar to Eq. 10.2.16. As with the panel’s structural mod-
el, the damping coefficient for the sloshing mass is usually determined by experi-
mental measurements with a partially filled tank. For more sophisticated models that
incorporate additional sloshing masses, the modeling should be similar to the panel
represented by several structural modes as in Figure 10.2.3 (see also Section 10.4.3).
This reasoning is best appreciated if the analysis is carried out on a Nichols chart or
on Bode plots, as the following numerical example illustrates.

EXAMPLE 10.4.1 As in Example 10.2.1, we choose Jp = 720 kg-m?. Suppose also
that M, = 600 kg, m = 100 kg, and w,, = 1.5 rad/sec; F = 500 N. We shall find the
transfer function for b = +0.25 m and then for b = —0.25 m, with £ =0.002 and
also £ = 0.001. For both cases, g = 500/700 = 0.714 m/sec? (Eq. 10.4.4).

CaseI: b=+0.25 According to Eq. 10.4.14, w, =1.5+/1+100/600 =1.6202
rad/sec. Next, we find wpqys:

2
cWs:\/[1.52<1+103+100><o.zs >+0.25x100x0.714] — 1.634 rad/sec.

600 720 720
In this case wpey > w,. Also, £y = (0.002 %X1.6202)/1.634 = 0.001983.

Case 2: b= —0.25 In this case,

_ 2y, 100  100x0.25%) 0.25x100x0.714] _
Wpsys = J [1-5 (1+ 0T 720 230 = 1.6186 rad/sec

and wyeys < ;5 £psys = 0.002002.

We will use the same feedback control solution as in Example 10.2.1. On the Nich-
ols chart in Figure 10.4.4 are shown the open-loop gains for both positive and nega-
tive b and also for two different damping coefficients, £ = 0.002 and £ = 0.001.

At this point, some additional comments are in order.

(1) In Figure 10.2.2 it is clear that, in order to improve stability margins for the
low-damping coeflicient cases, some lag must be added at the panel’s elastic modal
frequencies, so that the peaks of the open-loop gains will be lowered away from the
—180° stability phase line in the Nichols chart. This will increase the phase at the
sloshing modal frequencies too, so an additional decrease of the phase margins at
the slosh modal frequencies will follow. Moreover, in multitank fuel systems, slosh-
ing dipoles for both positive and negative b may be present simultaneously, thus
gravely complicating the design of the feedback control loop (see Figure 10.4.4.c and
Figure 10.4.4.d). The usual design-stage tradeoffs in the frequency domain will lead
to a decrease in the crossover of the open-loop transfer function, with an inevitable
degradation in the quality of the ACS.

(2) During the apogee insertion stage, the fill ratio of the fuel tanks decreases con-
tinuously, thus changing the parameters of the sloshing model. There is in any case
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Figure 10.4.4 Frequency response of the loop gains, including one
sloshing mode at wg; = 1.5 rad/sec, b = 0.25 m, £ = 0.002 and 0.001.
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Figure 10.4.5 Loop gain changes due to sloshing parameter variations.

a large uncertainty about these parameters, such as the moment arm b and wgs.. A
family of uncertain plants will emerge, and the feedback control system must pro-
vide a satisfactory solution for all of them. An example of open-loop transfer func-
tions for a family of such plants is shown in Figure 10.4.5. A systematic design tech-
nique for similar control problems was developed many years ago and can be used to
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obtain a satisfactory feedback control solution; see Sidi and Horowitz (1973) and
Sidi (1976).

(3) In Example 10.2.1, only the panel structural model was introduced; in Example
10.4.1, only the slosh dynamics model was implemented. In Section 10.5, a system-
atic procedure will be derived to implement simultaneously all structural and slosh
dynamics in the model.

Simultaneous Application of Pure Torque and a Side Force
In this case, the transfer function in terms of the applied force f will become

99 o L lims? ol B PR )
f 26 [(ms +ky)d+ Mo]_ A6) [s +H; +M0 (10.4.18)

(cf. Eq. 10.4.11). It is clear from Eq. 10.4.13 and Eq. 10.4.18 that use of a pure torque
T and a side force f enables changing the location of the sloshing model’s complex
zero in the s domain, thus helping to obtain a more favorable (from a root-locus
viewpoint) location of the complex poles and zeros of the sloshing mode. Our aim is
to decrease the value of the sloshing zero below the value of the sloshing pole. This
simplifies the feedback control solution, as in Figure 10.4.3.a. In practical situations
this effect is obtained by using a side thruster providing the side force f, a thruster
different from those providing the pure torque T.

10.4.4 Multi-Mass Model

As with all structural models, an infinity of structural modes exists but only
the most pronounced are taken into consideration. For the sloshing model, two to
three masses at most are sufficient to characterize the sloshing dynamics. Generally,
it is more convenient to define the modes by their oscillating frequency w,; (see Eq.
10.4.2) and their assumed damping coefficient £;. For the multi-mass sloshing model,
Figure 10.4.2 is readapted to yield Figure 10.4.6.

In fact, the multiple-mass sloshing model can be presented in block-diagram form
as in Figure 10.2.3 for the solar panel structural modes. Formulating the dynamics
model for the panels and the sloshing oscillatory dynamics in a generalized model
will be explained in the next section. .

by — e d—-& f

Figure 10.4.6 Model with multiple sloshing masses: adapted from
Bryson (1983) by permission of the American Astronautical Society.
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10.5 Generalized Modeling of Structural and Sloshing Dynamics

The task of previous sections was to introduce basic notions of structural
and sloshing dynamics. The emphasis was on the physical interpretation of these
models. In practice, the number of structural modal frequencies is quite large, as is
the number of sloshing masses that influence the satellite’s dynamics. Consequently,
the procedures explained in previous sections seem impractical for modeling the over-
all dynamics of a s/c with a large number of oscillating modes. In this section we sys-
tematize writing the complete set of dynamics equations for angular motion of the
spacecraft.

Before we can present a complete analysis of the dynamics of the satellite, includ-
ing solar panels and fluid in the fuel containers, some discussion of the hardware
being incorporated will be necessary.

10.5.1 A System of Solar Panels

In the most general case, a solar panel might be appended to the satellite by
a two-axis gimbaled system, so that the panel can be rotated toward the sun from
any orbit location. To simplify the analysis, we assume that the panel has only one
degree of rotational freedom. This is true of the Spot satellite, the Hubble space tele-
scope, and all geostationary satellites.

Suppose we are dealing with a geostationary satellite, so that the solar panels must
rotate once per day about one of the satellite body axes in order to be continuously
directed toward the sun. A schematic of the satellite-panels hardware is shown in
Figure 10.5.1. As shown in the figure, the panel can rotate about the Yg axis by an
angle a, so that the sun axis will be located in the X,-Y, plane for maximum sun
absorption.

Since the sun panel is not rigid, it can have three modes of deflection about its
axes X, Yy, Z,,. The deflection about the Z, axis is called the out-of-plane deflection
mode. The deflection about the X, axis is called the in-plane deflection mode. The
last mode, deflection around the Y, axis, is the forsional deflection mode. It is easily
perceived that the out-of-plane mode is in general the most pronounced and has the
lowest structural eigenfrequency. The influence of all three panel deflection modes

Figure 10.5.1 Geometry of a single-axis rotating solar panel.
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Figure 10.5.2 Definition of (a) the geometrical parameters of a single
fuel tank and (b) the geometry of the rigid body plus two fuel tanks;
part (a) reproduced from Abramson (1966).

on the rigid part of the satellite depends on the rotation angle o of the panel relative
to the rigid body’s axis frame.

10.5.2 A System of Fuel Tanks

A propulsion system may consist of a number of fuel tanks. With bipropel-
lant propulsion systems (see Appendix C), at least two tanks are mandatory. A num-
ber of smaller tanks are generally preferred over a single bigger one in order to lessen
sloshing effects, although such systems are more expensive. In any case, the geomet-
rical parameters of each tank must be defined independently of the overall satellite
conglomeration.

In Figure 10.5.2, m, is the mass of the nonsloshing part of the fuel inside the tank
and my, m, are the two assumed sloshing masses. These three masses are distanced
by, by, and b, from a reference geometrical location, in this case the geometrical cen-
ter of the ellipsoid-shaped tank. The terms &y, k, and c,, ¢, are the spring coefficients
and damping parameters responsible for the damping coefficients defined in Section
10.4. In Figure 10.5.2.b, “cmd” is the dry center of mass of the rigid-body part of the
s/c, including the dry weight of the fuel tanks; M, is the nonsloshing mass of the sat-
ellite, and J; is the moment of inertia of the satellite excluding the sloshing masses.

With these definitions and the known location of the tanks inside the satellite, the
parameters of the sloshing masses inside each tank can be defined according to the
fill ratio of the tanks and the translatory acceleration imparted to the s/c in the direc-
tion of F (Abramson 1961). A nonmoving ¢m can then be calculated, and the torque
arm of each mass referenced to it can be evaluated, thus enabling us to write the dy-
namics equations of the overall satellite system.

10.5.3 Coupling Coefficients and Matrices

Examining Eq. 10.2.14 and Eq. 10.2.15 reveals immediately the existence of
a coupling factor between the rigid-body dynamics and the solar panels’ structural
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dynamics; this is the term mL in these equations. The order of the structural dynam-
ics equations depends on the number of appended structural bodies and on the num-
ber of assumed structural modes per body.

All structural mode equations for the panels and the sloshing modes can be ex-
pressed in a canonical form of second-order dynamics, with known eigenfrequencies
and fairly well-anticipated damping coefficients. The coupling coefficients allow us
to augment the dynamics equations of rigid-body angular motion with structural and
sloshing model dynamics. A generalized approach follows in the next section.

10.5.4 Complete Dynamical Modeling of Spacecraft

In this section we assume that the translational and rotational dynamics are
uncoupled. See also Prins (1983) and Williams and Wood (1989). With this assump-
tion, it suffices to augment the dynamics of Euler’s moment equations (Eq. 4.8.1)
with the structural modes and sloshing dynamics. In Euler’s equations, h is the mo-
mentum matrix, including all products of inertia and momentum biases, if existing
in the satellite.

The augmented Euler equations of motion become:

T=T.+T;=h;+wx (h+[Bl4+[Dlé}+[Bl45+[D1s, (10.5.1)
[Ul4+2[&,1(8,1a+(2,)*n = [B] 7o, (10.5.2)
[Elo+2[%,][9,]0+[92,}%0 = [D]T6, (10.5.3)

with [B] = {[K] [C]}". In Egs. 10.5.1-10.5.3, , h, %, and ¢ are vectors. The rota-
tional matrix [C] is the usual rotational transformation about the Yg axis in Figure
10.5.1 by an angle a::

cos(a) 0 —sin(a)
[C]l= 0 1 0 . (10.5.4)
sin(f) 0 cos(a)

Formal definitions of the different matrices are as follows:

{U] - unit matrix (m X m);

{E,] - flexible modes damping matrix, diagonal (m X m);
[2,] - flexible modes frequency matrix, diagonal (m X m);

[B] - flexible modes coupling matrix (3 x m);

[K] - matrix of coupling coefficients (m X 3);

[E] - unit matrix (n X n);

[E,] - sloshing modes damping matrix, diagonal (n X n);

(2,] - sloshing modes frequency matrix, diagonal (7 x n); and
[D] - sloshing modes coupling matrix (3 X 7).

With regard to matrix dimensions, m denotes the number of flexible modes of the
solar panels for the three different panel axes; n is the number of sloshing masses.
Any element of [©] represents the natural frequency of a mode, structural or slosh-
ing; any element of {£] represents the damping coefficient of a single mode. The ele-
ments of [B] define the angular momentum coefficients of the ith flexure mode at the
cm of the satellite; the elements of [D] define the coupling coefficients of a sloshing
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mass to the cm of the satellite. The element »; of u is the amplitude of the ith flexure
mode, and the element g; of ¢ is the amplitude of the jth liquid sloshing mode.

As far as the structural dynamics of the solar panels is concerned, the modes
should be defined according to the panel axes X, Y,,, Z,,. For instance,

[ﬂ,,] = diag[ﬂxph prZ’ srey Qyplv Qyp2’ vesy szl, szZ’ ---]v
[Er]] = diaglsxph £xp2, seey Eypl’ EypZa ceny Ezpls Eszs .l

Also, 07 = [Myp1, Mxpas -5 Nypls Myp2s +++s Tzpls Nzp2s ---). With these definitions,

Kpts Kxp2s o 0 0
K]T= 0 kypts Kyp2s - 0 . (10.5.5)
0 0 Kepts kzp2s ..

To find [B] and [B]" explicitly, suppose that there exist two structural modes for
each of the panel’s axes. In this case,

i kypicos(a) 0 —k, sin(a) i
kepacos(a) 0 —kyppsin(a)
k
[B]T=[K][C]= 7Pl : (10.5.6)
Kyp2
K2 Sin{ @) 0 k2 p1cOs(a)
| kzpasin(a) O kzp2 cos(a) |

Equations 10.5.1-10.5.3, together with Eq. 10.5.6, can be integrated to yield body
rates, which can be integrated once more to obtain the attitude angles of the rigid
spacecraft, on which is superimposed the angular motion due to the sloshing and
structural dynamics.

Once again, some explanatory comments are in order.

(1) The equations of the structural and the sloshing dynamics are linearized, so
they are correct for small amplitudes only. For more sophisticated, nonlinear dy-
namics models, the reader is referred to Peterson, Crawley, and Hansman (1988).

(2) The augmented Euler moment equations of Eq. 10.5.1 are nonlinear. For linear
control design of the ACS, a linearization procedure (similar to that used in Section
4.8.3) must be carried out, but this time including the structural and sloshing dy-
namics equations.

(3) Equation 10.5.6 makes it clear that, when X, and Xp in Figure 10.5.1 are par-
allel, the out-of-plane mode of the panel will exist only about the Z axis. A 90° ro-
tation of the panel will transfer the out-of-plane mode to the Xy axis dynamics. At
intermediate rotation angles of the panel, the out-of-plane and the in-plane modes
will exist partially in both X and Zz dynamics.

10.5.5 Linearized Equations of Motion

To develop the linearized equations that include structural and sloshing
modes, we can proceed from Egs. 4.8.14. The influence of structural and sloshing
dynamics is most pronounced when the ACS is controlled with the aid of reaction
torques (see Chapter 9), which generally apply torque impulses of large amplitudes
and thus excite the motion of the structural and sloshing modes.
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With this assumption, terms including the low orbital frequency w, can be omitted,
and the torques produced by momentum exchange devices can be assimilated by the
external control torques (as we assumed in Section 7.3, Egs. 7.3). This assumption
is very reasonable from a practical point of view, and greatly simplifies the analysis
in different applications. Equation 10.5.2 and Eq. 10.5.3 remain unchanged because
they are already linear. Only Eq. 10.5.1 needs to be simplified:

T.= [I}o+ [Bl3+[D]s, (10.5.7)

where [I] is the inertia matrix.

Given the assumptions and simplifications just listed, it is now easier to calculate
the transfer functions of the satellite dynamics, including the structural and sloshing
modes, for the purpose of linear feedback control analysis and design. Equation
10.5.2, Eq. 10.5.3, and Eq. 10.5.7 can be rearranged so that standard analytical soft-
ware programs can be used to solve them. It is easy to write these matrix equations
in the form [F]x = [A]x+[B]u, which can then be transformed to the more usual
form x =[A]x+[B]u. This is the standard form used in many dynamics simula-
tion programs.

10.6 Constraints on the Open-Loop Gain

10.6.1 Introduction

i We have seen in previous chapters that it is generally better to have a high
open-loop gain, for three important reasons. First, the higher the open-loop gain
" | of the attitude feedback control system, the smaller the tracking attitude error. Sec-
1 ond, a high open-loop gain renders the attitude control system less sensitive to ex-
ternal disturbances. Third, an ACS with high open-loop gain responds faster to atti-
i tude commands.
j We have also seen that there are a number of practical physical problems that make
the achievement of a high-gain ACS difficult. These difficulties are due mostly to ir-
! regularities in the attitude sensors and control hardware. The finite control torques
i that the control hardware can produce limit the speed with which the ACS can re-
. act to attitude commands. Even if the control hardware is capable of producing the
%jf}i needed control torques, the open-loop gain still cannot be chosen high enough owing
to the effects of sensor noise amplification. Moreover, these attitude and control hard-
ware deficiencies are exacerbated by the effects of structural and sloshing dynamics,
which exist to some extent in all satellites - and certainly in any satellite using extend-
able solar panels or liquid fuel. In the next section we explore limitations on the gain
bandwidth of an attitude feedback control loop that are due to structural dynamics.

10.6.2 Limitations on the Crossover Frequency

j Structural dynamics is best treated in the frequency domain. Sloshing is
sensed in the lower-frequency range of the satellite dynamics, while structural effects
are more pronounced in the higher-frequency range. It is therefore logical that the
structural dynamics will interfere with the gain margin (GM) of the open-loop trans-
fer function, thus limiting the bandwidth of the attitude control system,

h i

.

l i ':':tﬁ
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First, let us obtain a rough idea of the maximal achievable loop gain and of its
crossover frequency w,, defined as the frequency at which |L(jw)| = 0 db on a Bode
graph or Nichols chart. In Figure 10.2.2.b, for instance, the GM is about 6 db, where-
as in Figure 10.2.2.d there is no GM at all and the system verges on instability. In
practice, the peak of the structural mode can be moved to the left by introducing into
the open-loop transfer function L(jw) a control network that will add the necessary
lag phase at the peak frequency, thus significantly increasing the GM. However, even
if this process is adopted, the peak of the loop gain | G(jw)| should not be larger than
some predetermined level on the Nichols chart. A practical reason for this is as fol-
lows. Since the frequencies of the structural modes are comparatively high relative
to the other dynamics of the attitude feedback system, any small unpredictable delay
in the loop will be translated to a large additional phase lag at the frequency of the
structural mode peak, and the open-loop gain at this frequency might then move
toward the instability point (—180°, 0 db). So let us accept in our analysis that the
peaks in the open-loop gain near the structural mode frequency will satisfy a gain
margin GM,s, in accordance with various practical engineering arguments. With
these assumptions, the maximum feasible bandwidth of the open-loop transfer func-
tion L(jw) will depend on the damping factors and the modal natural frequency
characteristics that define the structural mode. Naturally, there exists more than one
structural mode dipole, but to simplify the analysis we will assume the existence of
only the dipole with the smallest modal frequency.

For this situation, the peak in the frequency response due to the structural mode
can be calculated from parameters of the structural mode dipole expressed in Eq.
10.2.16 at w = o5. Using the equalities ¢ = o5 VJo/J and &g = £/7/J, in Eq. 10.2.16,
the gain of the peak at the pole frequency of the dipole at w = o5 becomes

. J 2 J J
| Gaipote (Jos)| = \/(70—1) +4527°/2€ ,-J— (10.6.1)

It is easy to relate this peak to the obtainable bandwidth w,, of the open-loop gain of
the attitude feedback control loop (see Figure 10.6.1).

The phase of the open-loop transfer function L( jw) must be less than —180° in
the vicinity of the w,, frequency region, in order to provide the necessary phase mar-
gin for stability. In the frequency region above w_, and up to ¢g, the phase can be
higher than 180° but not by much. To simplify the analysis, we assume that in the

Loy [LGw)l
db

—0, 0=0, los(@)
' oMoy
3

Gdipole

4

Figure 10.6.1 Approximate calculation of the maximum w,,
for a given modal dipole and a minimum defined GM, 5.
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region w, to og there exists an average phase lag of ar rad, @ < 1. Such a phase char-
acteristic is accompanied by an average constant slope of the open-loop gain | L( jw)|
of —12a db/oct (see Bode 1945). For given GM,s, Ggipole» and a, the following rela-
tion holds: GM s [db] + Ggjpole [db] = 12arp, from which it follows that

= GMaS + Gdipole
12« ’

In Eq. 10.6.2, y is the number of octaves that separate w., from og (see also Sidi
1980). Finally,

(10.6.2)

o NATAN
wm:z—i: 2,° . (10.6.3)

The meaning of Eq. 10.6.3 is illustrated by the following example.

EXAMPLE 10.6.1 Given the elastic structural mode of Example 10.2.1, find the
approximate maximum achievable crossover frequency wg, of the open-loop gain
|L(jw)|. Assume that Ggipore = 6 db and o = 0.8.

Solution From Eq. 10.6.1 we find that |Gyipoic| = 15.8 =24 db. From Egq.
10.6.2, (24 +6)/(12 X 0.8) = 3.1. Finally, from Eq. 10.6.3 we have w, = 4.2164/2%7 =
0.48 rad/sec.
The resulting L(jw) is shown in Figure 10.6.2, where w., = 0.54 rad/sec. Taking
into account the almost arbitrary choice of a = 0.8, this is fairly close to the approx-
imated value of 0.48 rad/sec.

Equation 10.6.3 estimates the maximum bandwidth that can be achieved with
the existence of a single structural dynamics pole. It gives a good “rule of thumb”
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Figure 10.6.2 Open-loop gain of the feedback control system of Example 10.6.1.
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concerning the achievable gain bandwidth. The existence of additional structural or
sloshing modal dynamics may only make things worse.

Sloshing modal dynamics are generally located at lower frequencies. Let us as-
sume a sloshing mode at a frequency close to w., of Example 10.6.1. In order to ac-
commodate this mode and prevent decreasing the existing adequate phase margin,
some lead-lag network will be required to provide the necessary lead phase. How-
ever, such networks tend to decrease the gain margin of the higher-frequency struc-
tural elastic mode. Maintaining the original gain margin will require a lower w,.

When several structural and sloshing modal poles are present, the usual “cut-and-
try” techniques in the frequency domain will - it is hoped - yield the maximum
achievable gain bandwidth.

10.7 Summary

Structural and sloshing dynamics are a serious problem in the design of atti-
tude feedback control systems. It can be quite difficult to obtain a reliable model,
especially where sloshing dynamics is concerned. It is advisable to perform some ex-
perimentation and measurements with the actual hardware, when this is feasible, in
order to increase confidence about the model obtained by theoretical analysis. Con-
siderable experimentation is also advisable when designing a feedback control sys-
tem with sufficient gain and phase margins, especially in the presence of structural
and sloshing modal poles whose parameters are not known exactly.
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APPENDIX A

Attitude Transformations in Space

A.l Introduction

The purpose of this appendix is to provide a short description of various
aspects of attitude transformation in space. The attitude of a three-dimensional body
is most conveniently defined with a set of axes fixed to the body. This set of axes is
generally a triad of orthogonal coordinates, and is normally called a body coordi-
nate frame. The attitude of a body is thought of as a coordinate transformation that
transforms a defined set of reference coordinates into the body coordinates of the
spacecraft.

This appendix presents some basic attitude transformation techniques; the treat-
ment is not extensive, but rather a summary of the material required in the main

chapters of the text. For further reading on the subject, see Sabroff et al. (1965) or
Wertz (1978). '

A.2  Direction Cosine Matrix

A.2.1 Definitions

The basic three-axis attitude transformation is based on the direction cosine
matrix. Any attitude transformation in space is actually converted to this essential
form. In Figure A.2.1, the axes 1, 2, and 3 are unit vectors defining an orthogonal,
right-handed triad. This triad is chosen as the reference inertial frame. Next, a simi-
lar orthogonal triad is attached to the center of mass of a moving body, defined by
the unit vectors u, v, and w.

In the context of Figure A.2.1, we define the matrix [A] as follows:

U, u; u;
[Al=] vy v, vy |. (A.2.1)
W Wy w,

In this matrix, u,, u,, u; are the components of the unit vector u along the three
axes 1,2, 3 of the reference orthogonal system: u = | u; U3 u;]". In a similar way, v
and w have components vy, v,, v3 and w,, w3, w; along the same reference axes: v =
[v; v, 03]T and w = [w, w, w31T. The direction cosine matrix [A], also called the
attitude matrix, has the important property of mapping vectors from the reference
frame to the body frame. Suppose that a vector a has components ay, a,, @3 in the
reference frame: a =[a, a, a;]". The following matrix vector multiplication expresses
the components of the vector a in the body frame:

318
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Figure A.2.1 Definition of the orientation of the
spacecraft axes u,v,w in the reference frame 1, 2, 3.

Uy Uy Uz a ueg a,
[Ala=| v, vy, v; || ay |=| vea |=| a, |=ap, (A.2.2)
w, Wy ws as Wwea ay

where ajp is the vector a mapped into the body frame.

. Since u is a unit vector, it follows that the scalar product u<a is the component a,
! of the vector a along the unit vector u. By the same reasoning, the components of the
vector a on the remaining unit vectors of the body triad are a, and a,,.

Basic Properties
Some basic properties of the matrix [A] may be stated as follows.

Each of its elements is the cosine of the angle between a body unit vector
and a reference axis; its name is derived from this property.
Each of the vectors u, v, w are vectors with unit length; hence:

3. .2 .2
zui=l, Ev,=l, EW,-=1.
i=1 i=1 i=1
The unit vectors u, v, w are orthogonal to each other; hence:

3 3
532 uv;=0, Yuw;=0, X uvw=0.
i=1 i=1 i=1
The relationships in (2) and (3) lead to the useful identity [A]J[A]T =1, or
[A]T = [A]~L. Of course, transposition of a matrix is a much simpler pro-
cess than inversion of the same matrix.
It is well known that det[A] = u+(vXw). Since u,v,w form a cubic orthog-
onal triad, it follows that detfA]=1. Thus,

a=[AlTag. (A.2.3)

We conclude that [A] is a proper real orthogonal matrix. It is shown in Wertz (1978)
that such a matrix transformation preserves the lengths of vectors and also the angles

-oi4 between them, and thus represents a rotation. The product of two proper real or-

kY thogonal matrices [A] = [A,1[A,] is the result of two successive rotations, first by
' [A,] and then by [A,]. A chain of successive rotations is common in attitude trans-
; formations.
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A.3  Euler Angle Rotation

The Euler angle rotation is defined as successive angular rotations about the
three orthogonal frame axes. Suppose we define the three orthogonal axes of the
body frame by i, j, and k, and those of the reference frame by 1, J, and K. Thereis a

multitude of order combinations by which the rotation can be performed. For in-

stance, we might first perform a rotation about the i, then about the §, and finally
about the k axis. The order of rotation could also be about J, i, k, and so on.
There are two distinct types of rotations.

(1) Successive rotations about each of the three axes i, J: k. There are six pos-
sible orders of such a rotation: 1-2-3, 1-3-2, 2-1-3, 2-3-1, 3-1-2, and 3-2-1.

(2) First and third rotations about the same axis with the second rotation about
one of the two remaining axes. Again we have six possibilities: 1-2-1, 1-3-1,
2-1-2, 2-3-2, 3-1-3, and 3-2-3.

The second type of rotation sequences can be useful in special situations (see Section
2.6.1), and sometimes helps to solve problems in which successive rotations about
three distinct axes may give rise to singularities.

Which specific rotation order is chosen depends on the situation at hand. It is
common to define the Euler roll angle (¢) as a rotation about the x body axis, the
pitch angle (8) about the y body axis, and the yaw angle () about the z body axis.
However, any other definition is acceptable as long as it remains consistent with the
analytical development. For reference, an example of a complete rotation will be
given next.

Suppose we want to perform the transformation y — @ — ¢ successively about the
z, y, and x body axes. First, the bpdy triad undergoes an angular rotation y about
the z body axis. In Figure A.3.1, R is the distance of a point from the origin of both
Cartesian systems [I,J] and [i, j]. System [i, Jjlis rotated by an angle y with respect
to system [I, J]. The components of R are X, Y and x, y (respectively) in the two co-
ordinate systems; I,J are unit vectors in system [X,Y] and i, are unit vectors in
[x, y]. For a transformation in the plane,

R = X1+ YJ = xi+yj. (A.3.1)

Taking the scalar product by the vector i yields XIei + Y Joi=xi*i + yjei. We know
that I«i = cos(y), Jei =sin(y), isi=1, and i*j = 0; hence x = Xcos(y)+ Ysin(y).
Next, taking the scalar product of Eq. A.3.1 by Jyields XTej+ YJej = xiej+ yjoj.
We also know that I+j = —sin(y), J«j = cos(y), i*j =0, and j«j = 1; therefore y =

1V

Figure A.3.1 The first rotation is about the z axis.
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Figure A.3.2 The second rotation is about the y axis.

X[-sin(y¥))+ Y cos(y¥). The rotation is about axis K, perpendicular to both the I and
J axes. Looking on that transformation as a three-dimensional transformation in
space with Z along the K axis and z along the k axis, we have Z =z.

Finally, let us label the new values of the body axes as xj, y;, z;. In matrix form
we can write

X cos(y) sin(y) O X X
»n|=| —sin(¥) cos(y) O Y [=[A4]] Y | (A.3.2)
Z 0 0 1]z z

Initially the body axes were aligned with the reference axes X, Y, Z. In Eq. A.3.2,
[A,] is the first angular rotation about the z body axis. The next rotation will be
about the y; axis by an angle 6. Care must be taken as to the direction of rotation so
that the right-hand properties of rotation are preserved (see Figure A.3.2).

To simplify the notation, we shall abbreviate cos(_) to c_ and sin(_) to s_. With
this convention, the second transformation will take the form

x] [co 0 —s87[x X
2= 0 1 0 (|2 [=[Ad{ 2 | (A.3.3)
| 22 | L_So 0 co K4 4|

The last rotation will about the x, axis; the result is

_X31 —l 0 0 ] X2 X3
i |=|0 co 5o |l ¥2|=[Ag]] 2 | (A.3.49)
| 23 LO —s¢ cd || 22 F4)
Finally,
[ x X3 X X
Y |[=] 73 |=[AMAGNAY Y |=[Ays)] ¥ . (A.3.5)
L 2 23 Z V4
After we multiply the matrices in Eq. A.3.5, we find
clcy cOsy —s0
(Al =[Ayps) =| —cosy+spslcy co cy+sopslsy spch |, (A.3.6)
sosy+copsdcy —socy+chpsisy codch
[Ayoe] = [ALIAGA]. (A.3.7)
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The meaning of [A .z, ] is that the first transformation is about the axis with the ap-
propriate a Euler angle, and so on. The remaining five attitude transformations of
the first type are as follows:

cych sy —cy sb

[Ayul=[Agygl=| —cosycl+sdstd cocy copsysO+sdpctd |; (A.3.8)
| s¢sYcl+copsl —spcy —sPpsys+cochd

[ cych+syspsd sycd —cysO+sysochd
[Azi3] =[Aggyl=| —sYcO+cysdsd cycod sysb+cysdchd |; (A.3.9)
cosb —s¢ codcl

[(cycld cOsyco+sisd cOsysd—shcod
[Ap]=1Agel=] —s¥ cycl cysd ; (A.3.10)
| s0cy sOsyco—clsd sOsysp+chco

[ cycl cysOsp+sycd —cysOcd+sysed

[Apsl=[Agyl=| —sycl —sysOs¢+cyced sysbco+cysd |; (A.3.11)
| 56 —cls¢p clcod
[ cOcy—sOspsy cOsy+sbspcy —sbco

[Asp] =[Aygl = —cosy cocy s¢ | (A.3.12)

| sOcy+clspsy sOsy—clsdpcy cOcod

The remaining six transformations (of the second type) can be found in several text-
books (see e.g. Wertz 1978, Hughes 1988).

All the [A_] matrices are direction cosine matrices, with the appropriate charac-
terisics of such matrices - in particular, the identity [A_]"' =[A_]T. It is also im-
portant to note that, for small Euler angles, all six Euler transformations (Eq. A.3.6
and Egs. A.3.8-A.3.12) have the same approximated form. Taking sin(¥) = ¢ and
cos(y) =1 for small ¥, and with similar approximations for the remaining Euler
angles  and ¢, we have

1 v -6 :
[Agg,l=[ ¥ 1 ¢ [ (A.3.13)
6 -6 1

Attitude rotations derived on the basis of Euler angles necessitate dealing with
nine elements of the direction cosine matrix, and each element may include several
trigonometric functions. Equivalent, but simpler, transformations can be obtained
based on the quaternions, to be explained in the next section.

A.4  The Quaternion Method
A.4.1 Definition of Parameters

The quaternion’s basic definition is a consequence of the properties of the
direction cosine matrix [A]. It is shown by linear algebra that a proper real orthog-
onal 3 X 3 matrix has at least one eigenvector with eigenvalue of unity. This means
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that, since one of the eigenvalues A; (i = 1, 2, 3) is unity, the eigenvector is unchanged
by the matrix [A] (Hildebrand 1968):

[A]el = lel. (A.4.l)

The eigenvector e, has the same components along the body axes and along the ref-
erence frame axes. The existence of such an eigenvector is the analytical demonstra-
tion of Euler’s famous theorem about rotational displacement: The most general
displacement of a rigid body with one point fixed is a rotation about some axis. In
this case, the rotation is about the eigenvector e,. It will be demonstrated that any
attitude transformation in space by consecutive rotations about the three orthogonal
unit vectors of the coordinate system can be achieved by a single rotation about the
eigenvector with unity eigenvalue.

The quaternion is defined as a vector in the following way (Hamilton 1866, Gold-
stein 1950, Dalquist 1990):

a=qstiq+jg+kay=q,+q, (A.4.2)
where the unit vectors i, j, k satisfy the following equalities:
iz=j2=k2=—l,

i =-ji=k, (A.4.3)
k= —kj =i,
ki = —ik = §.

Equation A.4.3 shows that the order of multiplication is important. We also define
the conjugate of q as

q*=q4—iq1—jg,—kgs. ' (A.4.4)

In the definition of the quaternion q, g, is a scalar; g will be defined as the vector
part of the quaternion:

q= (q4a Q)» (A.4.5)
where g =ig;+jq;+kg;.

A.4.2 Euler’s Theorem of Rotation and the Direction Cosine Matrix
An examination of Eq. A.3.3 and Eq. A.3.4 reveals the following equality:
tr[A,] =142 cos(a). (A.4.6)

In the previous section, successive rotations were performed about axes of the
body coordinate frame. In general, the rotation can be executed about any direction
in the body. Suppose that the body rotates about the Euler axis of rotation, defined
by the principal eigenvector, having the eigenvalue of unity; Eq. A.4.6 will hold in
this case, too.

Let us call e the eigenvector of rotation, with components e = [e, e, e;1". In this
case the direction cosine matrix, in terms of the vector e and the angle of rotation «,
will have the following form:

[A,] = cos(a)1+[1—cos(a)]ee” —sin(a)[E], (A.4.7)
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where 1 is the unit matrix. We define [E] as
0 —e3 €
[E] = e3 0 -e; |- (A.4.8)
-y [} 0
The detailed Eq. A.4.7 then becomes
catef(l—ca) ee)(l—ca)+essa eey(l1—ca)—e,sa
[Ald=[ erer(1—ca)~eysa  ca+ei(l—ca) ees(1—ca)+esa |  (A.4.9)
eies(l—ca)+esa eyes(l1-ca)—e sa  ca+ed(l—ca)

' where again we abbreviate cos(_) to c_ and sin(_) to s_.

Equation A.4.6 is clearly satisfied by Eq. A.4.9. The matrix [A,] is a direction
cosine matrix with elements ;. For a nonvanishing «, we can find the elements of
the eigenvector of rotation in terms of a;;:

ey = [ay3—a3)/[2sin(a)], (A.4.10a)
ey = [ay—ay;3)/[2sin(a)], (A.4.10b)
e3 = [a —ay)/[2sin(a)]. (A.4.10c)

A.4.3 Quaternions and the Direction Cosine Matrix

The elements of the quaternions, sometimes called the Euler symmetric pa-
rameters, can be expressed in terms of the principal eigenvector e (see Sabroff et al.
1965). They are defined as follows:

g, = e;sin(a/2), (A.4.11a)

gy = e, sin(a/2), (A.4.11b)

q3 = e;sin(a/2), (A.4.11¢c)

g4 =cos(a/2). (A.4.11d)
Clearly,

gi+ai+ai+ai=1, |qI=1 (A.4.12)

Using Eqs. A.4.11 and Egs. A.4.10, the direction cosine matrix can be expressed
in terms of the quaternions:

[A@)] =(g5—-gH)1+299T-24,[Q], (A.4.13)
where
0 —q3 42
[Ql=| ¢ 0 -g| and (A.4.14)
—-q2 4 0

gi—-a3-qi+ai  2(q19:+93q4) 2(193—4244)
[A@]=| 2(q192-9:94) —-ai+d5—qi+qi 2(qg:+qiqs) |.  (A.415)
2q193+9290) 2q293—@19))  —qi -G+ qi+q2
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Equation A.4.15 allows us to express the quaternions in terms of the direction cosine
matrix. It is shown in Chapter 4 that both the quaternions and the elements of the
direction cosine matrix can be found independently by integrating the angular rates
measured about the three principal body axes. Having calculated one set of parame-
ters (e.g., the set of elements of the direction cosine matrix), the set of quaternions
can also be found, and vice versa (Klumpp 1976).

A total of four such sets can be defined for the quaternions. For the first set, g4 is
found first by summing the diagonal elements ay,, @53, and a;3. To find gy, ¢, and g3,
take the sums 2,3 — @3,, a3, — a3, and @y, —ay;, respectively. The solution is

qs= +0.5\1+ay+ay +as;,
q1=0.25(az3 —as)/qa,
q>=0.25(a3 —a,3)/q,,
g3 =0.25(a;;—a2)/qa.

(A.4.16)

In those cases where g, is a very small number, annoying numerical inaccuracies in
calculating the remaining components of the quaternion vector may preclude using
Egs. A.4.16. This problem may be overcome by using a different solution for the
quaternions in terms of a;;. This yields three more possible solution sets, as follows:

q = 10.5V1+au—a22—a33,

q2=0.25(ay, +ax)/q),

(A.4.17)
q;= 0.25(013 + 031)/qn
q4=0.25(ay3+ap)/qy;
g3 = £0.51—a;—ay +as;,
=0.25 +a3)/q;,
a1 = (a13+a3)/q, (A.4.18)
g, =0.25(ay3+ax)/qs,
q4=0.25(ay3—ax)/q3;
q;= :!:0.5«11—0"+a22—033,
=0.25(ap+ax)/q,,
a (a2 +a2)/q; (A.4.19)

q3=0.25(az3 +ax)/q,,
44 =0.25(a3 —a13)/q>.
Equations A.4.16-A.4.19 present four different solutions, but the resulting gs are
identical.
In summary, all the listed quaternion sets are mathematically equivalent. Hence

numerical inaccuracies can be minimized by changing between them and using that
set for which the divisor component is maximal.

A.4.4 Attitude Transformation in Terms of Quaternions

Representing the attitude of a body in a reference frame by a direction cosine
matrix requires knowledge of nine parameters ag;;, whereas only four g; parameters
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are needed when using the quaternions. (In fact, there exist only six independent
parameters of the direction cosine matrix and only three independent components
of the quaternion vector.) Moreover, the elements of the direction cosine matrix, in
contrast to those of the quaternions, are trigonometric functions, which are much
more cumbersome to compute.

To obtain an attitude transformation, a gquaternion multiplication is performed.
When dealing with direction cosine matrices, two consecutive attitude transforma-
tions are achieved by matrix multiplication of the two individual rotations. These
two rotations can be expressed in the quaternion terminology by [A(q)] for the first
rotation and by [A(q’)] for the second one. The following expression holds for the
overall attitude transformation in terms of direction cosine matrices:

[A(q")] =[A(q")][A(q)]. (A.4.20)

The resulting quaternion q” can be extracted from [A(q”)].

Fortunately, it is much easier to perform a direct quaternion multiplication. Sup-
pose we use the terminology of Section A.4.1. If we define q and q’ as in Eq. A.4.2
and use the relationships of Egs. A.4.3, we obtain

Q" =qq'=(—q191—929:— 9393+ 4494)
+i(9194+ 293 — 9395+ 9491)
+i(—q193+ 9294+ 4391+ 9443)
+k(9192— 9291+ 9394+ 4493) (A.4.21)

(see Dalquist 1990). Equation A.4.21 can also be put in matrix multiplication form;
the final result is

qy % 95 -9 q9i||a
qi — _q,3 041 41 (If q: ) (A.4.22)
g3 92 —q1 41 g3 qs
qi —q1 —93 —q3 q4i || 94

In other words, if the quaternion components of two successive rotations are known,
then Eq. A.4.22 is the matrix vector multiplication that gives the resulting quaternion
components of the total rotation.

A.5 Summary

The most efficient mathematical representations of spacecraft attitude are
based on the Euler angles, the direction cosine matrix, and the quaternion vector.
The analytical transformation techniques for these representations have been ex-
plicitly stated for reference and use in the chapters.
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APPENDIX B

Attitude Determination Hardware

B.1 Introduction

Hardware items that are mandatory for realizing almost any spacecraft atti-
tude and orbit control system can be divided into two classes: instrumentation for
measuring the attitude of the satellite; and instrumentation for providing forces and
torques. The latter category will be treated in Appendix C. Appendix B deals with
attitude sensors, but is not an extensive treatment of the subject. There are excellent
textbooks and technical papers providing complete treatment of the hardware from
both analytical and practical points of view; Wertz (1978) is especially recommended.
However, for completeness and for the reader’s convenience, a short exposition of
the basic principles of satellite attitude hardware will be presented here, together
with examples of existing space-proven commercial instruments.

Attitude measurement hardware is used to determine the attitude of the satellite
with respect to a defined reference frame. The final product may be, for instance, the
Euler angles of the satellite in the orbit reference frame, or (in a different context)
the sun vector components in the body axis frame. Attitude determination hardware
includes:

(1) earth sensors (in particular, infrared carth sensors);

(2) sun sensors;

(3) star sensors;

(4) rate and rate integrating sensors, based on gyroscopic, laser, or other solid-
state principles; and

(5) magnetometers.

The quality of the instruments is responsible for the accuracy that can be achieved
in the attitude control system. For instance, there are sun sensors that can measure
the direction of the sun with an accuracy of 0.015°, whereas others have an accuracy
of only 0.5°; however, analytical processing of the two sensors’ output is basically
the same. The commonly used attitude reference sources are the earth, the sun, and
the stars.

The earth is used in two different aspects, optical and magnetic. The more im-
portant one is the optical aspect. Unlike the sun (which appears as a small illumi-
nated disk) or the stars (which can be treated as illuminated points), the earth - as
seen from nearby space - has a complex appearance that must be adequately mod-
eled for accurate attitude determination. The accuracies that can be achieved with
the earth as an attitude source range from 0.02° to 0.5°, depending on the complex-
ity of the hardware and the processing algorithm. The earth’s magnetic field, which
is known from different sorts of evaluations and measurements, is also used for atti-
tude determination.

328
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The attitude accuracies that can be achieved with the sun as the attitude source
are in the region of 0.015° for the best available instruments. For earth-orbiting sat-
ellites, the earth and sun sensors are two complementary items that together enable
determination of the complete three-axis attitude of the satellite.

For very high attitude accuracies, it is mandatory to use the most accurate atti-
tude sources - the stars. Accuracies in the sub-arc-second range are possible, albeit
with instrumentation that is quite complicated and not always reliable.

B.2 Infrared Earth Sensors

The goal of the infrared earth sensor (IRES) is to determine the spacecraft
orientation relative to the earth. This sensor operates in one of two principal modes.
The first is based on dynamic crossing of the earth’s horizon and exact determination
of the crossing points; the second mode is based on static determination of the loca-
tion of the earth’s contour inside the instrument’s field of view. Both kinds of sensors
will be briefly explained and compared.

B.2.1 Spectral Distribution and Oblateness of the Earth

In principle, instruments could be based on the earth albedo, which is the
fraction of reflected radiation from the globe due to all incident energy that falls on
its surface. Most of the albedo’s energy is in the visual region of the spectrum. Atti-
tude sensors based on the albedo are sometimes used, but they are neither very accu-
rate nor effective because there exists a strong variation in albedo for different re-
fracting surfaces. For instance, the fraction of radiation reflected back into space
is very low for some vegetation-covered areas, of the order of 0.06, whereas the re-
flected ratio for snow-covered surfaces can be as high as 0.8. We must also define
the terminator - that is, the boundary between day and night on the earth (or any
planet). For the albedo, the terminator is not sharply defined; hence we cannot expect
to trigger on a well-defined boundary of the horizon, which is the principal require-
ment for accurate and effective attitude sensing.

The appearance of the earth in the infrared (IR) range is much better for attitude
sensing. This is because the energy within that spectrum emitted from all parts of the
earth’s surface is much more homogeneous, and defines more sharply the profile of
the globe (in other words, its horizon).

The infrared radiation from the earth is the total thermal radiation from both the
surface and the atmosphere. The intensity variations are much smaller than those of
the visual albedo. The emitted infrared radiation has a spectral energy distribution
that is affected by the temperature of the earth’s surface and also by the atmosphere’s
chemical composition. An approximate spectral distribution of thermal emission
from the earth is shown in Figure B.2.1 (overleaf).

In the figure, strong absorption bands are detected that are due to ozone (O,) and
carbon dioxide (CO,). In fact, in this spectral range, the re-emitted radiated energy
is due to the atmosphere above the earth’s surface. In the 14.0-16.3 pm (CO,) spec-
trum the earth is seen as having a uniform distribution, so this is the most suitable
spectral range for attitude determination. Most IR earth sensors use this spectrum
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Figure B.2.1 Spectral distribution of thermal emission from
the earth; adapted from Lyle, Leach, and Shubin (1971).

for sensing the horizon of the earth; for this reason, earth sensors are often called
horizon sensors. Because the CO, layer is part of the atmosphere extending to an
altitude of several tens of kilometers, the sharpness of horizon detection is not abso-
lute. This disadvantage will be discussed in more detail later.

Another important feature related to satellite attitude determination is the earth’s
oblateness. There are many complex “surface models” used to represent the earth’s
geometrical shape. In the literature, a relatively simple model is used for purposes of
attitude determination. The earth globe is modeled as an ellipsoid (Muller and Jap-
pel 1977); the earth is an ellipsoid rotating about its minor axis, which models the
flattening of the globe at the poles. If R, = 6,378.14 km is the earth’s mean equatorial
radius and R, = 6,356.75 km is its polar radius, then the flattening is defined as f=
(R.~R,)/R, = 0.00335281.

A simple expression for computing the radius of the earth at different latitudes A
is used in connection with IR sensors that trigger on the atmosphere layer boundary:

R =R,[1—fsin®(A)+ k sin(A)] + A, (B.2.1)

where f is the previously defined flatness factor, 4 is the altitude of the atmosphere,
and k is the parametric latitudinal variation of the height of the atmosphere, due to
various causes.

B.2.2 Horizon-Crossing Sensors

An infrared horizon-crossing earth sensor (IRHCES) consists of four essen-
tial components: a scanning mechanism, an optical system, a radiance detector, and
a signal processing system. Together, the first three are usually called the optical sen-
sor head. The signal processing system is part of the electronic box, which also in-
cludes the different power supplies necessary to operate the optical head. The basic
principle of a single-scan sensor head is shown in Figures B.2.2 and B.2.3.

Optical System and Scanning Mechanism

The optical system consists of a filter that limits the observed spectral band
to the CO, range of 14-16 um, together with a lens that focuses the earth image on
the radiance detector, the bolometer. Different scanning mechanisms are based on
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Figure B.2.2 Single-scan horizon sensor principle; adapted from
ITHACO (1983) by permission of ITHACO Space Systems.

various principles. For example, some instruments are based on a rotating wedge-
shaped prism in front of the lens, as in Figure B.2.2. The image is deflected by 7
degrees before falling on the bolometer.

The rotating prism scans a ring of the space, and when the field of view crosses the
earth, the radiance detector senses its presence (Figure B.2.3). The scanning angle 5
is optimized according to the geometrical parameters of the system, such as the
altitude of the spacecraft and its maximum expected deviation from the nadir direc-
tion (the nadir is the vector connecting the satellite cm with the earth cm). With a
single scanning arrangement, the altitude of the satellite must be known exactly in
order to determine both roll and pitch deviations in the reference frame. (With the
dual scanning arrangement of Figure B.2.4, knowledge of the altitude is not neces-
sary; moreover, with this arrangement the altitude can be calculated as a byproduct.)
The arrangement in Figure B.2.2 is used by ITHACO Space Systems for their conical
earth sensor (model no. IPS-6), used in numerous satellites such as LANDSAT D,
P80-1, and P78-2 (see ITHACO 1983).

The computation of the roll and yaw Euler angles for small deviations from the
nadir is very simple. Figure B.2.3 shows the principle of operation of a single-cone

a Satellite . Scan cone

T roll =E-Eg=¢
leI(— > pitch=H,-H,= g

Figure B.2.3 Determination of the roll and pitch attitudes with a single cone;
adapted from ITHACO (1983) by permission of ITHACO Space Systems.
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arrangement. In Figure B.2.3.a are shown the satellite’s X5 and Yg axes; the Yg axis
is also the axis of rotation of the optical rotating mechanism. The scan cone and its
scan path on the earth’s surface are also shown. In Figure B.2.3.b, a vertical reference
is fixed to the conical optical head. An angular optical encoder in the optical head
measures the phase angle between the conical beam horizon crossings and the vertical
reference inside the head. With the geometrical definitions in Figure B.2.3.b, the ver-
tical reference is necessary for determining the pitch attitude. In the ES signal pro-
cessing, the phase angles of the horizon crossing with respect to the vertical reference
are labeled 6; and §,. The first horizon crossing is at point 1, going into the earth at-
mosphere. The second horizon crossing, at point 2, is going out of the atmosphere.
The phase angle difference E between points 1 and 2 is shown in Figure B.2.3.c. This
difference is directly proportional to the roll angle. The value of E = , — §, depends
on the satellite’s altitude, and also on the deflection angle » shown in Figure B.2.2.
Consequently, a normalizing function E, is necessary in order to determine the roll
angle from the phase difference E. Finally,

roll=¢=ai__6_

1
Cl E,, (B.2.2)
where C, and E, are parameters, the latter depending on the altitude of the satellite.
With no pitch orientation, the two horizon crossings are symmetrically positioned
around the vertical optical reference fixed in the optical scanner head. However, with
existing pitch inclination the pitch angle is proportional to the difference between
H, and H,. Given §, and 6, (phase angles measured with respect to the vertical refer-
ence of the optical head), we have

~(6:+8)  90°+C
2C, C;

where C,, Cy, and C, are constants. It is important to mention that, for large roll
deviations, the pitch angle depends on the roll orientation.

Some comments related to the geometry of Figure B.2.3 are now necessary.

(1) The pitch and roll angles that the conical ES can measure are limited. As long
as the crossing points 1 and 2 in Figure B.2.3.b are located in the right half of the
earth’s contour as seen from the satellite, there should be no ambiguity in the com-
putation of the roll angle. However, if the satellite’s inclination about the Xp axis
brings points 1 and 2 to 1’ and 2’ on the left half of the globe, then the roll angle will
not be defined correctly. With the same geometrical arrangement as in Figure B.2.3,
a much larger pitch angle can be measured. Theoretically, with no roll orientation,
the satellite can turn about its Y axis without any restriction while still keeping the
horizon crossings at points I and 2. The pitch angle can be calculated without ambi-
guity with the aid of the vertical reference of the optical head. With a finite roll orien-
tation, the pitch attitude that can be measured will naturally be limited. For a given
satellite altitude, the defined operational pitch-roll range can be optimized via the
scanning cone angle 7.

(2) The scan field of view is optimized according to two principal arguments. A
wider field of view collects more energy, thus increasing the signal-to-noise ratio of
the complete IRES assembly. On the other hand, increasing the field of view decreases
the sharpness with which the horizon crossing is defined. Fields of view of the order
of 1 x1to 2 X2 [deg] are commonly used.

pitch =0 = +C,0, (B.2.3)
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Figure B.2.4 Dual-beam scanning horizon sensor; adapted
from Gontin and Ward (1987) by permission of AIAA.

(3) The optical head can be tilted about the body axes for different operational
needs - for instance, in order to achieve a desired angular range for attitude deter-
mination. With appropriate geometrical positioning within the satellite body, the
same optical head can be used at different altitudes - for example, in the transfer
orbit stage as well as the final mission orbit. |
! An arrangement using two scanning paths, as in Figure B.2.4, allows determina-
i tion of the roll angle with no dependence on the satellite’s altitude (see Gontin and
Ward 1987). By use of two back-to-back single-cone IR earth sensors, four horizon
crossings can be obtained. With the two scan paths (labeled A and B in Figure B.2.4),
the attitude determination is independent of altitude information:

_ o (83—61)=(84—83)

i roll=¢ = ac,
“ (84+03)—(3,+8)) _ 90°
4C, Cs

whiere §; and &, are defined for the second scan path as in Figure B.2.3. Equations
1 B.2.2-B.2.5 hold only for small deviations of the roll and pitch angles from null.
.

, (B.2.4)

+C. 9, (B.2.5)

! pitch =0 =

For larger deviations in roll and pitch, the equations must incorporate correcting
factors that depend on the altitude and attitude of the satellite.

This configuration, with two back-to-back identical single scanning horizon sen-
sors, has been implemented in numerous satellites. The drawback of such an arrange-
ment is that two complete horizon sensor assemblies are required, increasing the cost
of the attitude determination system. To overcome this deficiency, dual-cone optical
, heads have been designed: the same optical head provides two independent scanning
q cones, thus achieving the dual-paths arrangement of Figure B.2.4 with only one op-
tical head.

The dual-cone optical head uses two fixed mirrors, which view two different but
complementary halves of the earth surface. A rotating mirror scans both fixed mir-
rors, thus producing the two scanning paths of Figure B.2.4. Such an arrangement
is incorporated in the IR earth sensors produced by SODERN - STD 15 (SODERN
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Radiance
from Earth

Rotating
“" mirror

Figure B.2.5 Dual-scan, half-cone design (STD 12); adapted
from Desvignes et al. (1985) by permission of SPIE.

Figure B.2.6 The Barnes dual-cone scanner principle;
adapted from Bednarek (1992) by permission of SPIE.

1991a) and STD 16 (SODERN 1991b; see also Pochard 1992). A simplified portrayal
of their predecessor, the STE 12 dual-scan optical head, is shown in Figure B.2.5.
Another variation of a dual-cone scanner is produced by the Barnes Engineering Di-
vision of EDO; the principle of operation is shown in Figure B.2.6. See also Tai and
Barnes (1989).

The dual-beam horizon sensor of Figure B.2.4 achieves more accurate attitude
determination than the single-beam arrangement of Figure B.2.3. The principal dis-
advantage is that the angular determination range might be significantly decreased.
When the s/c changes its roll attitude, for certain orientations only one of the scan-
ning paths crosses the horizon, while the second path no longer sees the globe. In this
case it is common to continue the attitude determination with only one crossing path
(and with decreased accuracy).

In fact, direct calculation using Egs. B.2.2-B.2.5 is not in itself sufficient to achieve
a good attitude determination. We must also make corrections for the physical effects
mentioned in Section B.2.1, such as the finite equivalent altitude of the atmosphere
and its stability with respect to the CO, layer, the oblateness of the earth globe, sea-
sonal and geographical earth radiance variations in IR emission, motor-speed varia-
ations of the scanning mechanism, the FOV/horizon-crossing angle, and so forth.

According to Figure B.2.4, there are four vector orientations from the ES to the
horizon-crossing locations, at points 1, 2, 3, and 4. From a mathematical point of
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view, three crossings are sufficient to compute the desired pitch and roll angles. This
makes the dual-beam principle attractive given the danger of contamination of the
crossing edge by the light of a third body, such as the sun or the moon. By using
ephemeris data it is possible to predict when the sun or the moon would interfere
with one of the scan beams. In this case, data from one of the horizon crossings is
‘ disregarded and the attitude determination is calculated on the basis of the three
measurements not contaminated by the light of the third body.

The most delicate stage in attitude derivation using IR horizon sensors is the exact
location of the horizon. The horizon is not a sharp boundary, owing to the existence
of an atmosphere whose equivalent height is finite and whose composition includes
different gas layers of various emission wavelengths. The emitted IR energy is de-
pendent on such factors as the seasons, the geographical location on the earth globe,
and momentary cloud conditions. Hence, with any technique used to locate the hori-
zon, there exists a specific noise component in determining the horizon crossings.
The level of this noise is an important factor when classifying the quality of the entire
o IR horizon sensor assembly. Irregularities of the IR horizon of the earth, together
A with the earth’s oblateness, are responsible for what is known in the technical litera-
ture as bias attitude error. Part of the bias errors can be estimated, and the resulting
‘.; values can be used to correct the attitude. On the other hand, the electronic process-
3 ing of the individual horizon crossing data is reponsible for statistical random errors,
' expressed in degrees RMS.

i Determining the Horizon Crossing

: There are two basic techniques for electronically locating crossings of the
horizon. In the first technique, energy collected by the bolometer is integrated when
the field of view of the optical cone path approaches the earth’s atmosphere. A pre-
determined value of the integrated radiance serves as a locator for the horizon cross-
ing; see Wertz (1978). Alternatively, optical location of the horizon crossing can be
based on doubly differentiating the collected radiance energy. This is a very efficient
way to locate the horizon; see Fallon and Selby (1990). Formulas for computing pitch
and roll from a dual-cone scanner can be found in Tai and Barnes (1989) and Bed-
narek (1992).

e e ey

e

Horizon-Crossing Algorithm
An outline of the algorithm used by an horizon-crossing IRES is as follows.

(1) Motor-speed correction - Using motor-speed measurements provided by
the instrument electronics, errors due to motor speed are removed.

(2) Association of horizon crossing to the pertinent scan cone - If a dual-scan
mechanism is used, the horizon crossing must be associated to the correct

o KER
e N it

cone.
(3) Correction for sensor phase alignment - The nominal alignment offset of
each scan cone relative to the motor phase reference is subtracted from the
raw horizon-edge measurement.
(4) Initial assumption of satellite attitude - Estimation of initial s/c attitude is
. necessary to correct for field-of-view/horizon-crossing angle and for other
; effects that depend on the geographic location of the horizon-crossing edge.

e
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(5) Correction for earth’s oblateness - The horizon-crossing edge is corrected
when the earth radius at the horizon crossing edge is not equal to the earth
radius at the equator.

(6) FOV/horizon correction - The incident angle of the FOV (field of view)
crossing the horizon affects the accuracy of the edge measurement, and the
relevant error can be compensated.

(7) Attitude calculation - This is performed according to the special formulas
used for the relevant IRES assembly.

(8) Correction for variance in earth radiation - The earth radiance depends
on the geographical location of the crossing edge and also on the season.
The correction is performed periodically according to existing atmospheric
models.

(9) The satellite yaw attitude has an impact on the roll-pitch calculation.

Step (7) deserves special attention, since it is the heart of the entire algorithm.

Attitude Calculation

The roll and pitch angles are first calculated in the optical sensor head. There
; are four vectors connecting the center of the sensor to the earth horizon-crossing
edges 1-4 in Figure B.2.4. In fact, only three are necessary for computing the roll
and pitch angles ¢ and 0; the fourth crossing is redundant data that can nonetheless
increase the attitude determination accuracy. If only two earth crossings are avail-
able, knowledge of the s/c altitude is necessary in order to calculate its attitude.

We assume for this algebraic analysis that the Euler roll and pitch orientations are
to be derived. Since the attitude transformation between the axes of the satellite’s
body frame and the axes of the sensor’s frame is known by definition, the compo-
nents of the nadir vector in body axes are easily calculated using one of the transfor-
mations presented in Appendix A. The definition of the sensor axes is shown in Fig-
ure B.2.7.a. In this figure, 5 is half the cone angle of the earth sensor, whose optical
axis is Y,; 6 is the phase angle of the sensor’s conical field of view with respect to the
optical vertical reference; and §; and 8, are the phase angles of the horizon-crossing
points 1 and 2 with respect to the optical vertical reference line.

Conical
path

5

Horizon l
plane -

8 Earth /
Vertical circle

reference

%— Center
of Earth

Figure B.2.7 Geometry of scanning, and definition of
the horizon-crossing vectors in the sensor’s axis frame.




ez

IR NT. SRR

B.2 / Infrared Earth Sensors 337

In Figure B.2.7.b, V, and V, are the two vectors joining the center of the sensor
with the two horizon-crossing points. The horizon plane is the plane containing the
two crossing points 1 and 2; it is perpendicular to the line joining the center of the
earth with the center of the sensor. This plane intersects the globe in a circle - called
the earth circle - that contains all the horizon crossing points; a third and fourth
crossing (if a second conical FOV is used) will also lie on this circle. In this case we
would also have vectors V; and V, (not shown in the figure). The angle p between
each of the four vectors and the nadir vector is half the angle by which the earth is
seen from the satellite at altitude 4. This angle is easily computed from the relation

p= sin"(Re+Heq)/(Re+h), (B.2.6)

where R, is the radius of the earth, 4 the altitude of the satellite, and H,, the equiva-
lent height of IR radiation above the earth surface (~40 km).
In the reference frame, V, can be expressed as

V, = —sin(p) sin(B) X, + sin( p) cos(B)Y, +cos(p)Z,, (B.2.7)

where the subscript “r” denotes “reference” (see Figure B.2.7.b).

Next we consider the equation of the conical path in the sensor frame. In Figure
B.2.7.a, S is a unit vector representing a momentary direction of the sensor’s field
of view:

S = sin(8) sin(n) X+ cos(n) Y+ cos(8) sin(n) Z,. (B.2.8)

The vector 8 is expressed in the sensor axis frame. In order to express it in the refer-
ence frame we must perform two transformations, about the pitch (6) and the roll
(¢) angular orientations:

cos(—8) 0 —sin(—@) [{ 1 0 0 sin(n) sin()
S, = 0 1 0 0 cos(—¢) sin(—¢) cos(n)
sin(—8) 0 cos(—0) 0 -—sin(—¢) cos(—¢) || sin(n) cos(d)
(B.2.9)

With two conical paths we can have four horizon crossings, from which we can
calculate four vectors V; and four vectors S; (which must be equal in the reference
frame). If we perform the two vector products then we can find the components of
S;. Only the Z component is important to use because, together with Eq. B.2.7, we
find that

S, zi = —sin(y) sin(é;) sin(#) + cos(y) sin(¢) cos(d)
+ sin(n) cos(d;) cos{¢$) cos(8) = cos(p). (B.2.10)

If the altitude is known, cos(p) can be calculated from Eq. B.2.6. Next, we need two
equations to solve for the desired orientations 6 and ¢, which means that one conical
path is sufficient. If the altitude of the satellite is unknown, we need three equations
to solve for ¢ and 6.

In our analysis we have used an algebraic approach. Alternatively, the four poten-
tial vectors V; could be calculated in terms of §;, with no reference to 8 and ¢; see Tai
and Barnes (1989). The components of the nadir vector in the sensor frame are di-
rectly calculated, from which the roll and pitch orientations can be extracted. See
also Hablani (1993).
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The Infrared Earth Sensor STD 15 is devoted to the
attitude measurement of three axis stabilized
spacecrafts in geostationary orbit.

Its main characteristics are its light weight and its
low power consumption in operation. In addition, it
includes new high reliability technologies.

DESIGN CONCEPT

The Infrared Horizon Sensor STD 15 measures the
transitions (leading and trailing edges) of the Earth
with two traces in normal mode. The four transitions
which are detected allow to restitute the attitude
deviation of a three axis stabilized spacecraft either
with respect to the geocentric direction or a prede-
fined direction whatever the spacecraft altitude is;
this latter one is not mandatory to determine these
deviations.

The aliﬂment deviations are unambigously deliv-
ered in both roll and pitch axes. When this concept
is used two sensors are generally necessary to get
these informations. This design 1s one of the main
advantages of the infrared Earth Sensor STD 15
when large depointings are envisaged.

The half cone angle of the useful optical path is
about 84° the axis of which is oriented in the
opposite directions to the Earth ‘center (at nil
depointing). This primary scanning cone is
intercepted by two flat mirrors symetrically placed
at 45° to its axis and are part of the sensor structure.

. See . N : 5

7

The images of the primary cone through the two
fixed mixgrors are two haiatl:y cones the axxgshof which
are perpendicular to the primary cone axis.

The Earth sensor is placed on the satellite such as
the half cone axes are eé)erpendicular to the orbit
plane, The plane defined by the half cone axes and
the primary cone axis are perpendicular to the orbit
plane and includes the straight line between the
satellite and the Earth center at nil depointing. On
(fiilgure 2 are represented the two traces on thefhrth
SC.

An optical encoder linked to the scanning mecha-
nism measures digitally the angle between the
Earth path and a reference determined with respect
to the reference axes of the satellite. This reference
is part of the encoder.

The transition of the trailing and leading edges are.
detected and their positions are defined by @, and @,
for one half cone, ¢, and @, for the other one.
The satellite orientation is defined by the following
equations:

+ constant
@,-9)-(Q,-9)

4 x constant
These formulae are valid whatever the altitude.

FER Y

« X deviation (pitch) =2 - @ 1%

» Y deviation (roll) =

Figure B.2.8 SODERN'’s STD 15 IR horizon-crossing earth sensor;
reproduced by permission of SODERN.

Scanning Rate

The scanning rate of horizon-crossing sensors is important in the design
stage of the attitude control loops. It is well known that the maximum gain band-
width obtainable in a sampled feedback control loop is constrained by the sampling
rate of the control processor (Sidi 1980). Hence, a high scanning rate is always pref-
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MAIN CHARACTERISTICS
FUNCTIONAL CHARACTERISTICS ENVIRONMENTAL CHARACTERISTICS
Instantaneous field — Functional temperature range : -25° +55°C
of view : 1.8 x 1.8 arc degree
— Storage ;. 40° +60°C
Altitude range | Vibrati
—~ With4 transitions : 20000-45000km  ~ ' onon®
— Usable up to : 125000 km random (20-2000Hz) ~ :  20gmns
Operational field of view
— Acquisition
.Roll : +14.5 arc degrees (Pitch =0) ME'CHAITHCAL INTERFACES
.Pitch : +12.5 arc degrees (Roll = 0) - lzm;flm= 2065
- 15 arc degrees (Roll = 0) . len; : mm
. width ¢ 206.5mm
- Normal Mode . height :  168.0mm
.Roll : *1.5° arc degree .
.Pitch : +10° arc degrees - Weight : 34kg
— Transfer orbit mode (starting at 20.000 km) - Fixing interface: 4 holes, diameter 4.4 mm

.Roll : 16 arc degrees
.Pitch : 6 arc degrees

ELECTRICAL INTERFACES
ACCURACY — Power consumption (typical value): 7.5W
Errors Normal Mode Station — Power supply range: 22 - 50 Volts
x 103 4 transitions | Keeping mode Th + data of th h
Arc.degree ©=1325 ©w=5 e outpul of the sensor correspond to the
i i four transitions Earth-space and Space-Earth.
Constant10 10 The angular deviations in both roll and pitch axes
with respect to the Geocentric axis may be gen-
Periodical: erated at sensor level upon request.
 Thermal (30°-60°C) 5 5
» Seasonal Rediance
Vaiations 10 10 RELIABILITY (MIL HDBK 217E)
« Random Radiance (For 8 = 30°C)
Variations 3 4 A, =945-10-9h’
Ageing 9 19
* Noise (1 meas) LIFETIME (in geostationary orbit)
(1 std - 30°C) 5 15
15 years

Figure B.2.8 (continued)

erable, as long as the accuracy of the horizon sensor will not be compromised. Scan-
ning rates from 1 to 8 revolutions per second are common in today’s horizon sensors.
Overall accuracies of better than 0.1° (for low orbits) and 0.02° (for geosynchronous
orbits) have been achieved in numerous applications. Statistical errors of the order
of 0.03°-0.1° (3¢) are common in today’s IR horizon sensor assemblies.

B.2.3 IRHCES Specifications

One of the tasks of Appendix B is to give the reader a general idea of the
problems encountered in using hardware such as an IRES based on horizon cross-
ings. In addition to fundamental characteristics pertaining to the hardware’s principal
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The figure opposite shows the satellite at a given point (0) on
its orbitaround the Earth (0 being the origin of the orthogonal
spacecraft body axes OXYZ).
The STD 16 pencil beam is 2° x 2°. The radiation in the
14-16 pm band is selected.
The sensor scans mechanically using a rotating mirror in-
clined at 60° to the detector-telescope axis. The locus of the
scan beam thus formed is a cone with a half-angle of 60° and
its axis parallel to the satellite - OZ axis (the Earth center
direction). Two plane mirrors canted at 45° transform this
scanning cone into two half-cones intercepting the Earth's
surface. The axes of the two half-cones are parallel to OX
and - OX respectively (and perpendicular to OZ). The half-
angles of the scanning half-cones are still 60° (i.c a = 60°),
The heavy lines in the figure (labelled trace 1 and trace 2)
t the intersection of the two scanning beams with the
Earth's surface.

space, so the instrument measures the angles @,

sensor reference system).

geometry of the sensor has been

OPERATING PRINCIPLE

The detector senses the transitions between the infrared radiance of the Earth and that of
,8,, @', and @', at which the scanning
beamismngenﬁalmtheEanh.ﬁeseanglwmcfémedbymemmshaﬂangleencoder
relative to the satellite reference system (which kere is assumed to be identical to the

‘The satellite misalignment around OX is given by (9,+ B,)/2 or (&', + @',)/2, or both;
while the around misalignment about OY is a function of (&', + ©@',) / @,
optimized for orbital altitudes in the range 600-1200 km.

The STD 16 infrared horizon-scanning sensor is de-
signed for attitude control, with respect to the Earth, of
three-axis stabilized satellites in low Earth orbits (500 to
1200 km). The operating accuracy is better than 0.1°
(3 stand dev.)

This type of sensor could also be used for any elliptic
orbits.

This Infrared Earth sensor is derived from the mode!
STD 12 which flew successtfully on board the SPOT 1, 2,
3 and ERS 1 and 2 satellites. In particular, the rotating
mirror technology, based on dry lubricated bearings, has
been retained.

+9,). The

FUNCTIONAL DESCRIPTION

The optical head consists essentially of a rotating mirror,
an infrared telescope and two inclined mirrors.

The rotating mirror, made of optically flat machined
aluminium, Is located in front of the infrared telescope
and rotates about the telescope axis at 60 r.p.m. It is
drivenby abrushless dc motor mounted ondry-lubricated
bearings. The telescope consists of a germanium
objective lens (focal Ien1gth : 25 mm, diameter : 20 mm),
associated with a 14-16 pm band pass filter, and a
germanium-immersed bolometer.

Both the objective lens and the bolometer immniersion
lens are coated for minimum reflection losses at 15 um.
Thetwo planeinclined mirrors are mounted symmetrically
on either side of the telescope axis.

The bolomster bias voltage has been chosen so as to
maximize the responsivity in the - 20 to + 45°C
temperature range.

After amplification and processing, the four angular data
corresponding to the space-Earth and Earth-s
transition angles relative to the X-axis are available as
12-bit words from two power C-MOS registers which are
available every second for the spacecraft on- board
computer, The amplification processing circuits
have been designed for minimal noise. An automatic
threshold eliminates practically the influence of local
variations in the infrared radiance of the Earth. Other
electronic functions performed include : mirror position
readout, motor control, and electronic protection against
Lr;frzared interference from either the Sun or satellite

cture.

Figure B.2.9 SODERN’s STD 16 IR horizon-crossing earth sensor;
reproduced by permission of SODERN.
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MAIN CHARACTERISTICS
Fleld
* Instantaneous field of view 12°x2°
« Scanning : - rotating mirror speed 160 r.p.m.
- cone half-angle ta = 60°

- useful angular extension : 152° (about OY)

iy Accuracy {about OX and OY)

* Noise equivalent misalignment : 0.015° for 1 standard deviation, for Earth radiance between 0.8 and
3.8 W.m.2gr"' um at 15 pm band for an Earth viewing angle up to 135°.

«» Detarministic errors : in order to reduce considerably such errors corrective terms can be calculated on board
and applied to the sensor reponse, (more information upon request).

Outputs
* @,and @,, 91, $'2 : 16 bits word and 1 status word for each transition angle about the X-axis, with reference
to + XOY planse.

. « Analog outputs for telemetry :
4 - 4 Earth radiance
) - bolometer temperature

- motor drive current

] Inputs
* 262 kHz clock frequency (for output data)

« Inhibition gating signals
- Moon/Sun and Sateflite structure interference : upon ground command (2 16-bit word)

385

1 Operating temperature Vibration acceleration levels
: From-20°Cto + 50°C Sinusocidal : max. amplitude of 15 g in the range -
Storage temperature from 24 to 100 Hz
From -40°C to +65°C Random : max. amplitude of 12.4 g (r.m.s.
value) in the range from 20 to
: Power supply 2000 Hz.
' 22Vt 50V Lifetime
More than 5 years (fow orbit)
Power consumption
typlcal : 7.5 W Weilght
end of life : 9.0 W 3.7Kg

E Figure B.2.9 (continued)
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The Barnes Dual Cone Scanner (DCS) is a
straightforward modification to the single cone
scanning Earth sensor which provides substan-
tially enhanced performance with minimal in-
crease in hardware weight and cost. By
substituting a mission-specific optical module,
the scanner'sfield-of-viewis splitintotwo haives,
180 degrees out of phase and at two distinct,
selectable cone angles. Thus, a single DCS
provides the data equivalent of two concentric
single cone scanners. The DCS outputs define
spacecraft altitude independently of any external
reference and provide high accuracy pitch and
roll data even when the Sun is directly on the
horizon.

Cone Angles:  Set to meet mission needs

20 to 90 degrees
Detector: Pyroelectric
Accuracy: + 0.07 degrees (3 sigma)
Scan rate: 120 rpm

Weight/Power: 10 Pounds, 10 Watts

Reliability: 1 Scanner 2 Scanners*
1 Year 0.99+ 0.999+
3 Years 0.97+ 0.999+
5 Years 0.95+ 0.897+

10 Years 0.90+ 0.991+

*Both operating. Rellability computed according to MIL-HDBK 217E.
The Barnes Dual Cone Scanner provides error-free, altitude i o

independent attitude data from a single sensor even with the
Sun on the Earth's horizon.

Figure B.2.10 Barnes Engineering dual-cone scanner (model no. 13-335);
reproduced by permission of EDO Corp.

task of accurate measurement, there exist such prosaic technical characteristics as
its weight, dimensions, power consumption, and so on. It is not the purpose of this
section to make comparisons between various commercial IRES assemblies; the tech-
nical characteristics cited here are for illustrative and reference purposes only.

SODERN's STD 15 is designed for attitude measurement of three-axis-stabilized
s/c in geostationary orbits. It can be used in three principal modes: “acquisition”
mode, “normal” mode, and “transfer orbit” mode. The technical specifications of
STD 15 are summarized in Figure B.2.8 (pp. 338-9). SODERN’s STD 16 IRHCES
is optimized for low orbits (500-1,200 km); its technical specifications and data are
given in Figure B.2.9 (pp. 340-1).

An example of a dual-cone scanner (model no. 13-335) produced by Barnes En-
gineering (EDO Corp.) is given in Figure B.2.10. Table B.2.1 (page 344) provides
basic performance specifications for a 45° half-cone conical earth sensor produced
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Dual Cone Scanner Configuration Options

The 30/65 DCS is applicable to low and moder-
ate altitude orbits at any inclination and eccen- Global Coverage Plot
tricity. The geometrical gains and altitude accu- Two 30/65 DCS Sensors
racies are substantially better than can be
Yy achieved with two 45 degree single cone scan-
B ners. As shown atright, two 30/65 DCS sensors
provide exceptional coverage of the Earth for
high accuracy applications.

Inapplications where the fields-of-view can clear

spacecraft obstructions, a single 45/90 DCS

(shown below) provides all of the advantages of

both 45 degree and 90 degree conical scanners

in a single sensor. Independent knowledge of

spacecraft altitude is not required to precisely

determine spacecraft attitude. This makes the

; DCS ideal for applications in which a single

- sensor must provide fully autonomous attitude
: data.

A wide variety of other DCS configurations are
available to meet specific mission requirements.

Mechanical Configuration of 45/90 DCS Sensor
eam Splitter lectric detector
i
: ™ N~
: "~ |
| & |
} |1/
-
! |
Silicon Detector
*, Standard Barnes
‘ =— 90° Scan Cone Scanning Earth Sensor
3

A single 45/90 Dual Cone Scanner provides the same attitude determination data as two independent scanning sensors and
limi inter ing angle biases and Sun interference.

Figure B.2.10 (continued)

by EDO and used in an 880-km sun-synchronous orbit. The spin axis is normal to
the orbit plane, and earth horizon data is generated at 4 Hz.

T etiiedl

B.2.4 Static Sensors

The layout of an infrared static earth sensor (IRSES) is shown in Figure
o B.2.11 (overleaf). The optical part of the sensor head projects the earth contour onto

\
1
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Table B.2.1 Conical earth sensor performance summary

(adapted from Bednarek 1992 by permission of SPIE)

Parameter Numerical Date
|Attitude Accuracy ( 3 sigma):
Earth Radiance Errors (pitch/roll): <0.12%0.06°
Alignment Error: 0.014°
Noise Equivalent Angle (pitch/roll) 0.07°/0.06°
|Altitude Accuracy (3 sigma): 630 m
Sun/Moon-on-Horizon Errors: +-0.1°
|Maximum Maneuvering Range:
Pitch: +/- 180°
Roll : -30°to + 45°
Spectral Band: 14-16 pm
{Instantaneous Field of View: 2.5° circular
Total Weight: 4.85 lbs.
Total Power: 4 watts

Figure B.2.11 Field configuration of static infrared earth sensor.

a number of radiance detectors (four in the case of Figure B.2.11.a). Similarly to the
optical head of an IRHCES, the static ES head consists of a bandpass optical filter
in the 14-16 pm (approximately) wavelength band and a focusing lens that projects
the earth image onto thermopile surfaces. The earth’s disc image is surrounded by
thermopiles with uniform temperature sensitivity. In Figure B.2.11.a, D, is the infra-
red earth diameter at the specific altitude of the satellite and D, is the diameter of the
circle tangent to the inner side of the thermopile sensitive areas. When the geomet-
rically opposed thermopiles are connected in opposition, the response function near
the zero has a constant slope in the range from —R to +R, where

R =(D,—D,)/2. (B.2.11)
The null error due to the earth’s lack of uniform radiance is
2R(L;—Ly)/(L;+Ly), (B.2.12)

where L; (L) is the average earth radiance in areas common to the jth (kth) thermo-
piles and the earth. Thus, it is important to minimize the linear field extension 2R in
order to minimize the null error due to lack of uniformity in the earth’s radiance (see
Desvignes et al. 1985). The seasonal changes in infrared radiance are a factor that
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must be taken into consideration, even to the extent of relocating the thermopiles in
the optical head.

To increase the reliability of the IRSES, a double set of thermopiles can be used
as (for example) in SODERN’s STA 03 earth sensor; see Figure B.2.11.b. In the fig-
ure, the shaded thermopiles are the second set, to be used in case the first set shows
some irregularity in its functioning. For more information, the reader is referred to
the technical brochure (SODERN 1977), part of which appears in Figure B.2.12 (pp.
346-7).

Static IR earth sensors are inherently more reliable than horizon-crossing sensors,
because no moving parts are used. However, the attitude ranges covered by the in-
strument are very restricted (a few degrees only) and the linear range might be even
smaller (about 0.5°). The total RMS error is typically about 0.03°. The primary defi-
ciency of the static horizon sensor is the very low altitude range (about nominal) in
which it can function, so all static sensors are optimized to a specific operational alti-
tude. A static ES cannot be used in both the transfer orbit and the final operational
orbit, although sometimes they are used in combination with a less accurate HCES
during the transfer orbit stage.

B.3 Sun Sensors

B.3.1 Introduction

It is difficult to identify a spacecraft in which sun sensors are not used for

attitude determination. The sun has two very important qualities: (1) its luminosity,

; which remains unaffected by any other bright planet or star; and (2) the smallness of

i its angular radius (0.267° at 1 AU) compared to the earth globe. This radius is nearly
‘ constant for any satellite orbiting the earth.

The applications for sun sensors are numerous, and various types of solar instru-
mentation have been developed during the last three decades. There are two princi-
pal kinds of sun sensors, analog and digital. Digital sensors are more accurate and

, versatile, but also more expensive. Analog sun sensors can provide sufficient accu-
: racy for many specific tasks. There are also sun presence sensors, which merely indi-
cate if the sun is present in the FOV. For all three types there is a wide variety: of
implementations, some of which will be explained in this section.

o2 B.3.2 Analog Sensors

Analog sun sensors, also called cosine sun detectors, are based on silicon
solar cells whose output current is proportional to the cosine of the incident sun
angle « and on additional physical properties pertinent to the specific cell. With these
definitions, the output current amounts to:

I(a) = I(0) cos(a). (B.3.1)

In the model of Figure B.3.1 (page 348), secondary effects (e.g., transmission
losses, reflections from the cell surface, etc.) are omitted. The output-current behav-
ior of the photocell is shown in Figure B.3.1.b. The ideal output characteristic is a
cosine function of o. However, at high incidence angles especially, the output current

S
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FUNCTION

The STA 03 static infrared horizon sensor has been
designed for the attitude control with respect to
the Earth, of three axis stabilized geosynchronous
satellites. It is used aboard the ESRO telecommu-
nication satellite “OTS” to be launched June 1977.

Its design is such as the sensor main functional
characteristics (response functions, linear range,
zero accuracy) may be adapted to the mission
requirements which are expected for the attitude
control system of the next generation of geosyn-
chronous three axis stabilized satellites. The opera-
tional accuracy is better than .05 arc degree, 3 stan-
dard deviations. For more details see overleat.

It is made of two separate units: optical head and
electronic unit, which are separated.

In a system of coordinates OXYZ bound to the
satellite, O, X and Z are respectively the satel-
lite, the nominal directions of the Earth centre
and poles axis.

For a geosynchronous orbit, X and Z are at
right angle; in nominal attitude X, Y and Z are
respectively the yaw (y), roll (r) and pitch (p)
axes.

The STA 03 Earth sensor measures the z, and
a; misalignments of the Earth centre T with
respect to the X axis. The high linearity range
is £1.4¢,the output signal remains an increasing
function of the misalignment up to + 2.5°,
and does not decrease up to + 100,

SENSOR DESIGN
OPTICS

The sensor operates according to the radiation
balance principle: there is no mechanical move-
ment.

The optical head comprises a single germanium
lens, coated for minimum reflection losses, an
infrared band pass filter (carbon dioxide atmosphe-
re emission band, 14 to 16 microns), and a set of
eight thermopiles placed in the Earth image sur-
face.

In order to avoid the errors due to the Sun and
Moon radiations, a visible radiation detector using
silicon photocells can be associated.

The thermopiles shape and setting, the optical
head housing, the signal processing are designed
in order to minimize the overall error due to tempe-
rature range, temperature rate of change, compo-
nents ageing, Earth luminance local variations,...

This optical head is fitted with a reference mirror
for sensor alignment on the satellite.

ELECTRONICS

The d.c. signals delivered by the thermopiles are
chopped, a.c. amplified, and re-converted in a
d.c. output by a phase-locked rectifier. Sun, Moon
and Earth output logics are introduced for better
performance and simpler operation.

Figure B.2.12 SODERNs static infrared horizon sensor STA 03, optimized
for geosynchronous use; reproduced by permission of SODERN.

does not follow the cosine law exactly, as shown by the dashed lines in the figure. For
higher accuracies, a lookup table based on laboratory calibration is necessary, but
the full range of measurement never attains the desired +£90°; a common practical
measurement range is £80° to +85°. An example is the Adcole cosine-law analog
sensor (model no. 11866) with a conical field of view of 160°; the maximum output
current is 0.1 mA. This sun detector was flown on the OAO-B, OAO-C, and ATS-6

satellites.
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MAIN CHARACTERISTICS
Response function
Output voltage v versus misalignment a in roll (r) or pitch (p)
Acquisition
: Overall field I Gy Rp + 13 arc degrees
- Linear range (positive slope) 1@y, p + 2.5 arc degrees .
! Slope in the linear range : dv/da 4 V/arc degree :
Fine pointing
Linear ranges® in t%y OrZ, + 1.4 arc degrees
1R, =2 + 1.0 arc degree
Slope in the linear range . dvidz 4 V/arc degree
Linearity deviations on : dvidz < 59
Seasonal change 1 dv/da < 19,
Accuracy
(3 standard deviation values, on roll and pitch channeis)
Zero accuracy (noise, components ageing,
thermal constraints, Earth radiance lack of uniformity); 3 standard deviation values
Misalignment angle measurement incertitude
~— within + 0.25 arc degree misalignment range : < 0.032 arc degree
— within = 1 arc degree misalignment range : < 0.057 arc degree
Cross coupling effect up to £ 1 arc degree misalignment: negligible

1 * Can be extended up to = 2 arc degrees.

Output
Impedance less than : 100 Q
minimum load resistance : 20 k&
i Time constant
. Thermopiles time constant : < 0,3 sec
! Electronics : low pass filter cut off frequency 0.81 Hz
. energy bandwidth 13 Hz F
! Overall : time constant . < 0.7 sec
' phase shift less than 6° at 0.03 Hz '
; . 8
H Power supply L

+and—15V, + 2%
Tolerated spurious signals . < 300 mV p.t.p. D134 -
Power consumption : <3W

Operational temperature
Range : —10to+40 °C s
Rate of change : < 0.5° C/mn

Mechanical stresses .
vibration sinusoidal 20 Hz to 2 kHz : 10 g p.t.p.
shocks : 100 g, 5 ms

.':;;‘3 Dimensions:
Optical head : see figure
Electronic box: 187 x 150 x 80 mm

Welght
optical unit  : 1.45 kg
electronic unit : 1.07 kg -

Rellability
failure rate : 5000.10? hr

Figure B.2.12 (continued)

One-Axis Sensors

A single solar cell is not by itself very useful, because it measures the angle
of the sun’s incident rays without identifying their direction. Two cosine detectors
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Figure B.3.1 Output-current dependency on sun incidence angle .

11 (Output current)

(]
Sun sensor head

a.

Figure B.3.2 Two-cosine detector arrangement that provides a
single-axis almost linear measurement in a predetermined range.

(CD1 and CD2 in Figure B.3.2) are necessary to measure the incidence angle « of the
sun in a defined plane in the satellite, thus achieving a one-axis sun measurement.
The simplest possible arrangement is shown in Figure B.3.2. The axes normal to
the two photocells, and the normal N to the sensor head, are coplanar. The two
photocell axes are inclined by an angle +a relative to the sensor-head normal axis N
(Figure B.3.2.a). The sun rays are inclined relative to the normal N by the angle «,
which is to be measured. With the mechanical arrangement shown in the figure, the
sun rays deviate by (ap— a)° from the normal to the CD2 surface, and by (o + a)®
from the normal to the CD1 surface. Thus the output current from CD1 is propor-
tional to cos(a + a); the output current from CD2 is proportional to cos{ag—a).
If we subtract the two output currents, the first from the second, the difference will be

AI=1,—-I; = Kcos(ag—a)~—K cos(ag+a)
= 2K sin(«yp) sin{a) = Csin(a). (B.3.2)
In Eq. B.3.2, the output current A/ of the sensor’s optical head is proportional to
some constant C that is dependent on the physical properties of the photocells and
to the sine of the sun inclination . In Figure B.3.2.a, do+ag+ 3+ 90° = 180° for

the triangle CSO, from which it follows that the maximum range of angular mea-
surement is

da=90—qp—1, (B.3.3)
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where v is the dead zone of each detector unit. Outside the sensor’s useful angular
limits (6 of Figure B.3.2.b), the sun sensor cannot be used at all because of the
output-current ambiguity with regard to two different sun inclination angles a.

For comparatively small sun inclinations, the output is nearly linearly propor-
tional to Al. The percentage error for increasing sun inclination a will be:

i _ a—sin(a)

sin(e) x100. (B.3.4)

In other words, inclination values of a =10, 20, and 50 degrees will generate per-
centage errors of ag = 0.465, 2.02, and 13.86, respectively. The analog sun sensor
described here has a very good accuracy at null inclination, but clearly the accuracy
decreases with increasing a.

ki In the special case where ag = 45°, the sensitivity to the scaling factor K can be de-
creased drastically. To show this, we define 8, = ap+ o and 3, = ag—a. Since ay =
45°, it follows that cos(8,) = sin(8;). However,

tan(45°) —tan(8,)
1+tan(45°) tan(B,)

- 1—tan(8,) _ cos(B;) —sin(B,)
1+tan(By)  cos(By)+sin(B))
Next, since sin(8,) = cos(8,) we have tan(a) = (K I - K, L,)/(K| I, + K, I,). If we as-

sume that the scaling factor is identical for the two solar cells, K} = K, then tan(a) =
(I, - L,)/(I}+ 1), which is independent of the scale factors of the two solar cells.

tan(a) = tan(45°-8,) =

Two-Axis Sensors

In order to determine the three components of the sun vector in the body
frame, two spatial angles must be measured and hence two single-axis sun sensors
are necessary. The second sensor is oriented 90° with respect to the first. In this case,
we speak of two-axis sun sensing. We define 8 as the inclination of the sun vector in
the second sensor; now the two measured angles o and 8 provide the data necessary
to determine the sun’s vector orientation in the body axis frame.

There exist numerous two-axis sun-sensor optical heads that integrate two single-
axis sun sensors as just described, but there are other possibilities, too. Instead of
using two single-axis sun sensors, it is common to implement a variation whereby
four photocells are located in one optical head (see Figure B.3.3; see also Wertz 1978).
The determination principle of sun orientation is shown in Figure B.3.3 (overleaf),
which exhibits a two-axis mask detector.

Using a simple algorithm based on the sums and differences in individual currents
of four photocell detectors, the equivalent currents proportional to the orientation
of the sun vector about the Y; and Z, axes can be calculated. In a restricted region
about the null position, the currents J, and I, are linearly proportional to the sun orien-
tation about both axes. In principle, this sun detector’s optical head has a semispher-
ical FOV (i.e., 2# sr). Here again, since the field of view of an individual detector in
Figure B.3.3 is less than 90°, the 2#-sr range cannot be achieved in a practical instru-
ment. Two-axis analog sun sensors based on the principles described here have been
produced by Matra Espace S.A.S. (France) and have been flown on several satellites,
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Figure B.3.3 Two-axis mask sun detector.

such as the OTS (in 1978), Marecs-ECS (1981), Skynet and Spot (1984), LSAT (1985),
and others.

The mask sun detector is very effective for sun acquisition. In this control task -
whereby large angles are attained between the sun direction and the optical sun-sensor
axis - the accuracy of sun orientation is irrelevant; only its direction is important.
However, the sun angular orientation accuracy at null increases considerably, and is
of the order of +1°.

There exist also analog sun sensors having hard saturation characteristics outside
the restricted linear range but with a good accuracy at null (of the order of +0.1°).
Outside the linear range, the output is constant until the edge of the field of view is
reached for both positive and negative orientations; see Figure B.3.4. Such analog
sun sensors are specially designed to provide attitude information to a solar array
orientation control system. Common values of the linear range in such sun sensors
are of the order of +1°. Fields of view range from 20° to 50°. An example is the Ad-
cole (model no. 17470) analog sun sensor.

Characteristics and Specifications

There are five important characteristics necessary to define an analog sun
sensor. These characteristics are not independent, so they cannot be prescribed freely.
Tradeoffs are necessary when specifying sun-sensor characteristics, depending on the
operational constraints of the satellite mission. These characteristics are summarized
as follows.

(1) Field of view - the maximum deviation of the sun vector from the optical
axis of the sensor that can be measured, or sensed. The sun-sensor FOV
does not have to be a circular cone. Moreover, there can be different sensi-
tivity ranges for the two directional planes in which the two orientations of
the sun vector are measured.

(2) Linear range - the angular range in which the sensor output is linearly pro-
portional to the angular deviation of the sun projection in the plane of mea-
surement.

(3) Linearity error - the maximum deviation of any point from the best straight
line through all points in the linear range of the sensor.
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. Field of

view
Figure B.3.4 Characteristics of an analog sun sensor
with hard saturation outside the linear range.

(4) Nominal scale factor - the maximum analog output value in the linear range
divided by the total FOV in this range.

(5) Accuracy - the minimum unexpected error that cannot be foreseen and
compensated.

A summary of analog sun-sensor characteristics is included in Table B.3.1 (pp. 358-
62).

B.3.3 Digital Sensors

Analog sun sensors remain popular because they are relatively simple, low-
dimensioned, and comparatively cheap. Still, they come with inherent limitations;
in particular, they are not accurate enough for high deviations of the sun direction
from the sun-sensor optical axis. In such cases, precise measurements can only be
achieved with digital sun sensors, which have accuracies of the order of 0.017° inside
a large field of view (of the order of 64° X 64°).

The basic digital sun sensor is a single-axis device. Exactly as with their analog
counterparts, two single-axis digital sensors are installed with their optical planes
positioned 90° apart to obtain a two-axis digital sun sensor. The layout of a digi-
tal sun sensor is shown in Figure B.3.5 (overleaf). It consists primarily of an optical
head together with an electronics box in which the direction of the sun with reference
to the head’s axis frame is computed.

The optical head is a slab, with index of refraction », on whose upper side is a nar-
row entrance slit for the sun rays. On the lower side of the slab is located the reticle
slit pattern, composed of a set of reticle slits laid out on that surface in an array that
enables the sun orientation to be expressed in digital code form. In today’s digital sun
sensors, the Gray binary coded reticle pattern is the most commonly used. The Gray
code is an equidistant code, which means that one and only one bit changes for each
unit distance. In contrast, the disadvantage of a binary code is that one or more than
one binary bits change for the same unit distance. In this case, if some imperfections
exist in the reticle pattern of the binary code and if one of the binary bits is not read
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Figure B.3.5 Digital sun sensor (Adcole model no. 17032); reproduced
from Wertz (1978) by permission of D. Reidel Publishing Co.

correctly, the change of sun orientation might be erroneously identified as a much
larger (multi-unit) distance. This cannot happen with the equidistant Gray code.

For example, suppose there is a transition between the decimal values 19 to 20. In
the following table we see that for the transition from 19 to 20, the last three digits are
changed in the binary code whereas only the third digit is changed in the Gray code.
For the transition from 15 to 16, the situation is even worse: five digits are changed
using the binary code; only one is changed with the Gray code.

Binary Gray
Decimal code code
14 01110 01001
15 01111 01000
16 10000 11000
19 10011 11010
20 10100 11110

The number of bits used depends, naturally, on the prescribed accuracy of the
sensor. In Figure B.3.5, there are only six Gray code bits but also three fine bits, for
fine interpolation and increase of the total accuracy. As an example, the Adcole two-
axis digital sun sensor (model no. 18960) has the following basic characteristics: field
of view, 64° x 64°; least significant bit size, 0.004°; accuracy, 0.017°. '

Figure B.3.5 also shows the ATA reticle, which is the automatic threshold adjust
voltage. This extra slit is required because the photocells are cosine sun detectors (as
explained in Section B.3.2), and for different sun orientations there is a need to pro-
vide an adaptive threshold for the different slits of the reticle slit. The ATA slit is
narrower by half than all other slits, so that - at any sun orientation - the energy col-
lected by the ATA slit will be half that of any other slit. This energy is compared to
that collected from a normal slit; if the latter is more than twice as high then the slit
is discriminated as being above the threshold, and the appropriate bit is activated.

The outputs from the Gray code and fine bits are processed in the electronic box,
which calculates the orientation of the sun in the sensor’s axes frame. A two-axis
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Figure B.3.6 Sensor coordinate system.

digital sun-sensor head consists of two single-axis sensors located 90° apart in the
same head plane. A commonly accepted definition for the axis frame of a two-axis
solar sensor, whether analog or digital, is shown in Figure B.3.6.

In Figure B.3.6 (see also Table B.3.1, p. 362), the sun vector S is projected on the
X-Z, plane, creating the angle «. It is also projected on the Y;-Z; plane, creating
the sun orientation angle 8. These are the orientations computed by the two indi-
vidual sun sensors. The orientation for the digital sun sensor can be calculated as
follows:

a= tan" [A] +A2NA +A3 Sil'l(A4NA +A5)

+A6 sin(A7N4 +A8)]+A9, (B.3.5)
B= tan"[B, + B, N+ B, sin(B4Np + Bs)
+BG Sin(B7NB+B3)]+Bg. (B.3.6)

In these equations, N4 and Np are the base-10 equivalents of the binary output from
each axis. The terms Ay, ..., A9 and B, ..., By are constants defined in the sensor cali-
bration state and provided to the customer with each individual unit.

As an example of a very accurate two-axis fine digital sensor system (Adcole mod-
el 18960), see the partial listing of data characteristics in Figure B.3.7 (pp. 354-6). A
summary table of various analog and digital sun sensors, with all relevant specifica-
tions included, is given as Table B.3.1 (pp. 358-62).

B4 Star Sensors

B.4.1 Introduction

Stars are the most accurate optical references for attitude determination.
The reason stems from the facts that (1) they are inertially fixed bodies, and (2) they
are objects of very small size as seen from the solar system. Given these stellar char-
acteristics, star sensors allow attitude determination with accuracies in the sub-arc-
second range. The drawbacks are the instrumentation’s complexity, elevated price,
extensive software requirements, and relatively low reliability as compared to other
attitude sensor assemblies.
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The number of stars in the sky is very large. In order to use them as attitude ref-
erences, appropriate techniques to differentiate between them must be implemented.
In terms of the necessary hardware, star sensor assemblies are not standard items
that can be supplied “off the shelf.” In most cases, every space mission places unique
demands on the star sensor to be used, which must be defined and designed accord-
ingly. The present section is a short explanation of notions required by the control
designer to define the characteristics of a potential star sensor for use in a defined
space mission.

SPECIFICATIONS: MODEL NO. 18960

"No. of Axes 2
uMmL No. of Sensors 2
[Field of View:
Each Sensor: 64° x 64°
Total: 124°x 64°
f:': [Least Significant BIT Size: 0.004°
[Transition Accuracy: 0.017°
‘ Sensor Model No. : 19020
{ Sensor Size: 3.32"x4.32"x 0.97" (exclusive of connector)
. 84 mmx 110 mm x 25 mm
: Ses Outline Drawing
) Sensor Weight: 0.591b
! l| 270 gr
i [Electranic Size: 8.13°x 6.19"x 1.19" (exclusive of connector)
. 206 mm x 157 mm x 30 mm
i See Outline Drawing
] Blectronic Weight: 1621
| 736 gm .
! Output: 32 Bits, Serial; 15 Bits/Axis Data (Gray, Natural Binary Mixed), Sensar
i Select, Sun Presence. )
: {Power Requirements: 428 +/- 0.56 VDC, 1.8 watts nominal
‘ [Transfer Function: See Figure 1
i HSensor Sun Distance; 09 to 1.1 AU
: [Mounting: See Outline Drawing
i [ISensor Atignment: Detachable alignment mirrars, optical axis aligned to one arc minate
lInterconnections: Interconnecting cables to be supplied by customer
[Temperature Range: Sensor Electronics
Operating; -10°Cto+60°C -10°C to+50°C
o Non-Operating: -25°C to +60°C -10°Cto+50°C
L Pressure: Hard vacuum as encontered in earth orbit
[Humidity: Up to 100%
{Random Vibration: 0.31 g*/Hz , 20-2000 Hz, 1 minute each axis 14,9 g-rms
5 MIL-STD-461A
[Expected Life: Unlimited
[Design Status: Basic design flown OAO, qualified NASA IEU program
: Tests: Transfer function determined and checked at room and
- operating temperature limits using solar simmlator

Figure B.3.7 Adcole model no. 18960 two-axis fine digital sun-angle sensor system;
reproduced by permission of Adcole Corp.
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: NOTES:

1 The least significant bit size listed is an average of the step size in the angles a ( or f)
over the ficld when B (ora)=0.

it

; 2, For a digital sensor , ervor can be measured only at points where the output changes by

i one state. Error is defined as the absolute value of the difference between the sun angle
calculated from the transfer function and the measured angle at a step. The values quoted
are maxinmm error for o (or ) when B (or &) = 0.

3_ 3 Gray code is a special form of a binary code having the property that only one digit
d changes at a time. Conversion of Gray code to natural binary is accomplished as follows:

(a) The most significant bit is the same in either code.

(b) Each succeeding natural binary bit is the complement of the corresponding Gray bit
if the preceding natural binary bit is a “1°; or is the same as the corresponding Gray bit
if the preceding binary bit is a "0".

Conversion from natural binary to decimal or base 10 is accomplished by weighing each

' bit as shown and summing the result.
: Example:
V Gray Natural Binary Decimal
272°2°2°2° 22! 2°
11010011 10011101 157

Figure B.3.7 (continued)
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GENERAL BLOCK DIAGRAM : MODEL 18960

X
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FIGURE 1

Figure B.3.7 (continued)
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! B.4.2 Physical Characteristics of Stars

There are two principal characteristics that allow us to differentiate between
stars: their magnitude and spectra. A short explanation follows; see also McCanless,
Quasius, and Unruh (1962) and Burnham (1979) for more detailed treatments.

Magnitude m of a Star

An important characteristic of a star is its brightness as seen from the earth.
This brightness depends on the quantity of light that the star emits, and also on the
distance over which that light must travel. The flux of light is the energy of light per
unit area. Hence, a star’s magnitude depends on the flux and the distance of the star.
The magnitude is the intensity of light that reaches the earth’s vicinity, and is des-
ignated by m. The ratio between the magnitudes and the fluxes of two stars is not
linearly proportional to the magnitude of the stars. Rather, the relation between
fluxes and magnitudes is logarithmic. If the fluxes and the magnitudes of two stars
are denoted (respectively) S, S; and m,, m,, then

my—m;=-2.5 lOglo(Sz/sl). (B.4.0)

For example, if the light flux S, of a star is higher by a factor of 10* than that of
another star, then m,—m; = —2.5log;o10% = —10, which means that the magnitude
of the second star is 10 times larger than that of the first. Notice that the result is
‘ negative; this indicates that, as flux intensity is larger, the magnitude becomes more
negative. Equation B.4.0 assigns differences between magnitudes, but not absolute
magnitudes. This can be remedied by choosing a reference magnitude for stars. For
instance, in the nineteenth century it was decided to choose the North Star (Polaris),
: with magnitude m =2, as the reference star. Unfortunately, the magnitude of Po-
i laris varies periodically between m =1.95 and 2.05. Today, Vega is the accepted ref-
erence star, with m = 0. Table B.4.1 (page 363) shows the magnitudes of some typi-
' cal stars.

] With the help of the star Vega, we can determine mg = —2.5 log Sy. There is also
another way of defining the magnitude of a star. We can set

m = —2.5logy(1/1),

where I denotes the effective irradiance and J; the effective standard irradiance.

To help develop our notions of star magnitudes, observe that in Table B.4.1 the
brightest star outside the solar system (Sirius) has a magnitude of m = —1.6, com-
pared to the sun’s magnitude of m = —26.8! With the naked eye it is possible to view
i stars with magnitudes as high as 6 to 6.5. With strong telescopes on the earth’s sur-
face (i.e., viewing through the atmosphere surrounding the earth), it is possible to
detect stars with magnitudes as “small” as 23 or 24.

Spectra of a Star

In practice, it is common to view (and film) stars in three different spectral
ranges of light: ultraviolet, visible, and blue. We must always define in which spec-
1 tral range the magnitude is measured; for instance, my stands for the magnitude in
the visible spectrum.
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Table B.3.1 Catalog of sun-angle sensor systems
(reprinted by permission of Adcole Aerospace Products)

) Field of Maximum Least
H Model view per number significant Transfer
i number sensor of sensors bit size Accuracy* function® Output

DIGITAL SYSTEMS FOR SPINNING VEHICLES

. 15564 128°1.2 1 1.0° 0.50° A 7-bit parallel '
§ Gray TTL
4 16765 180°! 1 0.5° 0.25° A 9-bit parallel
Gray TTL l |
17083 180°! 1 1.0° 0.50° A 9-bit serial
Gray open !
. collector l
17126 180°! 1 0.5° 0.25° A 9-bit serial
Gray 0-12V
16151 64°4.2 4 0.25° 0.1° a<40° A 8-bit serial l
0.25° a>40° Gray 0-5V
i 17212 128°1.2 1 1.0° coarse 0.25° B 7-bit parallel '
Analog fine Gray TTL
Two analog
' 18810 128°1.2 2 0.25° 0.1° A 9-bit serial
i Gray 0-10V '
! 18656 128°L.2 2 1.0° coarse 0.1° a<40° B 7-bit serial
i Analog fine  0.25° a>40° Gray
'} Two analog l
§ 15761 5.6°! 1 . 0.02° 0.1° C 8-bit serial
Natural bi-
nary TTL
' 15761 180°! 1 1.0° 0.5° A 8-bit serial '
Gray TTL
18273 64°1:2 2 0.25° 0.1° A 8-bit serial '
: Gray 0-7V
TWO-AXIS DIGITAL SYSTEMS
18273 128° x 128° 5 1.0°3 0.5° D 7-bit /axis I
3 serial
b ‘ Gray 0-7V
15486 128°x128° 1 1.0°3 0.5° D 7-bit /axis
parallel l
Gray 0-10V
17115 128° x 128° 3 1.0°3 0.5° D 7-bit/axis
parallel
Gray TTL l
. 16764 128° x 128° 5 0.5°3 0.25° D 8-bit /axis
g parallel
i 3-bit identity
Gray TTL '
14478 128° x 128° 2 0.5°3 0.1° 6<42° D 8-bit/axis
' 0.25° ©>42° serial
i Gray TTL '
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Size [in / mm]

Weight [Ib / g]

Design
Electronics  Sensor Electronics Sensor Input power status Remarks
1.7x1.3x2.6 0.32 +5.13 vdc 2.0 ma Flown Sensor and electronics
43x33x66 145 +6.12 vdc 2.5 ma ESRO IV in one unit
2.9x2.6x3.8 0.81 +12+0.36 vdc6 ma Flown Sensor and electronics
74x66x97 368 —12x0.36vdclma NRL in one unit
3.3x2.0x3.5 2.0x2.0x1.2 0.98 0.31 -24.5 vdc 12 ma Flown
84x51x89 51x51x31 445 141 AEC-C
4.1x3.3x1.3  2.0x2.0x1.2 0.54 0.25 +12 vdc 5.5 ma Flown System includes three 1°
104x84x33  51x51x31 245 113 —12vdc 4.0 ma Hawkeye FOV earth albedo sen-
sors (0.876x5.4” each);
0.59 1b (269 g) total
5.5x4.4x2.7 2.3x1.3x1.0 2.13 0.21 +28 vdc 10 ma USAF LEDs in sensor for
140x112x69 58x33x25 966 95 ground test
Redundant electronics
2.5x2.3x1.4 2.6x1.3x1.0 0.38 0.23 +15 vdc4 ma USAF
64x58x37 66x33x25 172 104 —15 vdc 4 ma
4.1x2.3x3.7 2.6x1.3x1.0 1.6 0.24 +28 vde Qualified  Redundant sensor and
104x58x94  66x33x25 726 109 400 mw BSE electronics
4.1x2.3x3.7 2.6x1.3x1.0 1.6 0.24 +28 vdc Qualified  Redundant sensor and
104x58x94  66x33x25 726 109 400 mw RCA electronics
SATCOM Analog outputs have
sample and hold
4.0x3.5x2.2 1.3x1.3x1.3 1.19 0.24 +5 vdc 80 ma Flown Fine sensor with optical
102x89x56  33x33x33 540 109 +8 vdc 4ma AEROS-A  axis parallel to spin
—8vdc 4ma AEROS-B  axis
4.0x3.5x2.2 1.8x1.7x0.8 1.19 0.24 +5 vdc 80 ma Flown Coarse sensor with opti-
102x89x56  46x43x20 540 109 +8 vdc 4ma AEROS-A  cal axis perpendicular
—8 vdc 4ma AEROS-B to spin axis
Common electronics
7.6x4.5x2.5 2.6x1.3x1.0 2.3 0.24 +28 vdc Qualified Command eye has 128°
193x114x64 66x38x25 1043 109 600 mw CTS FOV
7.6x4.5x2.5 3.3x1.6x0.7 2.3 0.16 +28 vde Qualified  Sensor for spinning
193x114x64 84x41x18 1043 73 600 mw CTS phase shares electronics
with five 2-axis sensors
3.0x3.0x2.0 3.3x1.6x0.7 0.79 0.18 +15 vdc 19.5 ma Flown
76x76x51 84x41x18 358 82 ATS-6
6.5x4.5x2.5 3.3x1.6x0.7 2.11 0.25 5.0+0.2 vdc Flown
165x114x64 84x41x18 957 113 12 ma ATS-6
3.5x4.5x1.2 3.2x3.2x0.8 0.65 0.57 +12+0.36 vdc8 ma Flown
89x114x31  81x81x20 295 259 —12+£0.36 vdc2 ma NTS-1
5.2x4.5x2.6 3.8x2.8x0.9 1.6 0.75 +28 vdc Flown
132x114x66 97x70x22 726 340 500 mw DSCS

continued on next page




Table B.3.1 Continued

Field of Maximum Least
Model view per number significant Transfer
number  sensor of sensors  bit size Accuracy? function’ Output
TWO-AXIS DIGITAL SYSTEMS (continued)
17032 64° x 64° 4 0.125°3 0.1° D 9-bit /axis
serial
Gray 0-7.5V
15671 64° x 64° 1 0.125°3 0.1° D 9-bit /axis
parallel
Gray TTL
15381 64° x 64° 1 0.004°3 0.017° E 14-bit /axis
parallel
Natural bi-
nary TTL
16467 128°in B 1 1.0°in g8 0.5°in B F 7-bit /axis
64°in T 0.5°inT 0.25°inT parallel
Gray TTL
16932 64° x 64° 1 0.004°3 0.017° E 14-bit /axis
serial
Natural bi-
nary TTL
18960 64° x 64° 2 0.004°3 0.017° E 15-bit /axis
serial
Binary TTL
18970 100° x 100° 6 0.5° 0.25° G 8-bit /axis
parallel
3-bit identity
Gray TTL
S.INGLE-AXIS DIGITAL SYSTEM
17061 100° x 100° 1 0.006°3 0.05° E 14-bit serial
Natural bi-
nary; open
collector
TWO-AXIS ANALOG SYSTEMS
18560 30° cone 1 N.A. 1’ at null +1° linear 5V
12202 30° cone N.A. N.A. 1’ at null +1° linear +4 ma
18394 180° solid 1 N.A. 2° at null +30° linear +0.1 ma
angle peak
18980 30° cone 1 N.A. 2" at null +2° linear +5V
SINGLE-AXIS ANALOG SYSTEM
17470 40° x 60° 1 N.A. 6’ at null +1° linear 0-5V
2,5V at null
COSINE-LAW ANALOG SYSTEM
11866 160° cone N.A. N.A. 2 pa Cosine of 0.1 ma
angle of peak
incidence
360




' Size [in / mm) Weight [Ib,/ g]
l Design
: Electronics Sensor Electronics Sensor Input power status Remarks
l 7.8x4.5x2.3 3.8x2.8x0.9 2.53 0.6 —24.5 vde Flown
197x114x60 97x71x23 1148 277 560 mw Nimbus-F
;:"1 5.4x4.0x2.1 3.8x2.8x0.9 1.5 0.7 +28+4 vdc Delivered
l ‘ 137x102x53 97x71x23 680 318 350 mw NASA
) 7.8x4.5x2.5 3.8x4.1x1.0 3.0 0.82 +28 vdc Flown Two-axis analog output
198x114x64 97x104x25 1361 372 61.5 ma OAO-C (d-a converter)
l ' +1° about optical axis
: 4.0x3.5x2.2 2.5x2.1x0.6 1.13 0.31 -24.5 vdc Flown Output is sun azimuth
E 102x89x56  64x53x15 513 141 250 mw USAF and elevation in sensor
Block V coordinates
- 7.8x4.5x2.5 3.8x4.1x1.0 2.56 0.82 +28vdc Delivered
1 198x114x64 97x104x25 1161 372 62 ma USAF
' j
‘ 8.1x6.2x1.2 3.3x4.3x1.0 1.0 0.75 +28 vdc Designed for Weight not final
! 206x157x30 84x110x25 455 341 18w NASA-IUE
l 1 3.5x4.5x2.0 3.2x3.2x0.8 1.1 0.40 +28 vdc New Dimensions and weight
: 89x114x51  81x81x20 500 102 500 mw design not final
l i
i
i :
. 4.0x3.4x2.0 4.3x2.5x1.1 1.14 0.71 +5 vdc 65 mw USAF
. : 102x86x51  109x64x28 517 322 +28 vdc 700 mw Block V
{
l _ 2.2x1.4x1.2 0.42 +15 vde Designed
! 56x36x31 191 —15 vde NASA
. ) 100 mw Lewis
; N.A. 2.5x1.2x1.3 None 0.12 None Flown Includes sun presence
l 24 64x30x33 55 OAO-B,C sensor with 2 ma output
o ATS-6
; N.A. 1.9x1.9x1.3 None 0.18 None Flown Cluster of five 11866
ks 48x48x33 82 OAO-B,C cosine-law sensors
l ATS-6
:; 2.7x2.0x1.6 0.38 +10 vde New Dimensions and weight
69x51x41 17 75 mw design not final
l i 2.7x2.0x1.1 0.26 £15£0.6vdc  Qualified  Used on CTS for solar
o 69x51x28 118 100 mw CTS array pointing
. : N.A. 0.95x0.4  None 0.01  None Flown
a 236x10 4.6 OAO-B,C
; ATS-6 continued on next page
i
I ! 361
:
ot




362

B / Attitude Determination Hardware

Table B.3.1 Continued

Notes:

Type A

Type B

Type C

Type D

Type E

Type F

Type G

z

)

Slo

E

S

”~
(—/ g /!
N T A7 |
AN 51 :
1\ e/, I
1 \ /B |
R
| 0 ! -~ Y
1 1

Figure 1. Sensor coordinate system

The field of view is fan-shaped. An output pulse is provided when the fan crosses the sun, and
the digital sun angle is read at this time and stored. The sensor should be mounted so that the
plane of the fan is parallel to the spin axis.

For fields of view less than 180° the mid-angle of the fan need not be mounted perpendicular
to the spin axis.

The least significant bit size is an average of the on-axis step sizes over the field of view (FOV).
For a digital sensor, error can be measured only at points where the output changes by one
step. Error is defined as the absolute value of the difference between the sun angle calculated
from the transfer function and the measured angle at a step. The values quoted are maximum
error for a (or 8) when 8 (or «) equals zero.

A wide variety of transfer functions are available for digital sensors; the equations that follow
illustrate the principal forms. In these equations, N, N,, N, are base-10 equivalents of the bi-
nary output number and ko, k,, &, ... are constants; «, 8, 6, and T are the angles defined in
Figure 1.

Diameter.

g=0

a= k°+ k’N

=0

X= k; +k4N+k5 tan"(A./Az)

a =tan~'{k,X/[1— (ki + k) X ?]'?}

where A, and A, are the two analog outputs

g=0

a =0.0108 +0.0216 N

X= ko + k|Nx

Y= ko + k pNy

a =tan~"'{k, X/[ks—(kI—1)(X2+Y )]}

B =tan™'{k,Y/ ks — (ki —1)(X*+Y))]'?)

a= !an_l(ko+k|Nx)

B=tan'(ky+kN,)

T =ko+ kN,

B=k,+ k3N,

o= ko + k |N '

B=ko+ kN,

|
|

J
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i Table B.4.1 Star magnitudes for extreme cases

Name of
constellation

0 Vega a Lyr
-1.6 Sirius o CMi
-26.8 Sun -

Magnitude m | Star

Different stars have different emission spectra. This is a very important fact, widely
used in the design of star sensors. It is convenient to divide the stars into seven prin-
cipal spectral categories, which are O, B, A, F, G, K, and M. These categories are
each subdivided into ten more subgroups, from 0 to 9. The spectra of a star is very
much dependent on its surface temperature. An example of different star spectra
is shown in Figure B.4.1. The stars may be classified by their visual magnitude my
R and their spectral type. As an example, ten of the brightest stars are characterized
in Table B.4.2.

: Star detectors collect cosmic energy coming from space in different spectral ranges.
j This is the reason why the spectra of stellar emissions is important to the design of a

Relative 4§
: intensity

Relative wavelength

} Figure B.4.1 An example of different relative spectra.

i .
o4 Table B.4.2 Characteristics of the ten brightest stars
L ‘f (reproduced from McCanless et al. 1962)

ERNITRRY S PO

. ‘ Astronomical Common SHA DEC |Spectral] m,
¥ Name Name Type
. o Lyrae VEGA 81 | N39 A0 0.05
; a Centauri RIGILKENT | 141 | S61 | G2k3 |-027
i a Bootis ARCTURUS | 147 | N19 | KoO 003 ||
. B Centauri AGENA 150 | s60 Bl 0.69
‘ o Canis Minor [PROCYON 246 | NS FS 035 “
i a Canis Major _|SIRIUS 250 | 817 | A1 |-149 "
: “?i aArgus, Car  [CANOPUS 264 | S53 FO -0.77
: o Aurigae '|CAPELLA 282 N46 Gl 0.13
: B Orionis RIGEL 282 | S8 B8 0.14
4 a Eridani ACHERNAR | 336 | s57 | Bs 0.55

il G &SN W N G O Oy BN AN B BN GD EE am O AN BN B s
v
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i Table B.4.3 Distribution of the stars according to their spectral category
(reproduced from McCanless et al. 1962)

ype 0 B A F G K M Other
Average <1% 1105% [22.3% | 18.6% | 14.3% [319% | 27% 1%
istribution
A <485
! The 20 0 6 5 2 2 3 2 0
: right Stars 30% [25% | 10% | 10% | 15% |10%
{ < +1.5
: The 40 0o |15 10 4 2 6 3 0
right Stars 38% |25% | 10% | 5% 15% |7%
‘ <42.0
: €100 4 32 23 9 7 17 7 1
! right Visual | 4% [ 32% [(23% | 9% 7% 17% | 7% |1%
4 Stars:
<+2.65

! star sensor. It is important to choose the spectral sensitivity of the detector, so that

! the star sensor will be optimized for its particular mission; that is, it must be able to

i detect the stars that have been chosen as references. Note that using star detectors

; with a special spectral sensitivity is another way of minimizing celestial parasitic dis-
turbances (background noise). It is interesting to view the stellar distribution in terms
of the spectrum categories; see Table B.4.3.

i
!
1
| Celestial Background

i The sky is full of stars. When using stars for attitude determination, it is
necessary to discriminate the correct and useful ones from the many others that, in
i this case, constitute a celestial parasitic noise background. On the other hand, for
: certain missions it is important to use as many stars as necessary in order to allow a
continuous attitude determination. The number of stars that can be used within the
relevant algorithms is of crucial importance for the attitude accuracies that can be
achieved. Table B.4.4 shows the density distributions of stars with different magni-
tudes. This table is very important in the stage of defining the technical properties of
a star sensor.

g Table B.4.4 Target star distribution
Lo (reproduced from McCanless et al. 1962)

pparent Stars Per Square Degrees Starsin a
gnitude Square Degree Per Star 227 Sq. Deg. Field
m Brighter than m Brighter thanm | Brighter than m
8 1.0 1.0 227
7 0.34 2.94 77
i 6 0.12 83 27
N 5 0.04 25.0 9
4 0.013 77.0 3
3 0.0044 227.0
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Location of Stars on the Celestial Sphere

In order for a star to be useful for attitude determination or guidance pur-
poses, its location must be correctly identified in some predetermined axis frame. All
stars outside the solar system are inertially fixed in space. Hence we must define the
inertial frame in which all calculations will take place. The commonly accepted in-
ertial frame is defined as follows:

X - the vernal equinox direction defined at some reference epoch;
Z, - axis of rotation of the earth; and
Y| - completes a right-hand orthogonal axis frame.

Because of the slow precession of the vernal equinox axis, the locations of the stars
will also change in this frame, albeit very slowly. Nonetheless, this effect must be
taken into consideration.

To determine the location of a star on the celestial map, two angles are used:

(1) the right ascension (RA), measured from the vernal equinox on the equa-
torial plane of the celestial sphere; and

(2) the declination angle (DEC), defined +90° from the equatorial plane (+
points to the North direction).

These angles are also identified as the longitude and the latitude angles on the celes-
tial map. The longitude ordinates divide the celestial map into 24 hours. An hour is
divided into minutes (') and seconds (”); 1 hour is equivalent to 15°. Hence:

1’=1hr/60 =15°/60,
1”=1hr/3,600 = 15°/3,600.

With these definitions, celestial catalogs and maps have been prepared for dif-
ferent vernal equinox epochs - for instance, for the epoch (year) 1950 and more re-
cently for the epoch 2000. Some popular catalogs include The Catalog of Bright Stars
(Hoffleit 1964), The Smithsonian Astrophysical Observatory Catalog (1971), Burn-
ham’s Celestial Handbook (Burnham 1979), and Sky Catalogue 2000.0 (Hirshfeld
and Sinnott 1990; also available on PC diskette).

When preparing or using star catalogs, we must differentiate between double (or
multiple) stars, variable stars, and so on; see Burnham (1979) for more information.
For these denominations, the position angle (PA) denotes the apparent orientation
of a pair of double stars. As is well known, stars are agglomerated into constella-
tions. As an example of how stars are cataloged, Table B.4.5 (overleaf) lists some of
the double and multiple stars in the constellation Ursa Minor. In this table, the fol-
lowing abbreviations are used:

Dist. - angular separation of the two stars in seconds of arc (the distance of
a third or fourth component is given from the primary star);

PA - position angle of the pair in degrees, measured from the brighter to the
fainter component;

Yr - year in which the preceding measurements were made (the last two
digits only are given; the first two are understood to be “19”);

Magn - visual magnitudes of the two stars on the standard scale, to the
nearest half magnitude; and

RA, DEC - celestial coordinates (1950 epoch).
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Table B.4.5 List of double and multiple stars
(adapted from Burnham 1979 by permission of Dover Publications)

Name [Dist | PA | YR | Magn Notes RA & DEC
[ 180 | 2,128] 55| 2-9 Polaris. (293) 01488n8902

44.7 83| 00 -13  |PA slow inc, spect

827 172 0 -12  |F8;Primary cepheid

variable (*)
z1583 | 111 285| 25 |7.5-8.5 [(0X238) relfix,spect A2 1157828718
p799 1.0 250| 67 [6.5-8.5 [PA & dist inc,spect AS 13033n7318
0X267 | 0.2 332{ 60 | 9-9 [|Pameasures discordant, 1324407615
spect F5

B.4.3 Tracking Principles

Introduction

In most star-sensor tracking systems, the principle of operation is based on
loading a star catalog into the onboard computer, according to the star characteris-
tics enumerated in Section B.4.2. The stars are chosen according to the specific space
mission in which the star sensor will be used. The purpose of tracking a star is to mea-
sure its direction within the reference frame fixed to the star sensor’s optical head.

The first stage in attitude determination is to identify a star, or a set of stars, with
reference to the onboard star catalog; the second stage is to track the star(s). The last
stage involves processing the acquired data. The major components of a star-sensor
attitude determination system are shown in Figure B.4.2.

There are three basic types of star-tracking assemblies: star scanners; fixed-head
star trackers; and gimbaled star trackers. The star scanner is used with spinning sat-
ellites, where its purpose is to determine the attitude of the spin axis of the satellite.
The primary use of fixed-head star trackers is to determine the attitude of three-axis-
stabilized satellites. This kind of star sensor provides the most accurate attitude de-
termination. The gimbaled star tracker has the advantage that, when the satellite’s
attitude is fixed, different parts of the sky can be scanned so that a large quantity of
stars can be exploited for tracking and processing. However, imperfections inherent
in gimbaled systems reduce the achievable accuracy of attitude determination.

Star Sensor
Attitude Determination

Software
1
Star Star Star Attitude
Catalog| |Identification] |Tracking Processing
and and
Acquisition Refinement

Figure B.4.2 Components of star-sensor attitude
determination software.
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Hardware Components of a Star-Sensor Assembly

Any star-sensor assembly includes the following basic components: (1) an
optical system; (2) a detector for starlight; and (3) electronics for signal processing
and attitude determination.

o Optical System The optical system consists of a lens system and a stray-
light shield. Even with a good sun shade, star sensors are generally inoperable if the
sun direction is within 30° to 60° from their optical axes. The earth albedo and
moonlight can also compromise the orderly operation of a star sensor. Hence, a good
light shield is of utmost importance.

The lens system must meet the primary task of converging the stars’ light into the
focus of the optical head, where a light detector is located. A secondary task is to
provide the desired wavelength filtering of the stars’ light, so that discrimination of
stars according to their spectral characteristics can be achieved. Since the optical head
is exposed to temperature changes, the design of an optical system that is reliable
and insensitive to environmental changes is a delicate technical task.

Detectors for Starlight There are two basic kinds of light detectors. The
first, which was the only one available until the 1980s, is known as the image dissec-
tor tube star sensor. It consists of a photocathode located in the focal plane of the
optical system, an image dissector, and a photomultiplier; see Figure B.4.3. In this
figure, the optical system projects the star image onto the photocathode. An electron
beam passes through a small-diameter aperture drilled into the anode and falls on the
photocathode and also on the star-field image. The image dissector deflection coils
induce this FOV to scan systematically the photocathode, detecting the presence of
stars by monitoring the signal output (anode electrical current) and their Cartesian -
coordinate location on the photocathode, which is recorded from the instantaneous
orientation of the deflector’s field (Wertz 1978).

With this type of star detector, calibrated accuracies in the arc-second range are
possible with sensitivity (on the my scale) of up to +14. The FOV aperture of the
anode limits the absolute accuracy that can be achieved, and the scanning process
suffers from the nonlinearity of the magnetic field responsible for the FOV scan. The
need for temperature stability of the photomultiplier within a narrow temperature
range also creates technical difficulties.

Deflected electron beam ( Field of View)
‘Field of view’ aperture

e coils

; Figure B.4.3 Image dissector tube star detector; adapted from
i Wertz (1978) by permission of D. Reidel Publishing Co.

l i
. |
;
I '
N
.
N
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l i
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Yg
g P el
b3 ” \¢ ¥
v X Lens )
Focal plane S (sensor’s optics)
(sensor’s photocathode)

Figure B.4.4 Calculation of the components of the star unit vector
in the sensor frame; adapted from Wertz (1978) by permission of
D. Reidel Publishing Co.

The star sensor measures the coordinates of the star-direction unit vector in the
v sensor’s three-axis orthogonal frame. Knowing the direction of the sensor’s axis frame
; relative to the axis frame of the satellite, the star vector in the body frame can be cal-
culated by a single transformation.

Let us derive the star vector components in the sensor’s axis frame from the read-
ings of the photomultiplier tube. The axis frame of the star sensor, X,,Y;, Z,, is
shown in Figure B.4.4; the star unit vector is to be expressed in this frame. The direc-
, tion of the star unit vector is measured in terms of the angles ¢ and A, where A is the
: elevation of the star image above the X;-Y; plane and ¢ is the angle between (a) the

projection of the line of sight of the star on the X.-Y; plane and (b) the Y axis. Ac-

cording to Wertz (1978), the components of the star’s line-of-sight vector S in the
sensor frame are

—sin(¢) cos(A)
S=| cos(¢)cos(A) |. (B.4.1)
—sin(A)
From Figure B.4.4, we easily find that
tang =u/f and tanA = (v/f)cos(¢), (B.4.2)

where u and v are the two coordinates of the star image on the focal plane (i.e., the
image on the photocathode) and f is the focal length.

Because of distortions in the optical system, temperature variations, and various
irregular magnetic effects of the deflecting coils, the relationships in Eqgs. B.4.2 are
not exact. Calibration coefficients must be used in order to increase the accuracy of
the derived ¢ and A angles:

¢ =Co+Ciu+Cv+ C3ll2+C4llU
+Csv?+ Ceu + Crutv+ Cyuv® + Cov3,

A=Dy+ D u+Dyv+D;u*+Dyuv
+D;sv?+Dgu* + D;uv+ Dguv’ + Dyv?

(B.4.3)

(see Gates and McAloon 1976). In Egs. B.4.3, the coefficients are also temperature-
dependent. Most of them are fitted by laboratory experimentation.
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light shield

Figure B.4.5 Charge coupled device (CCD) star sensor.

The second type of star detector, available only since the early 1980s, is the charge
coupled device (CCD) detector. This hardware is very compact and easy to imple-
ment in the optical head of a star sensor. Functionally, it replaces the photocathode
tubes, which were less durable and consumed more power. The CCD is a solid-state
integrated circuit, built as a matrix of photosensitive semiconductor elements called
pixels, Matrices of the order of 500 x 500 (rows X columns) elements are common,
providing good angular resolution. The device includes an electronic scanning mech-
anism that registers any illuminated cell, thus detecting the presence of stellar images
and their coordinates in the matrix board.

Using the CCD in a star tracker requires some control of its temperature in order
to minimize parasitic noise and bias. Active cooling, performed with Peltier ele-
ments, maintains the CCD temperature below 0°C.

The physical arrangement of a CCD-based optical star-sensor head is similar to
that of Figure B.4.3, with the exception that the photocathode has been replaced by
the CCD matrix board; see Figure B.4.5. With a CCD star sensor it is possible also
to obtain light spectrum filtration by choosing the semiconductor material of which
the CCD is composed to be sensitive to the desired spectrum only.

The location of the star image on the CCD matrix is easily obtained by reading
the digital outputs of the matrix’s rows and columns of the CCD pixels on which the
starlight is detected. The smaller the pixel size, the higher the attitude accuracy that
can be achieved. However, scanning the same FOV then requires a larger number
of columns and rows, thus complicating the hardware. The optimum CCD matrix
dimensions should be chosen according to mission requirements.

Electronics and Signal Processing Hardware The electronics box incorpo-
rates the conventional electronics items necessary to operate the hardware (power
supplies, controllers, amplifiers, etc.), as well as a microprocessor unit (CPU) and
memory unit needed for signal processing. As we shall see, the computational power
required of the CPU depends on such factors as the mission and mode of use of the
star sensor, the size of the star catalog used, and the number of stars to be tracked
simultaneously.

Signal Processing

The signal processing of star sensors occurs in two stages. First, the target
stars are identified with reference to the onboard star catalog. Next, the identified
stars are tracked on the CCD focal plane. The acquired data are processed to deter-
mine the s/c attitude; it may also be important to derive the attitude rates.
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v CCD pixel
boundaries
2N
Star .
image (uc.v:)
ol

. !

Central
L4 pixel
a. b.
Figure B.4.6 Use of a 3 x 3 pixel subarray for increasing the resolution

of the sensor by the image centroid algorithm; adapted from Stanton
and Hill (1980) by permission of AIAA.

S I I N I

Scanning Process and Calculation of Star Coordinates In Figure B.4.4,
the coordinates of the star in the focal plane were defined as # and v. A similar defi-
nition holds for the CCD-based star sensor, in which the u and v coordinate values
are digital outputs. In both cases, the focal plane is scanned in a predetermined se-
quence; each time a star’s image is encountered, its coordinates (i.e., the pixel loca-
tions) are sent to the memory part of the electronic processing hardware.

One potential limitation of using CCDs for star tracking is the finite number of
sensing elements (pixels) available on a single CCD sensor. Current CCDs have a
maximum array size in the range of 500 X 500 elements. With this CCD size, the reso-
lution of a single pixel is quite low. Suppose we are using a sensor with a FOV of

5°x 5° and a CCD size of 500 x 500 elements. In this case the’angular resolution is

only (5/500)° = 36”, which is quite low and certainly insufficient for a good star sen-
sor. In order to achieve a resolution higher than that dictated by the detector’s pixel-
to-pixel spacing, an interpolation algorithm can be used. See Sheela et al. (1991) and
Figure B.4.6.

If the dimension of the star’s image on the CCD array is greater than that of a
single pixel, then more than one pixel will detect its presence. In this case a subarray
of 3 x 3 pixels can be used. By sensing the electrical intensity outputs of each one of
the neighboring pixels shown in Figure B.4.6.a, an appropriate algorithm can inter-
polate the data and calculate the coordinates u, v, of the centroid of the image, as in
Figure B.4.6.b. By optically spreading the image over a small array of pixels, stars
can be “centroided” quite accurately, typically to 1/20 of a pixel (Strikwerda et al.
1991). With centroidal algorithms, accuracy in the sub-arc region is achievable.

Onboard Star Catalog Selecting stars for inclusion in the onboard star
catalog is a complicated task. It depends on the different outputs expected from the
star sensor, which in turn depends on the satellite’s system and mission requirements.

The number of stars that must be cataloged is a function of the star sensor’s field
of view. Suppose we wish to have an average of N stars continuously inside the
FOV, in any direction on the celestial sphere. If the star sensor’s FOV is rectangular,
a® X B°, then the number of stars needed will be at least [47(180/7)%/a’B°]N, stars.
For example, if N; =3, a = 6° and 8 = 10°, then the catalog must contain at least
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2,064 stars. Having three stars simultaneously in the FOV also requires that the stars
be at least quasi-uniformly distributed. However, it is well known that in the direction
of the Milky Way, for instance, the concentration of stars is higher than in any other
direction. For more about the uniformity of star distribution, see Vedder (1993).

Different optimization criteria can be defined in developing the star catalog, ac-
cording to the special tasks that the star sensor must perform. In developing the on-
board star catalog we can use the two basic star characteristics of magnitude and
spectra. We can also choose only that part of the celestial sphere pertinent to the
special mission for which the star sensor is designed.

For example, Polaris star sensors have been designed for geostationary satellites
to serve as the primary attitude means for continuously measuring the s/c yaw angle
(Maute, Blancke, and Alby 1989). In most attitude control systems, the yaw angle is
measured using sun sensors. However, owing to the unfavorable angle between the
nadir and solar directions, the yaw angle can be measured with a sun sensor only
during limited portions of the orbit. The Polaris star, whose direction is practically
perpendicular to a geostationary orbit, allows a continuous measurement of the yaw
angle. Since the Polaris star and its nearby celestial region are always inside the star
sensor’s FOV, only a limited number of stars are needed for the onboard star cata-
log. A special star sensor assembly has been developed for this task, the SODERN
SED 15. The detection FOV of this sensor is 4.5° X 6°, and the range of detectable
star magnitudes is from —1 to +3, which is sufficient for dealing with a relatively
bright star like Polaris. :

Star Identification Techniques 1t is well understood that tracking a star in
the sensor axis frame has no meaning unless the star is identified in the star catalog,
so that its coordinates in the inertial reference frame are also known; the attitude of
the spacecraft can be calculated based on this knowledge. Here we summarize some
techniques developed for star identification using a star catalog on board the satellite.
A CCD-type star detector will be assumed. First we will assemble some relevant facts
and definitions (cf. Wertz 1978) as follows.

(a) The star catalog gives the star position in an inertial reference frame of ce-
lestial coordinates (CC).

(b) The process of identification begins with the definition of an estimated CC
frame (ECC) in which the star sensor is supposed to find the target star, and
which is as close as possible to the true CC of the target star. The correctness
of this ECC frame is very important during the attitude acquisition stage.

(c) Distortion of the ECC may occur if knowledge about the motion of the
spacecraft is poor. This means that the angular distances between stars in
the ECC frame may be appreciably different from the angular distances be-
tween stars measured in the true CC frame.

We are now prepared to discuss the basic star identification techniques as well as
their variations.

(1) Direct match: With this technique, the ECC frame must be sufficiently close
to the star’s CC frame in the star catalog. An observation of a star in the star sensor
is matched with a catalog star if

d(0,8)<e, (B.4.4)
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where O is the observed star unit vector in the ECC and S is the catalog star unit vec-
tor in the true CC frame; d(0, S) is the angular distance between both vectors, and ¢
is the error window radius. The star observation is checked against all possible cata-
log stars until an unambiguous and unique identification is found (see Kosik 1991,
Sheela et al. 1991). If this condition is not fulfilled then an additional criterion, such
as star magnitude or spectral characterization, may be added to the matching process
until a correct identification is achieved.

(2) Angular separation match: According to this technique, the angular distances
between pairs of sensed stars are compared to the angular distances between pairs of
stars in the catalog (Wertz 1978, Kosik 1991). Two stars are selected arbitrarily from
a set of measured stars, and the corresponding angular separation between them is
calculated as

d}? = cos7!(8,8S,), (B.4.5)

where S; and S, are the directions of the two stars as measured by the star sensor.
Next we search, in a finite region of the catalog around the approximate boresight
of the sensor, for a pair of stars (/, /) that fulfills the condition

|d(i, /) —d2| < e, (B.4.6)

where d(i, j) is the angular distance calculated for entries i and j in the star catalog.
Naturally, if more than one pair of catalog stars meets the condition of Eq. B.4.6
then there is an ambiguity, and the search fails.

It is possible to continue the identification process by selecting more than two stars
for comparison purposes. This is called a polygon match, in which a pattern of N
observed stars is used for identification. The process then requires enormously many
more comparisons of angular distances between the set of N measured stars and the
similar star distances in the star catalog. For a complete analysis of this approach,
see Kosik (1991).

(3) Phase match: The phase match technique is used for calculating the direction
of the spin axis in spinning satellites. See Wertz (1978) for a complete analysis.

For all these matching techniques, the reliability of the identification process can
be increased (and the search time decreased) by using additional star characteristics
for identification, such as magnitude and spectra. This additional data must also be
loaded into the onboard computer, as is done with many commercial star sensors.

Star Tracking and Computational Loads

Once the target star is identified, it can be used for computing the attitude
of the satellite. However, since the s/c is moving in its orbit and its attitude may be
intentionally altered, the identified star’s image in the focal plane of the star sensor
will move. Hence, the star tracker’s processor must track the star’s image during its
motion in the CCD array. In most star sensors, more than one star is identified and
tracked simultaneously. The reason is that, since the FOV of the sensor’s optical
head is limited, previously identified and tracked stars exit the FOV and are lost, so
that new stars must be identified and tracked. Current technology enables star-sensor
assemblies to track simultaneously five or even more stars. While tracking already
identified stars, the sensor must constantly identify new stars.
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Considering all the tasks that the sensor must fulfill simultaneously, the computa-
tional load can become excessive. This means that tradeoffs must be made between
desired sensor characteristics and attendant processing times. For a complete soft-
ware flowchart containing a track mode and also a search mode of a star-sensor
assembly, see Zwartbol et al. (1985).

Star-Sensor Specifications

As already mentioned, a commercial star sensor is generally not a standard
item that can be procured off-the-shelf. Each sensor has special features appropriate
for its unique mission, and must be manufactured to well-defined specifications. The
most important characteristic features that should be considered when designing or
specifying a star sensor are listed as follows.

(1) Field of view - The smaller the FOV, the higher the accuracy that can be
achieved. However, decreasing the FOV increases the number of stars that
must be cataloged for successful operation of the sensor.

(2) Sensitivity to star magnitude - Note that increasing the range of detectable
magnitudes also necessitates an expanded star catalog. However, this does
enable a higher attitude accuracy.

(3) Accuracy - The accuracy of the sensor must be defined for different modes
of operation, such as the pointing mode, the scanning mode, the tracking
mode, and so on.

(4) Noise-equivalent angle - This is also dependent on the operational mode.

(5) Update period — The update period is important because the sensor is part
of the attitude control system; long update periods are detrimental to the
AOCS.

(6) Star acquisition time.

(7) Tracking capacity.

(8) Spatial separation.

(9) Star motion - The accuracy of the star sensor might decrease if the satellite
is under angular motion conditions.

(10) Reliability - This is a very important factor. If the star sensor is a basic part
of the AOCS of a satellite then its reliability must be comparable to other
hardware items of the satellite. Since a star sensor is a very delicate instru-
ment, the technical problems of making it reliable are often hard to resolve.

(11) Power consumption.

(12) Weight.

These characteristics are illustrated in Tables B.4.6 and B.4.7 (overleaf), which list
the specifications of two space-proven star sensors.

B.S Rate and Rate Integrating Sensors

B.5.1 Introduction

Rate sensors based on different physical principles are used to measure the
angular motion of satellites. All zero-momentum-biased s/c use rate sensors for at
least one special task during the satellite’s life.
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Q Table B.4.6 Characteristics of ROSAT precision star tracker, PSTI
: (reproduced from Lange et al. 1986 by permission of SPIE)

| CHARACTERISTICS SSST
ield of view 59" x 4.4°
B Sensitivity m, =010 6.5
Systematic Errors (bias)
pointing <2 arcsec
scan <10 arcsec
Woise Equivalent angle (NEA)
pointing < 1.0 arcsec
scan < 5.0 arcsec
Magnitude Accuracy +-0.25m,
[Update Period 1 sec
Star Acquisition Time <4 sec
. Tracking Capacity 4 targets
! Spatial Separation
pointing 0.I° (xy)
scan 0.1°(x), 0.3° (y)
’ Star Motion
i pointing 5 arcsec/sec (x,y)
: scan 5 arcmin/sec(y)
i Power Consumption 16.4 Watt
| Weight
! Camera Unit 8kg
Electronic Unit 5kg

; . Table B.4.7 CT-60I solid-state star tracker
; : (reproduced from McQuerry et al. 1992 by permission of IFAC)

| CHARACTERISTICS SSST
[Field of view (deg?) 64
Sensitivity range (M) +1 to +6
2 [Accuracy (arc sec), per coordinate
Bias errors 3
o Total random error(1c) 5
. Update rate (Hz) 10
’ | Acquisition time
Full field (sec) 5
Reduced field (sec) 0.1
Number of stars tracked simultaneously |1 to 5
Tracking rate (deg/sec)
At full performance 03
At reduced performance 1.0
Data interface MIL-STD-1553(B)
"Maxmmm power (W at 28 V dc) <12
IMaximum weight without shade (b) | 18
||@erating temperature (°C) -30 to +50

‘ | '
!
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A principal advantage in using a rate sensor is that it can measure the angular
rates of the satellite without regard to the s/c angular attitude. For instance, if the
attitude of a satellite is determined with the aid of earth and sun sensors, then the
rates about the satellite principal axes can be obtained by differentiating the angular
position outputs of the attitude sensors. However, once the earth (or sun) leaves the
sensor FOV, it is no longer possible - without rate sensors - to measure the satellite’s
angular rates and thereby control its angular motion.

Another important function of rate sensors is providing angular stability to the
satellite. For attitude control of s/c, two measured states must be fed to the ACS: a
position error signal and a rate signal, the latter for damping the angular motion (see
Chapter 7). In principle, it is possible to obtain the angular rates by differentiating
the measured angular position of the satellite. However, the differentiated signals
might become very noisy and so inhibit pointing stability of the ACS.

The third (and indispensable) feature of rate sensors is their ability to provide,
continuously and accurately, the angular attitude of the satellite via time integra-
tion of their outputs. For instance, use of rate integrating gyros allows us to design
high-bandwidth and highly accurate attitude control loops that could not be achieved
solely with star sensors, whose estimates of s/c attitude are too slow. When using rate
sensors for attitude determination, accurate position sensors are needed to provide
the initial values used in the integration algorithm (Sections 4.7.4 and 4.7.5), and also
to update periodically the attitude during the rate integrating process.

Until recently, the only available rate-sensing instruments were rate gyros (RGs)
and rate integrating gyros (RIGs), both based on the gyroscopic stiffness of revolving
moments of inertia (see e.g. Swanson 1982). The principal drawback of gyros is their
dependence on moving parts - especially the rotor assembly of the electrical motor,
which has a limited life expectancy. In the last 10-15 years, new principles have been
developed to produce more reliable rate sensors with no moving parts, such as laser
gyros, quartz rate sensors, and the hemispherical resonator gyro (Matthews, Baker,
and Doyle 1992).

B.5.2 Rate-Sensor Characteristics

Rate sensors have inherent noise problems. Various criteria are used to de-
fine the qualities of these sensors; the most important are listed as follows.

(1) Range - The larger the range of measurement, the higher the noise level of
the sensor. Hence, when defining the sensor’s desired characteristics it is im-
portant to choose the smallest possible range in light of the satellite’s atti-
tude control missions. Output ranges of the order of 1°sec to 100°/sec are
possible.

(2) Bias (constant drift) - This is one of the most important characteristics of
rate integrating gyros. The bias is of crucial importance if the sensor is to be
used for attitude determination via rate integration. Sensors with drift levels
ranging from 0.03° hr to 1°/hr are common.

(3) Output noise - This is specified per frequency band.

(4) Scale factor - This is important when rate integration is performed. Stability
of the scale factor has a strong influence on achievable attitude accuracies.

(5) Linearity - The linearity is defined over the entire range.
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Table B.5.1 Typical medium-accuracy rate integrating
gyro assembly

[ Requirements Existing RIGA
ife: 10 years 3000 hours of intermittent

operation

[Mininnim Sampling Rate |0.04 sec (25 Hz) Digital pulse width modulated
system pulse frequency
=102400 Hz

ge 15 deg/ sec 15 deg / sec
2 deg/sec

F:onstant drift 1 deg/ hour 1 deg / hour (1 g environment)

Scale factor 1.0% 1.0%

Input power maximum |25 Vdc 23.9Vde __,I

To clarify these characteristics we shall tabulate data for two rate sensors. The
RIG described in Table B.5.1 can be used for integration because it has a fairly low
constant drift bias of 1°/hr. The RG described in Table B.5.2 cannot be used for
rate integrating, owing to its high bias terms. For this reason it is commonly called
a “coarse rate gyro.”
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Start Power 55 Watt Max (For 12 sec)
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Running Current 0.2 Amp. Max

Ready Time 15 Sec Max.

Hysteresis 0.15%sec for X and Y gyros
0.3%sec for Z gyro
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Nl | WIN |-
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14|BIT +8 to +10 Vdc for normal operation
: -3 to +3 Vdc for failure
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Z gyro -600%sec
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APPENDIX C

Orbit and Attitude Control Hardware

Cl Introduction

The purpose of Appendix C is to introduce the reader to the basic features
of the control hardware used to provide translational and angular accelerations to
spacecraft.

The level of control forces that can be obtained depends on the source character-
istics. For example, ion thrusters can produce forces of the order of tens of milli-
newtons; liquid propellant thrusters used in spacecraft control provide forces in the
range of hundreds of newtons; and solid propellant motor-produced forces are in
the range of hundreds of thousands of newtons.

As far as attitude control is concerned, we have seen that torques can be produced
with the aid of momentum exchange devices, magnetic torqrods, or solar torque con-
trollers. The torque levels we can obtain with these devices are generally low: in the
range of 0.01 to 1 N-m for momentum exchange devices (control moment gyros ex-
cluded), of the order of a few centinewton-meters with magnetic torqrods, and tens
of micronewton-meters with solar torgiie controllers. With reaction propulsion means
we can achieve torques of about 20-30 N-m, but also much lower torques of the
order of 0.1 N-m if needed. Reaction propulsion is also used for momentum dump-
ing - unloading the parasitic angular momentum accumulated in the spacecraft.

The sources of force and torques used for control can be classified as follows:

(1) propulsion systems, which can provide translatory and angular accelera-
tions (forces and torques) to the satellite;

(2) solar radiation pressure, which can produce forces and torques;

(3) momentum exchange devices, which can provide torques and angular mo-
mentum; and .

(4) magnetic torgrods, which can provide only torques.

Two special controllers that are not discussed in this book are (i) atomic energy-
based thrusters for translation accelerations, and (ii) control moment gyros, which
are used in large inhabited space structures to provide torques in the range of hun-
dreds of newton-meters.

C.2  Propulsion Systems

The task of the propulsion system is to provide forces and torques acting on
the body of the spacecraft, thus enabling changes in its translatory and angular ve-
locities. Spacecraft propulsion systems are divided into three categories: cold gas;
chemical (solid and liquid); and electrical. The basic equation of propulsion holds
for all kinds of propellants.
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A rocket engine develops its thrust F by expelling propellant (such as gas mole-
cules, or ions) at a high exhaust velocity V, relative to the satellite body; see Wertz
and Larson (1991). The amount of thrust F can be calculated as follows:

dm dm

i +A[P.—P,]= " (C.2.])
where P, and P, are the gas and ambient pressures (respectively), V., is the exhaust
velocity, Vs is the effective exhaust velocity of the expelled mass with respect to the
satellite, dm/dt is the mass flow rate of the propellant, and A denotes the area of the
nozzle exit.

The second parameter relevant to the characteristics of the thrust source is the
specific impulse I,, a measure of the efficiency with which the propellant mass is
converted into thrust energy. The specific impulse is defined as

Iy, = F/(gdm/dt) sec, (C.2.2)

F=V,—

where g is the gravitational constant.
To calculate the velocity change per exhausted fuel mass, integration of the accel-
eration F/m is performed to find, using Eq. C.2.2, that

AV= fﬁd fg ldmdt— Is,,f ‘dm (C.2.3)
4

where #;, t; and m;, m; are the initial (and final) time and masses of the spacecraft,
respectively. The solution of Eq. C.2.3, known also as the rocket equation, is:

AV
me = m; exp{— . C.2.4)
f ' p{ (glsp ) } (
It follows that the propulsion mass m, expelled from the satellite’s initial mass is
my = m;—myg = mi[] —exp{—( AV)H. (C.2.5)
&l

Equation C.2.5 is the solution of the basic propulsion rocket equation, and allows
us to calculate the mass of propellant required to change by AV the velocity of a sat-
ellite with an initial mass 72;. An immediate conclusion is that increasing the specific
impulse will decrease the expelled mass of propellant. However, we shall see that
high I, of a potential propellant is not the only factor upon which propulsion selec-
tions are based.

Reaction propulsion systems are used for producing forces and torques. Forces
are used to increase the linear velocity of the satellite. For this purpose, the pro-
pulsion thruster is activated for comparatively large time periods - several tens of
minutes. Moreover, since large masses are to be accelerated, high levels of thrust are
necessary. Since the thruster must accelerate its own weight also, it is of utmost im-
portance to use propellants with very high specific impulse I;;. The lifting capabilities
of a propulsion system are defined as |, 1o F dt; this is called the system total impulse,
or simply the impulse.

Torques are used in reaction attitude control for which thrusters provide inter-
rupted pulses. In fact, every pulse provides a torque impulse bit TIB, where IB =
JFdt and TIB = AXIB (A is the torque arm of the thruster). In order to achieve
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accurate attitude control, the pulses must be able to provide torque impulse bits as
small as possible; hence the impulse bits should likewise be as small as possible. This
can be achieved by activating the thruster for very short times (tens of milliseconds
or less) if the thrust level F cannot otherwise be decreased. In other situations the
same thrusters might be activated for several seconds, so we should anticipate a large
ratio of maximum/minimum activation time (Chapter 9). The attitude control sys-
tem remains active throughout a satellite’s life, so the number of thruster activations
may become quite large.

A propulsion system is evaluated in terms of various characteristic features. Some
have been mentioned already; others will be defined shortly. These basic character-
istics include: the thrust level F; the specific impulse /;,; the minimum impulse bit
MIB; the maximum number of activations (expected life); the maximum permitted
duty cycle of activation; and the total impulse.

C.2.1 Cold Gas Propulsion

Cold gas propulsion is the simplest way of achieving thrust. Such a system
consists simply of a tank (with a controllable nozzle) containing pressurized gas. The
gas is preferably inert, for example, nitrogen. In order to achieve a reasonable thrust
level, the gas must be stored under very high pressure, typically 4,000-10,000 psi.
The high pressure requires storage tanks capable of withstanding such pressures. As
a result, the tanks are quite heavy. Another significant drawback is the low specific
impulse of cold gas propulsion; I, = 50-70 sec is a common average value. Achiev-
able thrust is of the order of 5 N. Table C.2.1 gives a rough idea of the weight of
some existing cold gas propulsion systems.

Table C.2.1 Weight and volume of some cold gas propulsion tanks

No [Volume [Weight of Tank [Mass ofthe | Initial Total |Pressure | Technology
[lites] |(empty) [kg] [aas [kg]  |Weight [kg] | [PSI]

1 13 6.7 5 11.7 6000 | Titanium &
Graphic epoxy

2 1 12 4 16 6000 Titanium

3] 95 17 4.5 21.5 10000 Titanium

C.2.2 Chemical Propulsion - Solid

Chemical propulsion systems can be subdivided into two basic fuel cate-
gories, solid and liquid, which are the primary systems used in space for achieving
thrust. In the technical literature, rockets using solid propellants are called morors,
whereas rockets using liquid propellants are called thrusters or jets.

Solid propellant motors are used as the upper stage propulsion system, providing
the necessary velocity increment for injection of the spacecraft from the low-altitude
initial orbit into the final operational orbit; they are sometimes called apogee kick
motors (AKM) or apogee boost motors (ABM). The propellant is a solid chemical
material that is a mixture of fuel and oxidant, cast within a metal case ended by a
nozzle throat and exit cone. Once ignited, solid propellant motors generally burn
until exhausted, since there is no simple physical means to stop the burning within
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Figure C.2.1 Schematic diagram of a solid propulsion motor.

Table C.2.2 Performance figures of various
solid propellant motors

(from Wertz and Larson 1991 by permission of
Kluwer Academic Publishers)

Name of Total Mass [Propellant |Total Impulse |Max Thrust | I,
Motor kgl mass [kg] | [10° N-s] N] [s]
ISTAR 13B 47 41.4 0.16 9608 | 2857
IIUS SRM-2 2995 2725 8.11 111072 | 3038
ISTAR 75 8066 7496 213 242846 | 288.0
ILEASAT PKM 3658 3329 9.26 193200 | 285.4
IES SRM-1 10374 9752 28.1 260488 | 295.5

the motor volume. The g, of solid propellant motors ranges from 285 to 300 sec. A
simplified schematic of a solid motor is shown in Figure C.2.1. Table C.2.2 summar-
izes the characteristic features of some solid propellant motors; see also Pritchard
and Sciulli (1986).

C.2.3 Chemical Propulsion - Liquid

In liquid propulsion systems, we must differentiate between monopropellant
and bipropellant fuels. The hardware for bipropellant liquid systems is more com-
plicated, but such systems are characterized by a higher I,. In either case, the fuel is
delivered to the combustion chamber in one of two possible modes.

In the blowdown operation mode, pressurized gas is stored in the same tank as
the propellant. The drawback here is that the pressure decreases as propellant is con-
sumed, reducing the thrust level accordingly. Typical pressures in this mode are ini-

< tially 300-400 psi, falling to about 100 psi as the propellant becomes exhausted.

In the regulated pressure operation mode, a regulator maintains a constant gas
pressure, with the inherent drawback of additional system complexity. A high pres-
sure of about 3,000-4,000 psi is regulated to 200-300 psi at the propellant tank.

Monopropellant Propulsion

The most popular liquid propellant is hydrazine (N,H,). Hydrazine vapor-
izes and decomposes when brought into contact with a suitable catalyst, thus pro-
ducing hydrogen and nitrogen gases under pressure and so generating propulsion.
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Figure C.2.2 Schematic diagram of a monopropellant thruster engine.

An exemplary catalyst is Shell 405 (manufactured by Shell Oil Co.). A schematic
diagram of a typical hydrazine thrust engine is shown in Figure C.2.2.

The thrust is produced in the following stages. (1) When the propellant control
valve is in the open condition, the pressurized monopropellant liquid is injected into
the catalyst bed at flow rate dm/dt. (2) When in touch with the catalyst, the propel-
lant decomposes according to the chemical reaction formula

3N,;H, — 4NH;+ N, + 36,360,714 cal. (C.2.6)
A part of the ammonia (NHj;) is further decomposed via the chemical reaction
4NH; — 2N, +6H,—19,956,816 cal. (C.2.7)

(3) Only part of the ammonia is decomposed, depending on the geometry of the reac-
tion chamber (the fraction of decomposed ammonia is about 2/5). The three ele-
ments - ammonia, nitrogen, and hydrogen - are exhausted through the exit nozzle
to produce thrust.

With the catalytic thruster just described, a specific impulse I, = 235 is achieved
when activated in normal mode (i.e., with nominal pulse width and duty cycles).
When very short pulses (near the MIB) are activated, the I, is reduced by a factor of
two or three. Monopropellant thruster engines produce nominal thrust levels in the
range of 0.1-500 N.

A hydrazine thruster can be fired for only a limited number of pulses. The limit-
ing factor is the degradation of the catalyst caused by loss of catalytic activity and
also physical loss of the catalytic mass. It has also been found that the starting tem-
perature of the catalyst bed is the primary determinant of its catalytic properties.
To avoid fast degradation of the catalyst, it is common to keep the bed at high ambi-
ent temperatures - about 90°-300°C, depending on the particular thruster, its thrust
level, and so on. Maintaining an appropriate catalyst bed temperature can prolong
the hydrazine thruster’s life by a factor of greater than 10. Currently, preheated hy-
drazine thrusters may have a life expectancy of 1 million pulses.

The specific impulse achievable with the hydrazine monopropellant can be in-
creased by roughly 25% with a different thruster engine configuration. Instead of
using a catalyst for decomposing the hydrazine propellant as in Figure C.2.2, the
thruster engine now consists of two decomposition chambers. The first chamber in-
corporates a low-power heater (about 14 W). The second chamber is a vortex heat
exchanger of about 400 W, which electrically increases the enthalpy of the decom-
position products of hydrazine. In this way I, = 300 sec is achieved, albeit at the
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expense of greatly increased power consumption. These electrothermal monopro-
pellant hydrazine thrusters have been used on the telecommunications satellite Intel-
sat V for North-South station keeping (see Agrawal 1986).

The hydrazine thruster does not by itself constitute a complete propulsion system,
which must include at least the following items: propellant tank, pressurizing sys-
tem, propellant control valves, thrusters, filters, latch valves, pressure transducers,
and fill and drain valves.

In general, no two satellites use the same propulsion configuration; each s/c has its
own preferred thrust levels. In any given satellite, thrusters with different levels can
be used for various tasks. In an integrated propulsion system, thrusters for orbit cor-
rection and maneuvers are of the high-thrust (HT) type, of the order of 200-500 N.
For attitude control, much lower-thrust level engines are used. Depending on the
particular control requirements, low-thrust (LT) engines of the order of 0.1-25 N
are used. The weight of a thruster is also of importance. Common LT engines weigh
about 0.15 kg; an HT engine’s weight is typically about 2 kg.

A schematic diagram of a monopropellant propulsion system is shown in Figure
C.2.3. In this system, a blowdown operation mode is assumed. The propulsion sys-
tem in this figure consists of two identical systems, one of which is fully redundant.
The latch valves (LVi) allow simultaneous use of both systems or each one alone.
Each system includes at least six LT thrusters to allow 6-DOF attitude control. The
number of LT engines need not be limited to six, and neither must they be identical -
it all depends on the attitude control philosophy. In Figure C.2.3, each propulsion
system also includes one HT engine for orbit control.

Each LT set can be operated by either tank 1 or tank 2. Suppose that leakage is de-
tected in the tank-1 system. In this case, latch valve LV1 is closed, so that the thrust-
ers of set A and those of set B are fed from tank 2. Similarly, if one of the thrusters
of the primary set A is leaky then LV2 is closed, and the backup thrusters (set B) can
be fed from either tank 1 or tank 2. In other words, this propulsion system is fully
redundant. It is called an integrated or a unified propulsion system because it en-
ables both orbit maneuvering and attitude control (see also Berker 1978).

LT SetA

MAAMA

Figure C.2.3 Schematic diagram of a monopropellant
propulsion system.
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LT SetA HTA LT SetB

Figure C.2.4 Schematic diagram of a bipropellant propulsion system.

Bipropellant Propulsion

Bipropellant propulsion systems are based on combustion resulting from the
contact of two propellants - for instance, monomethyl hydrazine (MMH) and ni-
trogen tetroxide (N,O,), which is used as the oxidant. The primary reason for using
such a system is that an augmented specific impulse is achieved, I, = 320 or more.

A bipropellant unified propulsion system usually consists of LT thrusters and one
or two HT engines, two tanks for the propellants and oxidizer, and an additional
tank for the pressurized gas (e.g. helium) used to pressurize the two propellant tanks.
To reduce weight, generally no backup tanks are provided. However, a backup set
of LT thrusters is used, since their reliability is generally insufficient for an extended
operational life. The failure of a single thruster would seriously degrade the entire
ACS, so a backup set is absolutely necessary.

A schematic diagram of a bipropellant unified propulsion system is shown in Fig-
ure C.2.4. In this system we have two LT sets (A and B) for redundancy. The very
high pressure in tank 3 is regulated to a nominal high pressure of about 200 psi sup-
plied to tanks 1 and 2. A system of one-way valves (CV1 and CV2) is used to prevent
flow between the two propellant tanks. Only one HT thruster is included in order to
decrease the system’s weight, which is about 50-60 kg exclusive of propellant mass.
Common thrust levels are 10-22 N for LT engines and 400-490 N for the HT engine.
Different propellant-oxidant pairs supply varying specific impulses I;; see the list-
ing in Table C.2.3 (overleaf).

C.2.4 Electrical Propulsion

Electrical propulsion systems are based on accelerating an ionized mass in
electromagnetic or electrostatic fields, where the ions leave the thruster nozzle at very
high velocities. Specific impulses ranging from 2,000 to 6,000 sec can be achieved.
However, such propulsion systems have numerous drawbacks. First, the thrust levels
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Table C.2.3 I, for different bipropellant pairs
(from Pritchard and Sciulli 1986 by permission of Prentice-Hall)

[Manufacturer [Nominal Thrust (N) | Fuel  [Oxidizer |/, [s]
Bell 4210 MMH | NoO, | 289
Rocketdyne 445 MMH | NO, | 29
MB.B. 400 MMH | NO, | 307
SEP. 61668 LH, LOX | 432

Table C.2.4 Characteristics of 5-mN and 130-mN thrusters
(from Poeschel and Hyman 1984 by permission of AIAA)

Thrust Level [mN ]

5 130
Ve [s] 2650 3000
|Average Power [KW] 0.125 26
Thrust efficiency [%] 56 70
[Power/thrust [kW/N] 24.4 20.7
[Demonstrated lifetime [hr] >15000 | 10000
Total Impulse [N-s] 2710 710°
[Propellant Mercury

that can be achieved are very low: 5-20x 1073 N. Next, the exhaust velocity of the
ions must be so high (about 40 km/sec) that accelerating voltages of about 1,500 V
are required - a complicated and delicate problem in space technology. Finally, the
total power input is also high, ranging from 250 W to 550 W. Table C.2.4 details two
such thrusters. The expected lifetime of these ion thrusters can exceed 15,000 hours.
However, an increase in power consumption has been observed during this lifetime,
due to aging of electronic components, as follows: 4% after 8,000 hours of opera-
tion; 7% after 15,000 hours of operation.

Given the technical problems of such systems, we must ask if there is any practi-
cal reason for using them. A complete ion propulsion system, based on four UK-10
thrusters supplying 0.02 N each and including a propellant mass sufficient to produce
a total implse of 800,000 N-sec, weighs only 91 kg. In contrast, the equivalent mass

Nemt:halidzer
N Magnet s 3y cathode

High voltage S .. ) .

suppl

Ionization Ion

i POWER | Chamber ion |
'PROCESSING ! B ation |
¢ UNIT ION THRUSTER )

Figure C.2.5 Schematic diagram of an electrostatic ion thruster;
adapted from Poeschel and Hyman (1984) by permission of AIAA.
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of chemical propellant needed to produce the same total impulse is 286 kg (assuming
I, = 285 sec; see Smith 1988).

A simplified diagram of an electrostatic ion thruster is shown in Figure C.2.5.
The gaseous propellant (mercury, xenon, or argon vapor) is ionized in the ionization
chamber by electron impact, forming a neutral plasma. One side of the ionization
chamber is equipped with two electrodes that have an array of aligned apertures. A
high voltage is applied to the electrodes in order to extract ions from the discharged
plasma and accelerate them to a high velocity, thus forming the ion beam - the thrust
beam. Electrons and ions must be injected into the beam in equal numbers to main-
tain charge neutrality; this is the task of the neutralizer cathode.

C.2.5 Thrusters

The choice of thrusters depends very much on the specific task to be per-
formed by the propulsion system. As already mentioned, a unified propulsion sys-
tem may consist of several thrusters with different thrust levels. Besides the level of
the thrust, some additional characteristics are necessary in order to define a thruster
completely. For example, when a thruster is used for fine attitude control, the time
behavior of its achieved thrust is critical.

Figure C.2.6 shows the time-domain behavior of a commanded thrust. The elec-
trical on command applied to the coil of the thruster valve opens that valve for the
propulsion liquid, but the thrust force develops only after an inherent initial delay.
This start time T, is defined as the time elapsed between the electrical command and
the thrust reaching 90% of its maximum value; 7; = 15 msec for a bipropellant 10-N
thruster.

The shutdown time (T,q) is the time elapsed between cessation of the on command
and the final decay of the thrust; T;q = 10 msec for a bipropellant 10-N thruster. If
the on command is too short then the thrust will not reach its nominal level F. In this
context we can define a minimum on command (T,;;,). Another important thruster
characteristic is the delay between the centroid time of the on command and the cen-
troid time of the obtained thrust (T4 in Figure C.2.6).

For fine attitude control, perhaps the most important characteristic is the mini-
mum impulse bit (MIB) - a measure of the minimum attitude change that can be
commanded to the satellite (see Chapter 9). Lower thrust levels enable lower MIBs.
For a bipropellant 10-N thruster, MIBs of 30-40 mN-sec are achievable; for a cata-
lytic monopropellant hydrazine 0.2-N thruster, a MIB of 5 mN-sec is possible.

Af Electrical 'on’ command

Figure C.2.6 Time-domain behavior of thruster pulse.
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t

Figure C.2.7 Time histories showing the roughness and repeatability
of the output thrust for several activations of the same thruster.

Another property that characterizes thrusters is roughness, defined as the irreg-
ularity of the thrust about its nominal value (see Figure C.2.7). Typical roughness
values are 2%-3% (of the nominal thrust). In the present context, it is also usual to
inquire about the repeatability of the time histories for consecutive activations of
the same thruster. Qualification tests for a thruster record the time behavior for sev-
eral activations under the same conditions (e.g., temperature, duty cycle, etc.); see
Figure C.2.7.

It is also important to note that the specific impulse depends on the impulse bit.
The lower the impulse bit, the lower will be I, - a relation that becomes more pro-
nounced when the thrust does not reach its nominal level. This phenomenon bears
significance for the mass of fuel consumed during an attitude control task, which in
turn is a major determinant of the satellite’s serviceable life. One final thruster fea-
ture is the maximum number of activations it can withstand. Contemporary satellites
are expected to last more than a decade, so the number of activations is quite large
(hundreds of thousands). It’s no wonder, then, that thrusters capable of withstand-
ing a million activations are now on the market. Table C.2.5 lists technical specifica-
tions for two monopropellant thrust engines.

C.3  Solar Pressure Torques

C.3.1 Introduction

The literature contains many models purporting to supply a dynamic de-
scription of the torques produced by solar pressure on reflecting surfaces. Because
of the delicacy of the various relevant parameters, the dynamic equations are often
quite complex and so fidelity to nature is far from guaranteed. The purpose of this
section is to formulate a simplified model sufficient for the presentation of solar con-
trol torgues in Section 8.6.

C.3.2 Description

The basic hardware for realizing solar torques is shown in Figure C.3.1. The
complete “solar torque hardware set” consists of two panels (the primary s/c power
source) to which are appended the flaps necessary for achieving unbalanced torques
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Table C.2.5 Catalytic monopropellant hydrazine thrusters

(by permission of Daimler-Benz Aerospace, MBB/ERNO)

Technical Data Units [CHT 0.5 CHT 20
Thrust range N  J0.75-02 24.0-72
Oper.pressure range bar |22-5.5 22-5

|SSF specific impulse Nekg [2230-2120 2300 - 2180
[Mininum impulse it~ [Ns  [0.015-0.005 0.37-0.165
IPmof pressure bar  [33/54 33/54
IBm'st pressure bar |88/144 88/144
[Mass kg |0.19 0.36

Valve power Watt |5.0 13.0

HHeat power Watt |2.5 <3.0
{Qualification status qualified in 1977 | qualified in 1988
SSF duration total h 143 4

|SSF duration single bura |s 25200 3600

IHot pulse quantity 59000 235000
IOﬁmodu]ation quantity 88000 .

{Cold start quantity 311000 at < 210°C | 10000

(to be defined shortly). The geometric dimensions are shown in Figure C.3.2 (over-
leaf). Our simplified analysis will aim to produce a first-order-approximation dy-
namic model. Despite its limitations, the model presented in this appendix is sufi-
ciently elaborated to give a good understanding of the problems involved in solar
torque attitude control.

q North flap
North :
panel flap
oh
/, l J df
South
panel South
@ -t o~
a.

cmy

cm

C.

b.

Figure C.3.1 Solar torque hardware as installed on the satellite.
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Mechanical sun  North panel + flap South panel + flap
light effect

n

Figure C.3.2 Definition of the panel and flap forces
created by solar pressure.

We must first define the following parameters:

P = solar pressure (4.6 x10~% N-m~2);
S = surface area of flaps or panels;

7 = area reflexivity; and

v = incidence angle of solar pressure.

With these definitions, the force on the pressure center is
F= PS[cosz('y)[l +n]n+sin(y) cos(y)[1 -]t} (C.3.1)

(Lievre 1985; see also Figure C.3.2.a). As seen from this equation, there are force
components normal and tangential to the area. Since the panel and the flap are gen-
erally manufactured from different materials, the reflexivity coefficients of the panel
and the flap will usually differ. The areas of both South and North panels, as well as
the areas of both South and North flaps, are assumed to be equal.

Based on Eq. C.3.1, we can compute (with reference to Figure C.3.2.b) the forces
along the directions I and J of the solar inertial frame for all panels and flaps. These
forces will be labeled as follows:

FPJN = force on the North panel in the direction J,
FPIS = force on the South panel in the direction J,
A FPIN = force on the North panel in the direction I,
o FPIS = force on the South panel in the direction I;
: FFJN = force on the North flap in the direction J,
FFJS = force on the South flap in the direction J,
FFIN = force on the North flap in the direction I,
FFIS = force on the South flap in the direction 1.

Using Eq. C.3.1 with the assumption that the sun is in the I-J plane, we obtain the
following results for the panels:

FPIN = PS), cos(yn)[1+7, cos(2yy)], (C.3.2)
FPIN = PS,n, cos(90° —2yy) = PS,n, cos(7yn) sin(2yy), (C.3.3)
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FPJS = PS, cos(ys)[1 + 7, cos(2ys)], (C.3.9)
FPIS = PS,1, cos(ys) sin(27ys). (C.3.5)

To find the forces created by the flaps, we can use the results of Eqs. C.3.2-C.3.5
after correcting for the relations between angles , 8, and + in Figure C.3.2.b. For the
North flap we have 8y = yn+ 6 —90°. For the South flap we have 85 = 90° +y5—§,
from which it follows that

cos(Bs) = —sin(ys—48), cos(2Ps) = —cos2(ys—48), sin(2Ps) = —sin2(yg—3).

Finally, we have the remaining four force equations:

FFIN = PS; sin(yn+8)[1—1,cos 2(yn+95)], (C.3.6)
FFIN = —PS;n sin(yn+96) sin 2(yn+9), (C.37)
FFJS = —PS; sin(ys—8)[1 -1, cos 2(ys—d)), (C.3.8)
FFIS = PSyy; sin(ys —8) sin 2(ys —&). (C.3.9)

The last stage of our computation is to find the torques (about the body center of
mass) created by the forces calculated in Eqs. C.3.2-C.3.9:

C\ = d,[FPIN —FPJS]+d,[FFIN —FFJS], (C.3.10)
C; = d,[FPIN —FPIS]+ d,{FFIN — FFIS]. (C.3.11)

Since the cm of the flaps is not located on the axis of rotation of the solar panels,
there is a small additional torque about this axis that has been ignored in Eq. C.3.10
and Eq. C.3.11. There are two reasons why this assumption is permxssxble from an
engineering point of view: first, the actual distance between the cm of the flaps and
the axis of rotation of the panels is small; second, this ignored torque acts about the
axis of rotation of the solar panels - which are controlled in closed-loop mode rela-
tive to the body frame - and hence appears only as a weak disturbance acting on the
position control loop of the panels.

Inserting Egs. C.3.2-C.3.9 into Eq. C.3.10 and Eq. C.3.11 yields the final simpli-
fied results, which are nonlinear equations in y and &+:

C| = cos(es)[Ayydy+ Ay +A307+ Ay, (C.3.12)
C; = cos(es)[Byydy + Byy+ B3 6y + B,). (C.3.13)
In these equations,
=L(ys+7v) and Sy =vn—7s. (C.3.14)
The folldwing coefficients A; and B, are obtained from Eqgs. C.3.2-C.3.11:
A, = —PS,d,(1+51,)+ PS;ds[ 0, sin(8) —sin(8) + §7,sin(38)],  (C.3.15)

Aj = PS;ds[2cos(8)— 1y 3 cos(38) + 7, cos(8)], (C.3.16)
Ay=A4=B,=B,=0, (C.3.17)
By = PSyd,2n,+ PS;dsy ,%[sin(a) —3sin(39)], (C.3.18)
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By = PS;d;y[cos(38) —cos(8)]. (C.3.19)

In our derivation of solar pressure torque dynamics, existence of the specular re-
flection effect only was assumed, represented by the area reflexivity coefficient. A
more sophisticated model could be elaborated assuming the existence of both spec-
ular and diffusing reflection reflexivity effects, as in Wertz (1978). A solar pressure
torques model based on both reflexivity effects has also been assayed by Azor (1992).
The problem is that in-space tests are required before evaluating any model to be
used in the design of an operational satellite’s ACS. That is, a purely analytical model
might well prove to be erroneous after space tests are performed. For example, Har-
ris and Kyrondis (1990) reported an additional effect of thermal radiation torque,
produced by the solar panel, that had not been taken into account. This effect turned
out to be dependent on the procedure by which the solar panels were manufactured!

C.3.3 Maximization

Solar torque capability is clearly dependent on the geometrical characteris-
tics of the panels and flaps, on the flap’s deviation angle 6, and on the reflexivity co-
efficients 7, and 7 of the panels and flaps. The torque capability can be optimized via
these parameters without increasing the panel area, which is fixed owing to obvious
s/c structural constraints. In Example 8.6.1 - with S,=6 m?, S,=1m? d,=4m,
and dy = 5.5 m - it was found by cut-and-try methods that the best achievable torque
characteristics are procured by 7, = 0.2, 7, =0.1, and § = 15° (see Figure C.3.3).

It is important to observe that the torque capabilities decrease with the “maxi-
mum permitted power loss” requirement; power losses evolve because, in the process
of achieving the solar torques, the solar arrays are moved from their optimal posi-
tion relative to the sun direction. We also observe in Figure C.3.3 that the produced
torques are not symmetrical about the origin. This drawback could theoretically be
eliminated by using a more complex flaps geometry to improve flap control (see Du-
hamel and Benoit 1991).

Solar Sail Torques
§,26{mY;S,=1[m?]; h=02;h,=0.1
dp=4[m];di=55[m];d=15°

20 10° Nm

10

-10

-20

Figure C.3.3 Roll-yaw torque control capability.
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C.4 Momentum Exchange Devices

C.4.1 Introduction

Momentum exchange devices are controllers that allow changing the distri-
bution of momentum inside the satellite, without altering the total inertial momen-
tum of the entire system, including the device itself. As such, they do not involve any
expenditure of fuel. The controller consists of an electrical motor on whose axis is
assembled a flywheel designed to increase its angular moment of inertia and so de-
liver momentum to the satellite’s body as part of the ACS. The two basic kinds of
momentum exchange devices are momentum wheels and reaction wheels, which are
distinguished by their mode of operation.

The reaction wheel is used primarily to provide the satellite with sufficient torque
for various attitude-maneuvering tasks. Hence it is important for the reaction wheel
to provide as much torque as possible in order to achieve fast attitude maneuvers.
As is well known (see Section 7.7), a fast attitude maneuver is accompanied by high
angular momentum during such maneuvers. The range of achievable torques with
reaction wheels is 0.01-1 N-m.

The momentum wheel is used primarily to provide the s/c with the momentum
bias necessary for inertial attitude stability. As a byproduct, the momentum wheel
can also develop torque for controlling the attitude of the satellite’s axis that is paral-
lel to the momentum wheel’s axis of rotation. The range of angular momentum pro-
vided by such wheels is 1-300 N-m-sec. A useful variation is the double-gimbaled mo-
mentum wheel - a conventional momentum wheel mounted on a double gimbal, With
this system, the useful payload of the satellite can be three-axis attitude-controlled in
a fine pointing range using only one wheel (Bichler 1991, Auer 1992).

The rotor bearings of momentum exchange devices deserve special mention: we
distinguish between mechanical and magnetic bearings. Momentum exchange devices
are designed to work without interruption for long time periods (5-12 years). In the
space environment of subpressure, lubrication of (mechanical) ball bearings is a ma-
jor problem that has not been completely solved. Moreover, the ball bearing suffers
from excessive friction loading. In recent years, the development of magnetic bear-
ings has taken a decided upturn, with good prospects for the future. Magnetic bear-
ings improve the torque-to-noise ratio by eliminating the parasitic torque noises char-
acteristic of ball bearings (Bosgra and Smilde 1983, Bichler 1991). We proceed with
a brief analysis of typical hardware items.

C.4.2 Simplified Model of a RW Assembly

A model of reaction wheel (RW) dynamics was introduced in Section 7.3.2,
and is reproduced for the reader’s convenience as Figure C.4.1 (overleaf). This con-
ventional model incorporates a DC torque motor, where Ky, Ky, I, B, and R, are
the usual parameters of the electrical motor. The term I, is the moment of inertia
of the rotor’s axis, together with the appended flywheel; B is the viscous damping
coefficient of the rotor, and F is the block modeling the dry friction components.
Except for this friction block, none of the blocks in Figure C.4.1 exhibit any peculi-
arities, since they are linear, ideal models. Some probing inside the actual hardware
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Figure C.4.1 Basic model of a momentum exchange device.

components will aid our understanding of the physical behavior of momentum ex-
change devices.

Torque Spectra Noise
In practice, a direct-drive motor produces harmonic noises that are a func-
tion of the rotor’s angular velocity wgg; . The motor is composed of a number p of

- pole pairs and a number m of phase windings. The commutation of these pairs and

windings produces parasitic torque noises with the fundamental and higher harmonic
frequencies: wgrgp pm, wreL P(2m), wgeL p(3m), ... . For example, a motor with 8
pole pairs and 3 phase windings will generate torque noise whose spectral density
shows harmonics at 24wgg;, 48wrgL, 72WREL, .- - Ball-bearing wheels generate an-
other noise due to movement of the retainer. A number of peaks (at wheel-speed-
dependent frequencies) are generated: r, 2r, 3r, ..., where r = cwgg; and the constant
¢ depends on the bearing’s dimensions. These frequencies are all mixed nonlinearly
with the wheel-speed harmonics and so introduce subharmonic peaks into the low-
frequency range. Of course, this effect is nonexistent in magnetic wheel bearings.
In general, it can be said that the amount of commutation noise increases with the
magnitude of the commanded drive-motor current. From this, we conclude that the
disturbance noise increases during s/c acceleration. The noise at low wheel speeds is

“of particular importance, because then the noise lies within the bandwidth of the

satellite ACS.

In specifying a reaction wheel assembly, the permitted noise spectrum is defined
according to the wheel speed, and a maximum amount of statistical noise is speci-
fied in different frequency bands. A sample reaction wheel torque noise specification
is shown in Table C.4.1 for a RWA with T;,,, =0.2 N-m and A, ,,x = 10 N-m-sec;
spectrum noise measurements of the wheel are also shown.

Dry and Coulomb Friction

The block F in Figure C.4.1 merits special dttention. This block is detailed
in Figure C.4.2. The viscous friction is responsible for the power consumption in the
wheel-drive electronics (WDE) of the wheel assembly. For momentum wheels rotat-
ing at high velocities (in order to achieve high momentum bias), this power consump-
tion increases notably. The coulomb and stiction friction torques are responsible for
irregularities and finite attitude errors in the ACS. These friction torques must be

el
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Table C.4.1 Comparison of reaction torque noise
specifications with measurements

Reaction Torque Noise Specifications & Measurement Results
Frequency [Specification Measurement Results [Nm)

= [Hz)  |Limit [Nm] [ 350 min' J 700 min® |1050 min®
T 0-20 7x10* 2x10° 7x10°* 2x10%
20- 50 4x10° 4x%10° 1x10° 3x10*
50 - 200 8x10° 9x10* 7x10% 1x10*
(RMS) Total | 89x10° 9x10° | 1x10* | 23x10°

Motor Current [ mA] 36 - 55 70

T, (N-m)}
/(ViScous
Stiction torque K g y— friction Xy
Coulomb friction K ¢

OREL

Figure C.4.2 Friction model of a reaction wheel.

i dealt.with in the design of attitude control loops by using sophisticated nonlinear so-
lutions. It is important to mention that, since momentum wheels are always rotating
at an elevated angular speed, there are no velocity sign changes and hence stiction
and coulomb friction torques are insignificant.

} Torque-Momentum Relationship

The reaction wheel cannot provide the maximum specified torque at all an-
gular velocities; there exists a torque-momenturn -dynamic limitation, as shown in
Figure C.4.3. These limitations have a direct impact on the achievable performance
in time-optimal attitude control.

T, (N-m)

B
23
e
]
w4
3

Figure C.4.3 Torque-momentum limitations in a
typical reaction wheel assembly.
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Tradeoffs on Size of the Flywheel Moment of Inertia

In momentum wheels, there is a tradeoff in sizing the moment of inertia of
the flywheel around the rotating axis of the torque motor. The momentum storage
capacity is A, = I, w(0), where w(0) is the nominal angular velocity of the flywheel.
This simple equation means that it is possible to obtain a desired constant momentum
bias by increasing the moment of inertia of the wheel, or by increasing its angular
speed. An increase in the moment of inertia is achieved by increasing the weight of
the wheel. The rotor and flywheel mass and shape must be optimized so as to obtain
a high inertial moment /mass ratio.

Increasing the angular velocity of the wheel leads to an increase in the viscous
torques, thus increasing the power consumption in the WDE of the assembly, and
also to faster degradation of the ball bearings. Hence, carefully considered trade-
offs are necessary before completing the technical definition of the reaction wheel
assembly.

Tachometer

Knowledge of the angular velocity of the wheel is mandatory for many as-
pects related to the momentum exchange device. First, a momentum wheel is some-
times activated in what is called the speed mode. In this mode, the angular velocity
must be measured and fed to the electronics for accurate speed control. The angular
velocity of momentum wheels is naturally high, so that accurate measurements are
comparatively easy. The tachometer is usually a magnetic sensing commutator whose
resolution depends on the number of sensors spread along the periphery of the stator
of the direct drive motor.

A different use of the measured angular velocity is in wheel momentum manage-
ment of multi-wheel systems, as explained in Section 7.3.5. In these control systems
without momentum bias, the four (or more) wheels are controlled to operate under
limited angular velocities - close to null, if possible. Here the measurement of mo-
mentum wheel angular velocity must be more accurate and the tachometer instru-
mentation designed accordingly.

C.4.3 Electronics

The flywheel and the direct-drive motor can only be controlled through com-
patible electronics. The basic feedback loops for transforming the drive motor and
the flywheel to a reaction wheel assembly were explained in Section 7.3.1. In Figure
7.3.2, use of feedback from the motor current, which is proportional to the motor
torque, transforms the motor and flywheel into a reaction wheel system; this is the
torque mode. If, instead, a constant wheel speed is to be maintained, feedback from
the tachometer should be used; the wheel is then operating in the speed mode. In
other words, the wheel drive electronics is designed to achieve complete fulfillment
of the specified characteristics of the reaction or momentum wheel assemblies. A typ-
ical WDE scheme is shown in Figure C.4.4.

C.4.4 Specifications

Specifying a reaction or momentum wheel assembly is a long and involved
process, and an integral part of designing the attitude control system. We have learned
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Figure C.4.4 Typical wheel drive electronics block diagram; adapted
by permission of TELDIX-Bosch Telecom.

that the most important characteristics concern maximum achievable torques and
momentum levels as well as minimum parasitic torque disturbances. We are also faced
with more prosaic issues: power consumption, size and weight, conformity to envi-
ronmental conditions, and so on.

To exemplify these specifications we have chosen the space-proven DRALLRAD
momentum and reaction wheels with ball bearings. Table C.4.2 (overleaf) describes
the wheel assemblies and Table C.4.3 (page 399) the wheel drive electronics.

C.5 Magnetic Torgrods

C.5.1 Introduction

Torgrods (also known as torque rods, torque bars, or magnetotorquers) are
used extensively in the attitude control of spacecraft. They are designed to generate
controllable magnetic dipole moments for a variety of applications. For example, we
have seen in Section 5.3.4 that they are used for active damping in gravity gradient
attitude-stabilized s/c (Section 7.4). In Section 7.5 we described the use of torqrods
for magnetic unloading of momentum exchange devices. In general, torgrods are
useful because they are substitutes for consumables (such as fuel for thrusters), thus
reducing weight. On the other hand, they have their own weight, and it is neces-
sary to examine the associated tradeoffs before deciding whether they are worthwhile
from the standpoint of the overall satellite mission.

The torqrod consists of a magnetic core and a coil. When the coil is energized,
the torgrod generates a magnetic moment. A serious drawback with torgrods is the

|
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Table C.4.2 DRALLRAD wheel assembly specifications
(by permission of TELDIX-Bosch Telecom)

ce] diameter cm 20 26 35 50 60*)
 Angular momentum range Nms 18..65 ]50.20 | 14..80 | 50..300 200...1000
Max, reaction torque Nm 02 0.2 02 03 0.3-0.6

fispeede**) min’ 6000 | 6000 6000 6000 6000
torque at max. speed**) <0.012 <0013 | <0.015 | <0022 <0.07
m
lPower consumption;
-steady state (depending on speed) 2.7 2.8 2..10 3.15 10...50
w
-max. power rating w <60 <80 <100 <150 <500
-diameter A mm 203 260 350 500 600
-height B mm 75 85 120 150 180
Weight kg 2.7.34}35.60 | 50.80 7.5..12 20..37

Environmental conditions

-operating temperature suitable for satellites compatible with launchers
~vibration (sinusoidal) such as ARIANE or Space Shuttle
~vibration (random)
-linear acceleration

*Junder development

**}with ironless motors (control range +/- 10% )
*#%)Max. speed of reaction wheels, nominal speed of momentum wheels

fact that the generated moments depend on the earth’s magnetic field in an inverse
cube relation: the earth’s field strength is B = m/R>, where m = 7.96 X 10" Wb/m is
the earth’s magnetic constant. The moments are also direction-dependent, since the
torque is defined as

Tpag = MXB, (C.5.1)

where Ty, is the created torque, B is the earth’s magnetic field vector, and M is the
magnetic dipole moment generated by the torqrods.

It is important to develop a sense of the level of attainable torques. With a dipole
of M =100 A-m? perpendicular to the earth’s magnetic field and an altitude of 400
km, the maximum achievable torque will amount to Tinag = 2.56 X103 N-m. With
the same magnetic dipole but at geostationary altitude, the maximum achievable
torque will amount to only 10.46 x 10~¢ N-m. Since the perpendicularity condition
that we assume does not generally hold, the average torques that we can produce for
attitude control are fairly low. Another drawback is that a control system using torg-
rods must usually include a magnetometer for estimating the earth’s magnetic field, a
measurement that for the most part is useful only for implementing the control law,
Moreover, the applied magnetic dipole moment spoils the magnetometer measure-
ment outputs.

C.5.2 Performance Curve

Torgrods can be used in “bang-bang” or proportional attitude control laws.
A typical torqrod performance curve is shown in Figure C.5.1. The magnitude of the




C.5 / Magnetic Torqrods

399

Table C.4.3 DRALLRAD wheel electronics specifications
(by permission of TELDIX-Bosch Telecom)

[WDE type WDE 1-0 WDE 5-0 WDE 8-2 WDE 9-9
[Application (dual channel) |(dual channel) ](single channel) {(dual channel)
|Associated wheels INTELSAT V  |TV-SAT/TDF-1 DFS ROSAT
. ;" DR 35 TELE-X.DR 50 DR 50 RSR 25
-y Weight kg 2.25 3.1 1.9 3.9
|Dimensions
-length mm 210 205 205 204
-width mm 160 145 133 184
-height mm 130 160 118 170
ISupply voltages vDC +5 +50+2% 26-42 25-33
+15 main bus main bus
+50 s e
Signal interface digital/analog ~ digital/analog  digital/analog  digijtat
. Operational Modes speed command or reaction torque command
E Power consumption at
; constant speed of the wheels
i -WDE w 5 [] 5
-wheels w 10* 8® 12
~total w 15 13 15 178
. Peak power consumption at max.
! torque and max. speed
of the wheels
B -WDE w 19 20 30 20
’ ~wheel w 60* 70* 70 130%*
R -total w 79 90 100 150
Environment conditions suitable for satellites compatible with launchers
such as ARIANE or Space Shuttle
H *)One wheel active, second wheel cold redundant
*$)Two wheels active simultaneously
**"solated DC/DC converters

Moment AA- “-lz

A dipole
o Saturation level |-~~~ J—
*l Actual torqrod
ol curve
. Current
"~ Linear fit
[

Figure C.5.1 Typical torgrod performance curve.

dipole moment is typically linearly proportional (+4%) to the value of the input cur-
rent within the specified linear range. The saturation level is defined as the point at
; which the magnitude of the achieved dipole moment deviates by +30% from that
expected of a straight-line extrapolation of the linear region.

7




Table C.5.1 Characteristics of ITHACO torgrods (by permission of ITHACO Space Systems)

Moments [ A-m?] Scale?
Nunber (Absolute Values) |Voltage] Voitage | at 25°C Fazctor [Kgl | [m] [em] of
Linear |Saturation |Residual (nggml) (nominal) (n(E::liih?a]l) [A-mimA] [(max)| (max) | (max) COLLS
Moment {Moment |Moment
(minim) {(minim) {(max)
TRIOCFN 13 15 0.1 11.0 139 150 0.18 0.4 0.4 1.8 1 Fiberglass case and 2 mounting blocks
TR10CFR 13 15 0.1 17.0 20.0 270 - 0.21 0.45 0.39 18 2 Fiberglass caseno comector (pigtail
leads),2 mounting blocks
TR30CFR 35 40 0.2 240 280 132 0.19 0.95 0.5 23 2 Fiberglass case, 3 mounting blocks
TR6OCFR 60 70 0.7 103 126 40 0.25 1.7 0.64 26 2 |Fiberglass case, 3 mounting blocks
[TR65CAR 65 80 04 9.2 12.3 39 0.28 1.8 0.64 2.7 2 Aluminium case, Note 5.
TRIOOCFN 110 130 0.2 10.4 13.0 20 0.21 4.5 0.41 49 1 Fiberglass case,2 mounting blocks {
[TR100CFR 110 130 1.0 9.6 123 106 1.21 32 0.87 35 2 Fiberglass case, 3 mounting blocks
TR100UPR 110 130 1.0 20.0 24.6 164 0.92 21 0.85 23 2 Caseless Design for low Weight. Note 5
[TR100CAR 110 130 1.0 140 19.0 120 0.95 3.6 0.75 3.6 2 Aluminium case, Note 5.
ITR]4OCFR 140 170 1.0 9.5 12.5 110 1.68 50 0.94 39 2 Fiberglass case, 3 mounting blocks
I TR170UPR 170 200 12 210 27.0 117 1.0 28 0.93 254 2 Caseless Design for low Weight. Note 5
[TR1B0CAR 180 220 1.0 21.5 29.0 67 0.54 35 0.78 32 2 Alhuminium case, Note 5.
[TR230UPR 230 270 1.5 260 330 127 .17 4.4 0.92 3.0 2 Caseless Design for low Weight.Note 5
480UPR 480 570 30 26.5 35.0 116 22 82 13 32 2 Caseless Design for low Weight
j ITRSO0CFR 500 600 20 310 40.0 175 29 12.25 1.12 6.4 2 Fiberglass case, 3 mounting blocks
‘ ITR810UPR 810 970 a0 | 215 362 2 2.5 140 | 14 32 2 |Caseless Design for low Weight Note S
—_————— —— —— —

1. Not including mounting feet. 2. Mass includes mounting blocks. 3. Copper wire, TC.393%/deg C. Resistance is that of a single coil. 4. Scale factor is that for one coil.
5. Metal case or mounting blocks used. Use with onboard magnetometer closed-loop feedback system is not recommended due to “shorted turn” effects of case or mounting blocks.
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C.5.3 Specifications

As simple as it appears, even a torqrod must also be carefully designed to
exhibit various required characteristics. First, we must define the dipole moment sat-
uration level and the linear range of the torgrod (Section C.5.2).

The principal characteristics can be achieved with different levels of power con-
sumption, reflecting the inversely proportional weight of the torqrod. Torqrods can
be produced from different magnetic materials and in different dimensions. For ex-
ample, ITHACO models TRI00CFR and TR100UPR provide practically the same
magnetic moments, but need a maximum power of 1.4 W and 3.7 W, respectively;
their respective weights are 3.2 kg and 2.1 kg. Torgrods usually are built with two
coils, the second for redundancy. Table C.5.1 supplies a partial listing of torgrods
manufactured by ITHACO Space Systems.
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absorption characteristic, 41
acceleration

disturbing, 85

Keplerian, 29

linear, 8

longitudinal, 58, 78
accumulation of momentum, 189
ACS accuracy, 172
action equation of motion, 299
active attitude control, 112
active control, 210, 214
active damping, 117, 126
active nutation control, 135
active nutation damping, 225
active wheel nutation damping, 146
aerodynamic force, 32
air density, 32
altitude of

apogee, 65

geostationary orbit, 73

low-orbit satellite, 28, 72

orbit, 32

perigee, 65
amplification of

position sensor noise, 179

rate sensor noise, 178

reaction wheel torque noise, 179
analog sun sensor, 345
angular dynamic equations, 88, 211

magnetic, 188, 222
reaction thrust, 242
solar torque, 222, 229
time-optimal, 195
attitude determination hardware, 328
attitude dynamics, 88
attitude error, 76
attitude kinematics, 88, 100
attitude-maneuvering satellite, 112
attitude maneuvers, 152
attitude matrix, 318
attitude sensors, 173, 174
attitude stability, 173
attitude transformations in space, 325
axis of symmetry, 95

ballistic coefficient, 33

bandwidth of attitude control system, 180
bang-bang control, 141, 195

basic attitude control equation, 113,152
bending modes, 180

bias attitude error, 335

body cone, 98

body coordinate frame, 318

body rates estimation, 158

Canopus, 363
cantilever beam, 297
cantilever natural frequency, 294

angular momentum, 11, 88, 89 Cape Canaveral, 73 .
angular motion, 88, 90 Cartesian coordinate system, 24, 27
angular velocity, 88, 101, 162 catalyst, 382

- angular velocity sensors, 175 catalytic activity, 383
anomalies, eccentric, true, 18 CCD matrix, 369
aphelion, 15 central force, 12
apoapsis, 15 celestial background, 364

apogee, 15 celestial coordinates, 371
apogee boost motor (ABM) 60, 381 celestial catalog, 365
apsides, 68 celestial map, 365
argument of perigee, 24, 28, 68 celestial pole, 22

Aries, first point of, 23 celestial sphere, 23, 365
ascending node, 23, 36 center of

asymptotes, 17 attracting body, 43
atmospheric drag, 32, 72 earth, 40

attitude calculation, 336

attitude control, 163
gravity gradient, 112, 114
laws, 156
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chemical propulsion

liquid, 382

solid, 381
circularization of GTO, 75
classical orbit parameters, 24, 27
code

binary, 352

Gray, 352
cold gas propulsion, 381
conical section, 14
conservation of angular momentum, 161
conservation of energy, 10
conservative force, 10
constant of gravitation, 9
control hardware, 379
control torques, 113
control torque saturation, 223
coplanar transfer orbit, 69
cosine sun detector, 345
coupling coefficients and matrices, 310
critical inclination, 37

damper
boom articulation, 123
external spring boom, 123
magnetic hysteresis, 123
point mass, 123
wheel, 124
damping
active, 126
all-magnetic active, 129 .
passive, 123, 146
passive wheel nutation, 144
damping factor, coefficient, 123, 145
dead zone, 140, 285
deflection mode
in-plane, 309
out-of-plane, 309
torsional, 309
denutation, 139
despin, 139
digital sun sensor, 351
direction cosine error matrix, 154,318
direction cosine matrix, 104, 153, 318, 323
direction cosines, 46
discrete control, 273
displacement equations of motion, 300
dissipation function, 293
disturbed Keplerian orbit, 37
disturbing torque, 114, 132
disturbance torques, 122, 274
double stars, 365
drag coefficient, 32
drift rate, 79
dry center of mass, 305
dual-cone optical head, 333

dual-cone scanner, 334
dual-spin stabilization, 132, 148, 210

earth albedo, 329
earth circle, 337
earth
equatorial plane, 23, 56
escape velocity, 16
earth sensors, 174 , 329
noise amplification, 220
earth’s magnetic field, 123, 126, 186
eccentric anomaly, 18
eccentricity, 14, 21, 42,
eccentricity circle, 52, 84
eccentricity corrections, 78, 84
eccentricity derivative, 55
eccentricity vector, 43, 52, 81
eccentricity vector evolution, §5
ecliptic plane, 23, 45
ecliptic pole , 48
eigenaxis rotation, 195
eigenfrequency, 295
eigenvalue, 92 , 299
eigenvector, 92, 299
eigenvector of rotation, 323
electric propulsion, 385
ellipsoid
of inertia, 93
of momentum, 94
emission spectra, 363
energy
kinetic, 9
potential, 9
energy constant, 16
energy dissipation, 99, 138,149, 244
rate, 138
energy sink, 138
epoch, 23
equatorial plane, 22, 37, 42, 73
escape velocity (from circular orbit), 16
Euler angle errors, 153
Euler angle rotation, 319
Euler angles, 101, 104, 110
Euler angular rates, 153
Euler axis of rotation, 155, 188, 323
Euler-Hill equations, 57
Euler’s moment equation, 95, 145
evolution of the eccentricity vector, 50
evolution of the inclination vector, 43
external disturbances, 275
external torque, 107

field of view (FOV), 329, 350, 373
first point of the Aries, 23
flexibility coefficients, 298
flexibility matrix, 298
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flexible solar array, 291

flexural rigidity, 297

flux of light, 357

focus, 8, 15

force-deflection equation, 297
frequency of oscillation, 117
friction, 394

fuel consumption, 64, 70, 136, 143
fuel tank, 302

Gauss planetary equations, 30
generalized coordinates, 293
generalized forces, 293
geocentric inertial system, 22, 23
geocentric latitude, 35
geographical

latitude, 36, 68, 73

longitude, 35, 78
geomagnetic equator, 187
geopotential function, 35
geostationary, 28, 42, 73
geostationary orbit corrections, 80
geosynchronous, 42, 73
gravitational

attraction field, 17

force, 44

potential, 34, 37
gravity gradient, 112

attitude control, 114

characteristic equation, 114

moments, 108

stabilization, 112, 122, 126

vector, 109
Gray binary code, 351
Greenwich meridian, 43

hardware

attitude determination, 174, 328

control, 160, 379
harmonic coefficients, 14

sectoral, 35

spherical, 34

tesseral, 35

zonal, 35
harmonic motion, 49, 117
Hill equations, 58
Hohmann transfer, 70
horizon-crossing sensor, 330
horizon sensor, 330
hyperbolic orbit, 17

image dissector, 367
immunity to sensor noise, 246
impulsive force, 59
impulsive thrust, 64
inclination, 24, 42

angle, 28

circle, 82
correction, 74, 82
station keeping, 80, 81
zeroing, 74
inclination derivatives, 49
inclination drift, 41
inclination vector , 43, 82
evolution, 43
inertia matrix, 88
inertial coordinate system, 22, 25
inertial frame, 26
inertial measuring unit (IMU), 181
inertial reference frame, 26
influence coefficient, 292
infrared earth sensor, 329
infrared static earth sensor, 343
in-plane deflection mode, 309
integrator, 278
inverse square law of force, 9, 10
ion thruster, 386

Keplerian acceleration, 29
Keplerian orbit, 8, 12
Kepler’s laws, 8, 19
Kepler’s time equation, 20
Kourou, 73

Lagrange’s equations, 45, 293

Lagrange’s method, 293

Lagrange’s planetary equation, 33

latch valves, 384

launch site, 73, 74

law of areas , 19

Legendre polynomials, 35, 41

linearized attitude dynamics equations of
motion, 108, 312

line of apsides, 65

line of nodes, 37

liquid slosh, 180, 301

local coordinate system, 25

longitude station keeping, 85

longitudinal acceleration, 56, 78

longitudinal drift rate, 79

lunar pole, 48

magnetic active damping, 129
magnetic attitude control, 185
magnetic control dipole, 126

magnetic field, 123, 126, 128

magnetic moments, 397

magnetic torquers (torgrods), 126, 187, 397
magnetic torque equation, 191
magnetic unloading of momentum, 189
magnetotorquers, 397

magnitude m of a star, 357

major axis, 16, 92
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mask detector, 349
mass matrix, 298
massless cantilever beam, 297
mean anomaly, 20
mean longitude, 43
mean motion, 20
mean radius of earth, 35
minimum impulse bit, 245, 284
minimum torque impulse bit, 285
minor axis, 92
modal frequency, 294
modeling liquid slosh, 301
modeling solar panels, 291
modulator
pulse width, (PW), 273
pulse width-pulse frequency (PWPF), 266,
270
pseudo rate (PR), 270
Molniya orbit, 37
moment of inertia, 89
maximum, 92
minimum, 92
principal, 92
about spin axis, 90
moment of momentum, 11
momentum axis of orbit, 25
momentum bias, 212,
momentum-biased attitude stabilization, 161,
210
momentum accumulation, 165
momentum
linear, 8,
angular, 11, 88
momentum-biased satellite, 217
momentum bias stabilization, 150
momentum capacity, 206
momentum dumping, 165, 241
magnetic, 194
reaction, 241, 250
momentum exchange device, 107, 160, 393
control moment gyro, 161
momentum wheel, 107, 161, 237
reaction wheel, 161
momentum management, 169
momentum wheel, 161, 211, 393
monopropellant propulsion system, 382
moon’s orbit, 45, 48
multi-mass modeling, 296, 308
multi-mass sloshing model, 308

nadir, 214, 331

nadir-pointing stabilized satellite, 120
n-body problem, 39

natural eccentricity radius, 55, 84
natural frequency, 180

natural frequency of oscillation, 300, 301

Newton’s laws, 8

second law of motion, 39
node line, 24,
noise amplification, 178, 220

nonconservative perturbing forces, 28

nonhomogeneity of the earth, 34
nonspinning satellite

dynamic equations of, 107

kinematic equations of, 100
nonviscous liquid, 302
North-South station keeping, 81
nozzle throat, 381
nutation

damper, 146

destabilization, 99

instability, 100

stability, 100,
nutation angle, 98, 133
nutation frequency, 136, 212, 220
nutational motion, 132

oblateness effects of the earth, 34, 329

onboard star catalog, 370
one-vibrating mass model, 302
open-loop gain, 313
operational constraints, 67

optical scanning mechanism, 330, 367

optical sensor head, 349
orbital
adjustment, 65, 78
corrections, 80
frequency, 212
maneuvers, 64
period, 32
plane, 24, 44
pole, 24, 43, 80
rate, 117
orbit change
in-plane, 68, 75
multi-impulse, 70
out-of-plane, 75
single-impulse, 65
orbit coordinates, 25
orbit mechanics, 8
orbit parameters, 24, 32
orbit reference frame, 101, 105
orbits
altitude, 32
circular, 15
coaxial, 71
coplanar, 71
elliptical, 15
equatorial, 24
geostationary, 42, 73
geosynchronous, 42, 73
heliosynchronous, 36
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hyperbolic, 17

parabolic, 16

sun-synchronous, 36
oscillation frequency, 305
osculating orbit, 29
out-of-plane deflection mode, 309

passive attitude control, 112
passive dampers, 123
passive wheel nutation damping, 144
parabolic trajectory, 78
parasitic disturbing torques, 161
passage time from perigee, 21
pendulum, frequency of oscillation, 302
periapsis, 15
perigee, 15

argument, 24

passage, 20
perihelion, 15
perturbation acceleration, 29, 31, 40, 85
perturbed

orbit, 28

equation of motion, 29
perturbing body, 40
perturbing forces, 28, 33, 85
perturbing potential function, 37
perturbing third body, 39
photomultiplier, 367
planetary precession, 23
Polaris, 214, 357
pole

celestial, 22

ecliptic, lunar, 48

orbital, 44, 80
pothode, 94
positioning accuracy, 173
potential energy, 10, 14
power loss, 392
precession

lunar pole, 48

planetary, 23
precessional motion, 22
prime focus, 15, 18
principal axes, 93
principal axes of inertia, 91
principal moments of inertia, 92
product of inertia, 90, 225, 248
propeliant

control valve, 384

liquid, 382

mass, 72

solid, 381
proper real orthogonal matrix, 319
propulsion, 379

bipropellant, 385

chemical, 381

cold gas, 381

electric, 385

liquid, 382

monopropellant, 382

solid propellant, 381
propulsion rocket equation, 380
pseudoinverse matrix, 160
pseudo rate (PR) modulator, 270
pulsed controller, 273
pulsed reaction system, 273
pulse width modulation, 265, 273

pulse width-pulse frequency modulation, 265,

267
pulsing mode, 260

quaternion, 104 , 322
quaternion error vector, 156
quaternion method, 322
quaternion multiplication, 326
quaternion vector, 104

radiance detector, 330, 344
radiation pressure 41
rate

gyro, 158, 375

integrating gyro, 105, 175, 375
rate sensor, 175, 373
reaction control system, 140
reaction thruster attitude control, 260
reaction thruster, 242, 260

HT, LT, 385
reaction torque, 260, 265
reaction wheel, 161, 206, 393
reciprocity theorem, 298
reference coordinate system, frame, 101
relative acceleration, 58
relative distance, 58
relative motion, 10, 58
restrictions on orbit changes, 69
reticle slit pattern, 351
right ascension, 24, 28, 43
right-handed system, 23
right pseudoinverse transformation, 169
rigid body, 88, 291

rotation kinetic energy, 90
roll deadbeat limit, 247
roll-yaw attitude control, 237
root locus, 146
rotating frame, 102
rotational axis, 91
rotational kinetic energy, 90, 94
rotational motion, 88, 238

sampled transfer function, 284
sampling frequency, 273
satellite motion, 59
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scalar potential function ,34 sun sensors, 174, 345 l
scanning mechanism, 330 analog, 345
scanning rate, 338 digital, 351
Schmidt trigger, 265, one-axis, 347
sectoral harmonic coefficients, 35 two-axis, 349 '
secular term sun-synchronous orbit, 36
of inclination derivative, 50 switching curve, 198
semi-latus rectum, 14
semimajor axis, 16, 65 tachometer, 396 l |
semiminor axis, 16 terminator, 329 .
sensor noise, 113, 173 tesseral harmonic coefficients, 35, 37
amplification, 178, 266 thermal emission, 329
side force, 308 thermopile, 344
sidereal angle, 42 third-body perturbing force, 39
sidereal day, 42 three-axes stabilized, 100
signal processing, 330, 369 three-body prot.)lem-, 39
simulation, 6-DOF, 120 thruster activation time, 263 l
single-mass structural dynamics, 293 thrusters, 387
single-spin stabilization, 132,144 electro!hermal monopropellant, 384
: slosh dipole, 305 hydrazine, 383
i solar _ion, 386
! efficiency, 234 time delay, 200
! energy flux, 41 time derivation
; pressure 28 of direction cosine matrix, 104
' radiation. 41 of quaternion vector, 104
torques 188 time-optimal attitude control, 195
wind 4i time response, 117, 212, 235
solar control torques, 229, 388 time since periapsis passage, 18
solar flaps, 230 torque
; solar panels, 230 arm, 262
i solar radiation perturbing function, commands, 141
53 control law, 152, 207
solar torque capability, 392 ‘ impulse bit, 245, 262
space cone, 98 solar, 234, 388 ]
specific angular momentum, 12 torque spectra noise, 394
specific impulse I,,, 380 torque impulses, 273
i spectra of a star, 357 torque wheel, 107
i spherical harmonic expansion, 34 torsional deflection mode, 309 ]
| stability of rotation, 96 total energy, 10, 14,
I star catalog, 369 total energy per unit mass, 14
i star identification , 371 :otal ;‘mpulse, 380
star scanner, 366 ranster
! star sensor, 353 geostationary (GTO), 73, 85
§ assembl); 167 geosynchronous, 73
| oo Hohmann 70
: specification, 373 .
star tracking, 366 orbit, 64, 71 ) i
static earth sensor, 343 transformation, three-dimensional, 25
steady-state error, 278 transplanetary s/c voyage, 17
stellar distribution, 364 true anomaly, 18
stiffness coefficient, 292, 298 two-body problem, 10
iy stiffness constant, 299 unbalanced torque, 232
i stiffness matrix, 298 unified propulsion system, 384
i :::l‘:z:u::: ﬁ:’::g";?sugézgl' 291 universal constant of gravity, 9 '
u ’ ’
structural modeling, 291, variable stars, 365
sun acquisition, 350 variance in earth radiation, 336
L l
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I variation of parameters, 34 viscosity damping coefficient, 163
: Vega, 357 visual magnitude, 363
- velocity
angular, 59 wheel damper, 123
l circular, 51 wheel momentum dumping, 250
radial, 31 wheel momentum management, 396
relative, 59 windmill torque, 231
f vector, 8, 30 work and energy, 9
velocity change, 64, 78
. velocity increment, 52 yaw error, 217
velocity loss, 64, 133 . yaw measurement, 215
vernal equinox, 23
l vibrating mass model, 302 zero-bias momentum system, 190
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